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PREFACE 


T hese final three volumes are regarded as constituting a single volume, with 
Chapters 1 to 6 in Volume III, Chapters 7 to 9 in Volume IV, and Chap- 
ters 10 to 13 in Volume V. After finishing this multi-volume, I felt somewhat 
like a man who has tried to cleanse the Augean stables with a Johnny-Mop. 
Leafing through Mathematical Reviews for the past thirty years, and gazing at 
the dignified tomes which represent the glories of the classical era, one quickly 
senses that Differential Geometry is a field of overwhelming extent, beyond the 
comprehension of any mortal. I suppose such lucubrations ought to buoy up 
one’s spirit with admiration for human achievement, but I must confess that 
they usually lead me instead to a state of brooding melancholy. 

Although the strident word “comprehensive” still stands emblazoned in the 
title, the Bibliography, in Volume V, will begin to give some idea how much 
as has necessarily been left out. There are also mini-bibliographies in Volumes 
III and IV for the works explicitly cited there. Problems have been restricted 
practically to the absolute minimum, basically facts left to the reader as exercises. 

As a glance at the table of contents will show, Volume III is essentially a course 
in classical surface theory, the only difference being that Chapter 1 prepares the 
ground for applying the intrinsic geometry of Riemanman manifolds, which was 
discussed in Volume II. Although much space is devoted to classical material, 
much of the generalized material in Chapter 7 would be almost incomprehen- 
sible without the prior treatment of surface theory. The only exception is the 
second half of Chapter 2 (from page 75 on), which can (and probably should) 
be omitted completely without loss of continuity. For those who don t care for 
the motivational twiddle-twaddle, an introduction to modern differential ge 
ometry can be extracted from Chapters 1, 7 (parts D and E), 8, and 13, with an 
assist from Chapter 5, and the first halves of Chapteis 9 and 12. 

References like Theorem 6-3 or 7-2, when quoted in Volumes III or IV, say, 
refer to Chapter 6 of Volume III, and Chapter 7 of Volume IV, respectively. 
References to results of Volumes I and II, or page numbers from any other 
volume, carry an additional Roman numeral, e.g., Theorem 1. 6-3, or pg. IV. 167. 
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CHAPTER 1 


THE FUNDAMENTAL EQUATIONS 
FOR HYPERSURFACES 


I n this chapter we are going to begin by considering a very general situation. 

Let i : M n —>■ N m be an immersion of an n -dimensional manifold M into 
an m -dimensional manifold N; it is customary to refer to N as the “ambient 
space” and to define m - n to be the codimension of M in N. We will be 
interested in the case where N has a Riemannian metric { , ) , so that M can 
be given the induced Riemannian metric /*( , ). (This setup is often described 
a little differently: we can begin with two Riemannian manifolds {N, ( , }) and 
(M,{( , ))), and consider isometric immersions of M in N, that is, immersions 
i : M — » N which satisfy i*( , ) = (( , )).) 

For every p e M, we can consider the tangent space M p as a subspace ot 
the tangent space Ni( p ), by identifying M p with i*M p C Ni( P )- Since all the 
results of this chapter are going to be local ones, it will simplify our notation 
considerably to assume that M is actually an imbedded submanifold of N, with 
i \ M — » N the inclusion map. We can then regard M p as a subspace M p C N p . 
In the vector space N p , with the inner product ( , ) p , the subspace M p has 
an orthogonal complement Mp 1 - C N p , and we can use the decomposition 
N p — M p © Mp 1 to define two projections 

T . N p -> M p (the tangential projection) 

_L ; N p — > M p 1 (the normal, or perpendicular, projection) 

with 

X = TX + 1X for all X € N p . 

Now let X p € M p be any vector, and let Y be a vector field on M which 
is everywhere “tangent to M". meaning that Y q e M q for q € M. Then 
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V Xp Y e M p is defined, where V denotes the covariant differentiation in M 
which is determined by the induced Riemannian metric i*{ , ). If V 7 denotes 
the covariant differentiation determined by ( , ) in the ambient space N, then 
V Xp Y is also well-defined; in fact, the value of V Y depends only on the 
values of Y along some curve c with c'(0) = X p . The relation between these 
two covariant differentiations is as nice as one could hope: 


1. THEOREM. Let i : M — >• ./V be an immersion, where N has the Riemann- 
ian metric ( , }, and let V and V 7 be the covariant derivatives for (A/, i*( , }) 
and (N,( , )), respectively. If X p € M p , and Y is a vector field on M which is 
everywhere tangent to M, then 


Vx p Y = T(V' Xp Y). 


PROOF. Let X, E, Z be vector fields on N. Since V 7 is compatible with ( , ), 
we have (Corollary II. 6-7) 

X(Y,Z) = {V'xY, Z) + (T, V'xZ) 

y (z, x) = iy Y z,x) + (z,vvx> 

—Z(X,Y) = —ty'zX, Y) — (X,V'z Y). 

We also have V' X Y - V'yl = [X, Y], etc., and in particular, V'xY + V'yX = 
2 V'xY — [X, Y], Adding the above three equations, we thus obtain 

(*) X(Y,Z) + Y(Z,X) - Z(X,Y) 

= 2(V X Y, Z) - ([X, T], Z> + ([X, Z], Y) + ([Y, Z], X). 

This equation shows that (V 7 ^T, Z) is completely determined by ( , ) (and is 
essentially equivalent to our proof of Lemma 11.6-8). 

Now consider three vector fields X, L, Z on N which are tangent to M at all 
points of M, so that there are vector fields X, T,Z with i*X(p) — X(p), etc. 
On M we have the same equation (*) for the vector fields X, E,Z, but with 
V X Y replaced by V^T. Lor a bracket term like [X, T] we have [X, T](/ff = 
[X, T](/?) for p € M, by Proposition 1.6-3. We thus see that 

(V x „ Y, Z p ) = (V x „ T, Z p ) for all Z p e M p . 


This is equivalent to the desired result. ❖ 
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2. COROLLARY. If c is a curve in M and Y is a vector field along c which 
is tangent to M along c, then 


DY j( D ' Y \ 
dt V dt ) 

Consequently, Y is parallel along c, in the sense of parallel that pertains to M, if 
and only if D'Y /dt is always perpendicular to M. In particular, if Y is parallel 
along c in the sense that pertains to N, then it is also parallel along c in the 
sense that pertains to M. 

PROOF. There is a unique operation V i— ► DV /dt, from C°° vector fields V 
in M along c to C°° vector fields in M along c, with the properties in Propo- 
sition II. 6-2. From the Theorem it is clear that V i->- T (D'V/dt) has these 
properties. ♦> 

Merely by combining this information with our previous formulation of other 
concepts in the V setup, we can immediately deduce further results. 


3. COROLLARY. A curve c in M is a geodesic if and only if D' /dt(dc/dt) is 
everywhere perpendicular to M. In particular, if a geodesic c of N lies entirely 
in M, then c is also a geodesic in M. 

PROOF. The curve c is a geodesic if and only if dc/dt is parallel along c. (The 
second part also follows from the fact that geodesics are precisely the critical 
points for the energy function.) ♦> 

4. COROLLARY. Let M be isometrically immersed in (with its usual Rie- 
mannian metric). A curve c in M is a geodesic if and only if c"(t)c<r) is P er ' 
pendicular to M c ( t ) for all t. In particular, a straight line in M is always a 
geodesic. 

PROOF. This is a special case of Corollary 3, for if R m has its usual metric, then 
V' is just the directional derivative, so D'/dt(dc/dt) — c"U)c(t )■ (In Chapter 
II. 3B we obtained the result (for m = 3) by a completely different method.) ❖ 


Remark : Classically, the tangential component T (D r /dt (dc/dt)) = T(c"(0) was 
called the geodesic curvature vector of c. We will meet it again in Chapter 4. 
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Having considered the tangential component T(V'x p Y), it is only fair that 
we next consider the normal component l(V'i (l f). Notice that 

MV'xpfY) = MXp(f) ■ Y P + f(p) ■ V'x„Y) = f(p) ■ UV'x p Y). 

It follows from our general principal (Theorem 1.4-2) that there is a well-defined 
tensor field s, with s\ M p x M p — > Mp 1 - for each p e M, such that 

s{X p ,Y p ) = UV'x p Y) 

for any vector field Y extending Y p . 

5. THEOREM. The tensor s is symmetric. 

PROOF. Let X and Y be any extensions of X p , Y p € M p to all of N which are 
tangent to M at all points of M. Then 

1(V V,, Y) - 1(VV„T) = 1(VV„E - V'y p X) 

= 1 (V'xY(p)-VyX(p)) 

= M[X, Y](p)) = 0, 

since [X,Y] is also tangent to M at all points of M (Proposition 1. 6-3). ♦> 

By combining Theorems 1 and 5 w'e can now rewrite the decomposition 

V Xp Y = UV , x„Y) + UV , x p Y) 


in the following form: 


The Gauss Formulas: 

V'x n Y = V Xp Y+s(X p ,Y p l 

where X p G M p . and Y is a vector field 
tangent along M. 

Although we seem to be dealing with a single formula here, we will obtain a 
set of formulas when we choose a coordinate system .v 1 , . . . , ,v” on M and let 
X p - 9/a.v'l p and Y - d/d.\ j . Consequently, we will adhere to this classical 
terminology; it should be compared to the (likewise classical) nomenclature of 
the next result. 
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6. THEOREM. Let M be isometrically immersed in N, and let R and R' 
denote the curvature tensors of M and N, respectively. Then for all X p ,Y p ,Z p , 
W p e M p we have 

Gauss’ Equation (Gauss’ Theorema Egregium): 

(R'(X P , Y P )Z P , W p ) = (R(X P , Y P )Z P , W p ) + (s(X p , Z p ),s(Y p , W p )) 

- { s(Y p , Z p ),s{X p , W p )) 


PROOF. Extend X p ,Y p ,Zp, W p to vector fields X, E, Z, W which are tangent 
along M. Then the Gauss formulas yield 

(1) V X (V Y Z) = VV(VyZ) + V x (s(Y, Z )) 

= Vx(VyZ) + s(X, VyZ) + V'x(s(Y, Z)), 


and similarly 

(10 VV(V'xZ) = V y ( Vjf Z ) + s(E, V^Z) + Sr Y (s(X, Z ) ), 

as well as 


(2) V'[x,y]Z = V[y 5 y]Z + s([A\ Y],Z). 

Substituting (1), (E), (2) into the formula R'(X , E)Z = V x V' Y Z — V'yV^Z — 
V'[x,y]Z, and noting that VE is orthogonal to any term s( , ), we obtain 

(3) (R'(X, Y)Z, W) = ( R(X,Y)Z , VE) + (V'*G(E, Z)) - V'yG(T, Z)), VE). 
On the other hand, since {s(Y, Z), VE) = 0 we have 

(4) 0 = X((s(Y,Z),W)) = (V' x s{Y,Z),W) + (s(Y,Z),V' x W) 

= (V x s(Y, Z),W) + (s(Y, Z),X x W + s(X, VE)) 

= (V X s(Y,Z),W) + {s{Y,Z),s(X,W)), 

since V^VE is orthogonal to s(Y,Z). The desired result is now obtained by 
substituting (4), and the similar result with X and Y interchanged, into (3). «$► 

Recall that if P c M p is a 2-dimensional subspace of M p , we define the 
sectional curvature K(P) as (R(X,Y)Y, X) for orthonormal X, Y e P. We 
will let K'( P ) denote the corresponding sectional curvature in N. 
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7. COROLLARY (SYNGE’S INEQUALITY). Let M be isometrically im- 
mersed in N, and let y : [a, b] — > M be a curve in M which is a geodesic in N 
(and hence also a geodesic in M, by Corollary 3). Then for all 2-dimensional 
P C M v (t) with y'(t) € P we have 

K(P) < K'(P). 

In particular, if M is a surface, then for all p — y(t) we have 

K(M P ) < K'(M P ). 

Moreover, in this case equality holds for all p = y(t) if and only if M y ( t ) is 
parallel along y, in the sense that pertains to N. 

PROOF. Assume y is parameterized by arclength. Let X p = y'(t) and let 
Y p e P be a unit vector perpendicular to X p . Applying Gauss’ equation with 
Z p = Y p and W p = X p , we obtain 

K'(P) = K(P)+ ( s(X p , Yp),s(X p , Y p )) - ( s(Y p , Y p ), s(X p , X p )). 

If we let X be the vector field X(t ) = y'(t) along y, then X is parallel along y, 
so we have 0 = V x X . This implies that 

0 = 1 (V x X)(p)=s(Xp,X p ), 

which gives the desired inequality. 

In the case of a surface, we choose X(t) = y'(t) once again, and we let Y(t) 
be a unit vector in M y ( t ) which is perpendicular to X(t). Now Gauss’ equation 
gives 

K'(Mp) = K(Mp) + (s(Xp,Yp),s(Xp,Y p )) - (s(Y p , Y p ), s(X p , X p )). 

Once again we have s(X p ,X p ) = 0, so equality holds for all p if and only 
if s(X p , Y p ) = 0 for all p. Moreover, on the surface M , the vector field X is 
parallel along y , while Y is a unit vector field which makes a constant angle 
with X along y. It follows that Y is also parallel along y , in the sense that pertains 
to M. Therefore 

0 = V X Y = T(V X Y). 

Since 

s(Xp,Yp) = UV'xY( P )), 

this shows that s(X p , Y p ) = 0 for all p if and only if X' x Y(p) = 0 for all /?; the 
latter condition means that M y (,) is parallel along y. *t* 
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Remark. We can state the slightly more precise result for M a surface: K(M P ) = 
K'(Mp) at a particular point p if and only if V' x Y(p) = 0. 

As another application of Theorem 6, we give a new proof of an old result: 
If W C N p is 2-dimensional, and 0 C W is a sufficiently small neighborhood 
of 0, then K(W) is the Gaussian curvature at p of the surface M = exp(0). 
Clearly we just have to show that s(X p , Y p ) = 0 for X p , Y p e M p , so we just 
need to show that s(X p , X p ) = 0 for all X p € M p . But there is a vector field X 
tangent to M with X = c’ along the geodesic c(t ) = expfiAj,) of N. Then 
V x X(p) = 0, sos(X p ,X p ) = 0. 

The proof of Corollary 7 has probably already explained why Theorem 6 
is referred to in the singular, as “Gauss’ equation”: when M is 2-dimensional 
and x\x 2 is a coordinate system on M, essentially the only interesting case of 
Theorem 6 occurs for X p — W p = d/dx x \ p and Y p — Z p — d/dx 2 \ p , so that 
we really are dealing with a single equation. This equation actually occurs in 
Gauss’ paper, as we shall soon see, when we specialize our results somewhat. 

For the remainder of this chapter we consider the more specific situation 
where M is a hypersurface in N , that is, a submanifold of codimension 1; we 
will return only much later to the more general situation. In the case of hyper- 
surfaces we can locally choose a unit normal field for M: on a neighborhood U 
of a point p € M we can choose a vector field v such that (v, v) = 1 and 
v(q) 6 Mg 1 for all q e U\ in fact, there are only two possible choices for v. 
Since v is a vector field of A, defined along M , the symbol k’ Xp v makes sense 
for X p e M p . 

8. THEOREM. Let M be a hypersurface in A, and let v be a unit normal 
field on a neighborhood of p in M. 

(a) For all X p € M p we have 

V' X/ ,v e M p . 

(b) If Y is a vector field tangent along M, then we have 

The Weingarten Equations: 

(V'xpVi Y p ) — — (v, V' Xp Y) = — (v, s(X p , Y p )). 


(c) Consequently, 


{V Xp v,Yp) = {X p y Yp v). 
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PROOF, (a) Since (v,v) — 1 along M, we have 

0 = X p ((v,v)) = 2{S7' Xf> v, v), 

which means that VV, v € M p , since Mp 1 - is 1 -dimensional. 

(b) Since (v,Y) =0 along M, we have 

0=X p ((v,Y)) = (VV, Y) + (v, V'^K), 

which implies the first equality in the Weingarten equations. The second equal- 
ity comes from the definition s(X p , Y p ) = M^'x p L), and the fact that -L(V Ay T) 
is a multiple of v. 

(c) follows from (b) and symmetry of s. ♦♦♦ 

The reader may recall that the “Weingarten equations” have already ap- 
peared in Volume II, pg. 124. The relationship between those equations and 
the ones in Theorem 8, as well as the reason for choosing the notation s(X p , Y p ), 
may come out in the following special case of Theorem 8. 

9. COROLLARY. Let M n be a hypersurface in M” +l and let v be a unit 
normal field on a neighborhood of p in M. Then for all X p ,Y p e M p we have 

s(X p , Y p ) = l\(Xp, Y p ) ■ v(p), 

where II(A^, Y p ) is the second fundamental form of M defined for the choice v 
of unit normal field, namely 

II (Xp,Yp) = -(dv(X p YYp). 

(Here dv(X p ) is interpreted as follows [pg. II. 121 ff.J : Since we can think of v 
as a map v : M — * S n ~ l C I!V +I , we have the vector-valued differential form 
civ : M p —> R” +1 , and d\>(X p ) e 1R” +I is to be moved back to a parallel vector 
in M p \ equivalently, dv(X p ) denotes v*{X p ) 6 S n ~\( P ) mo\ ed back to a parallel 
rector in M p .) 

PROOF. Since X'x„v is now simply the directional derivative of u, we have 

V'a„u = [W = [dv{X P )]p = dv(Xp), 

in the notation we har e just adopted. So the Theorem says that 

{v,s{X p , Y p )) = -(dv(Xp), Y p ) 

= H (Xp,Y p ), 

which is equir alent to the desired result. *t* 
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The reader should now be able to see that the Weingarten equations of The- 
orem 8 reduce to equations (a)-(c) on pg. II. 124 for a surface in R 3 . More pre- 
cisely, the equation {V Xp v,Y p ) = -{v,s(X p ,Y p )) establishes the relationship 
between s and II, and the equation (v,V Xp Y) = ( v,s{X p , Y p )) then reduces to 
equations (a)-(c). One further point is worth checking: our present proof that $ 
is symmetric is essentially equivalent to our second proof, in Volume II, that II 
is symmetric. 


10. COROLLARY. Let M be a surface immersed in M 3 , and let X p , Y p G M p . 
Then 

(R(X P , Y P )Y P , X p ) = II (X p , X p ) ■ II (Y p , Y p ) - [ll{X p , Y p )] 2 . 

In particular, if ( x , >’ ) is a coordinate system on M , and we introduce the clas- 
sical notation 

{ , ) = I = E dx 0 dx + F dx 0 dy + F dy <8> dx + G dy 0 dy 
II = / dx0 dx + >v dx 0 dy 4- m dy 0 dx + n dy 0 dy. 


then 


^1212 
EG - F 2 


(P) = 


In — m 2 
EG - F 2 


( p ) = K(p), 


where K(p) is the Gaussian curvature of M at p. 

PROOF. The first equation follows from Theorem 8, Corollary 9, and the fact 
that R' = 0 for R 3 . For the second equation we recall the formulas on pp. II. 190 
and 129. ♦> 


As we have already noted in the proof of Proposition II. 4-7, when we expand 
R nn using formula (***) on pg 11.188, the second equation in Corollary 10 
is exactly equivalent to Gauss’ equation for K. The reader probably suspects 
that our more general Gauss equations can be used to obtain generalizations 
of the Theorema Egregium to higher dimensions. However, we will defei all 
such considerations until alter we have studied surfaces in more detail. Foi the 
present we wish to consider only one more result, which depends on a definition 
motivated bv Corollary 9. If M C V is a hypersurface, we produce a symmetric 
tensor II on M by defining 

s(Xp.Yp) = mXp,Yp)v(py, 

naturally, the sign of II depends on the choice of the local unit normal field v. 
Some authors call s the second fundamental form of M C N, while others 
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reserve that name for II. The tensor II merely gives the length of 5 up to sign; 
but since it is real-valued, rather than M P L valued, the symbol V Zp II makes 
sense. Indeed, we have defined V Z/) T for any tensor field T (see Volume II, 
pp. 229ff.). 

11. THEOREM. Let M be a hypersurface in N , and let v be a unit nor- 
mal field on a neighborhood of p in M, with corresponding II. Then for all 
X p , Y p . Z p 6 M p , we have 


The Codazzi-Mainardi Equations: 

{R'(X p ,Y p )Z p Mp)) = (V Xp ll)(Y p ,Z p ) - (V Yp ll)(X p ,Z p ). 


Remark'. This formula gives us the normal component of R'(X p , Y P )Z P , while 
Gauss’ equation essentially gives us the tangential component. 

PROOF. We begin with the equations derived in the proof of Theorem 6: 

(1) V'x(V'yZ) = Vy (Vy Z) + s(T, VyZ ) + X'x(s(Y, Z)) 

(1') V'y(VxZ) = Vy(VyZ) + s(Y, V X Z) + V'yG(T, Z)) 

(2) V\x,Y]Z — V[ x,Y)Z + s ([X, T], Z) 

= V[ Zj y]Z + s(XxY, Z) — s(V Y X, Z). 

From these we see that the normal component of R'(X , Y)Z is given by 

(3) normal component of R (X, Y)Z = 

[±V'yG(T, Z))-s(V x Y,Z)-s(Y,VxZ)] 

- [1VVG(T, Z)) - *(VyX, Z) - S(X, VyZ)]. 

On the other hand, since 

(4) s(Y,Z) = ll(Y,Z)-v, 

we have 

V x (s(Y, Z)) = X(ll{Y, Z)) • v + II (F, Z) • V x v, 


and consequently 

(5) 


(Vx(s(Y,Z)),v) = T(II(T,Z)), 
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since V x v is tangent to M. Using (3), (5), and the definition (4) again, we obtain 

(. R'(X,Y)Z,v ) = [X(ll(Y,Z)) -II(V^UZ) -II(T, S7 X Z)} 

- [r(ii(u, z)) - H(V y u, Z) - ii(x, v K z)]. 

The result now follows from* Corollary II. 6-5. ♦♦♦ 

It will be useful to examine the form which our fundamental equations take 
when the ambient space N has constant curvature Kq. Then by Lemma II. 7-18 
the curvature tensor R' of N satisfies 

(1) (R’(X, Y)Z , IT) = K 0 [{X, W) ■ {Y, Z) - (X, Z) ■ (Y , IT)] 

(2) R'{X, Y)Z = K 0 [(Y, Z)X — (X, Z)Y], 


12. COROLLARY. Let N have constant curvature K 0 . Then for M isomet- 
rically immersed in N we have 



And if M is a hypersurface we have 



PROOF. The first result follows from Theorem 6 and equation (1). The second 
follows from Theorem 1 1 and equation (2), which shows that R ( X p , } p )Z p is 
tangent to M. ♦> 


*This Corollary holds also for tensors of type (g); see also Problem 1. 
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We have carried our analysis of submanifolds as far as we presently wish to 
go. However, it is also important that we indicate how things work out when 
we use moving frames. Before doing this, we will first examine the classical 
tensor analysis treatment of submanifolds. This is included mainly for the sake 
of completeness, and because you may be unfortunate enough to encounter 
it again in a classical work which you need to consult. If you are inclined to 
skip this part, I cannot in good conscience caution you against such a course ot 
action, except to say that reading it must be good for you, because you certainly 
won’t like it. 

We will simplify things slightly by beginning with hypersurfaces from the out- 
set. We consider a coordinate system y ' !+l on N, with 

n + 1 

( , ) = s'otfidy* ®d/, 

a,P— 1 

and let x\ . . . ,x n be a coordinate system on a hypersurface M, so that 

n 

( , ) = ^ gij dx l 0 dx J on M, 

<0 = 1 

for certain functions gij . We adopt the convention that the indices i , j, etc., 
range from 1 to n, while a, ft, etc., range from 1 to n + 1, even in summation 
signs, so that £T > f° r example, denotes YH=\ ■ ^ * s eas Y to see that 

^ , 3 y a 3 yP 

^*•"’ 378 U= g “ ° nM ■ 

a,P 

It will be convenient to let y u also denote the restriction of y a to M. Then we 
can use the symbol y a -j = dy a /dx', introduced on pg. 11.211, for the compo- 
nents of dy a on M, and we can write 

(i) ^g'afiy tt vy fi ;j =gu onM - 

a,P 

If v = ‘ 9/3 y a is a unit normal held, then we also have 

a 


(2) 

=0, 


a.P 

(3) 

= i. 


a,P 
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We now wish to take the covariant derivative of (1) on M. Notice that y a . t yP.j 
is the (/, j) component of the tensor dy a ®dy^ on M\ on the other hand, each 
g' a p is just a function on M. Writing 

dg'aP y' dg'afi d}' Y _ dg'aP y 

dx k 3 y Y dx k dy y 

Y Y 


and using Proposition II. 5-2, we obtain from (1) 


E 

a,P,y 


3 g' a p 

dyy 


y’-jy f -./y r * 


+ + y f jky“:i) = gu* 

a,P 


— 0, by Ricci’s Lemma (Proposition II. 5-3). 


If we write this equation with i and k interchanged, the term 

£ can be replaced by H ~f 

a,P,Y ^ a,P,Y 

A similar replacement can be made when we rewrite the original equation 
with j and k interchanged. Adding the two equations so obtained, and sub- 
tracting the original, we get 

E«'w“ + E w-n’rv'Wo = o, 

or ,P a ,P,y 

where [ , ]' indicates the Christoffel symbols for the y coordinate system. This 
can also be written as 



which shows that the expression in parentheses is the a component of a vector 
perpendicular to M. As a matter of fact, a calculation (Problem 2) shows that 
it is the coefficient of 3/3y“ in the expression for V' 3/3x , 3/3 .y' — Vg/g^y 3/3.V* . 
Consequently, (4) is equivalent to Theorem 1, and despite the ugliness of the 
equations involved, its derivation is clearly closely related to that ol Theorem 1. 

Since ■ 3/3 r“ is a unit normal field, and M p 1 has dimension 1, equa- 

tion (4) implies that 

(5) * "/y + E r V'V'’j=IV“ 

p.a 
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for certain functions II q; multiplying by g'oefiV P and using (3), this can be 
written 

(6) iip = g'^y a -ij + Y, fly p -jy a -j v(i - 

a.fi p.a.fi 


This shows that the Up satisfy the transformation rule for a covariant tensor of 
order 2 on M, since the y“ ; p and y p -jy a J do, and since the other terms don’t 
involve the coordinate system x but only the coordinate system y on N (at the 
same time we see that the whole right side doesn’t even depend on y). It is also 
clear that Up = Up. Equation (5) is equivalent to the Gauss formulas. 

We next take the covariant derivative of equation (2) on M (now both g' a p 
and v P are functions on M). We obtain 


a.fi 


-E 




a.fi.a 


dg'afi 

dy° 


a.fi.a 


Then (6) gives 


II 


ij 


Y.y«py 0 

a.fi 


- E 

P.a.fi 


,p]'y ( 


■,ty 


\j 1 


or 


no = E^>’“'( v G + E 

a.fi ' P-° ' 


which can also be written as 

( 7 ) 


Ihj =^g'«fiy*;i(Y l V lt :py P ;j\ 

a.p v P / 


where v^ :p now denotes the covariant derivative, in N, of the vector field with com- 
ponents so that 

dv* 


,fi 


■p 


■ — h } r 

) Y p L-t 


P v CT . 

pa 


Equation (7) is clearly equivalent to one part of the Weingarten equations, 
namely ~(v,s(X p , Y p )) = <V'*„v, y p)- If we treat ( 3 ) in a similar manner, we 
end up with 
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which is equivalent to the fact that T'x p v € M p . 

Since (8) shows that we can write 

(9) £^ = £ A k j yP;k for some functions A k on M, 

p k 

equation (7) gives 

—ii ij = £ g'*ey a *y**A k j 

= EgikAj W (0> 

k 


so 

-4" = £- n u*'". 

I 


and hence from (9) 




£*^ - 

-£ii, ; 


p 

l,m 

or equivalently 



(10) 

< + £ r ty”j 

v ff = -£ll yW:* 


p,a l,m 


We return to equation (5), equivalent to Gauss’ formulas. We can apply 
Ricci’s identity (Proposition II. 5-4) 

A j jk — ^i-.kj = ^ R m ijk = £1 R-hjjk 

m m,h 

to A ./ = y a j, obtaining 

m,h 

Computing the \' a jjk from (5), and using (5) and (10) in the result, we obtain 
finally 

Y,y a ^S mh [Rhijk - (llhjllik - II**IIy)] - V“(II /M - Ihkj) 

m,h 

- £ R ,a P oxy p uy a jy x -,k = o. 
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Multiplying by g'afi}' P -J ( > r by E<* g'afi vfi > we § et 

(11) Rtjki = (iif A: ii y/ - Hf/iiyA) + Y R, «p Y &y a -jy fi -jy Y *y s -j 

u,P,y,& 

( 12 ) lhj-M - ihk-j = Y R, «PYsy tt -,iy Y -jy s *v p - 

Equations (11) and (12) are equivalent to Gauss’ Equation and the Codazzi- 
Mainardi equations, respectively. Whew! 

When we turn to the method of moving frames, we find ourselves in a situ- 
ation completely different from the mass of calculations in which we have just 
been mired. Although the moving frame method will not have the geometric 
appeal of the V theory it is far superior computationally. Not only are all the 
equations short and simple, but all the results follow naturally, almost without 
thought, from the structural equations. Indeed, everything happens so quickly 
that the real problem is recognizing a result when it appears. 

Consider first an orthonormal moving trame Aj, . . . , X n on an open subset 
of M. Recall that the dual 1 -forms 9‘ are defined by 9‘(Xj) = <5j , and that 
there are unique 1 -forms a>j, the connection forms, satislying the two equations 

(1) ( o ) = —cm/ 

n 

(2) d9‘ = — Yj(°'k A 9 k (The first structural equation). 

k=l 

The curvature forms Q’j are then defined by 

n 

(3) dco'j — — Yj^k A 0> j + (The second structural equation). 

k = 1 

The relationship between <uj, and V, R is given by 

n 

(4) V*, Xj =Y^j( X k) X i °' ( v * Xj , Xj) = o)j(X) 

f = l 

n 

(5) R(X k , X,)Xj =Y^j(X k - X t )X, or (R(X, Y)Xj , X t ) = Q)(X,Y). 

i=i 
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Now let us consider an orthonormal moving frame X \, . . . , X m , defined on 
an open subset of N, with the property that X\,. . .,X„ are tangent to M at 
points of M, and consequently X n +\ , . . . , X m are normal to M at points of M; 
such an orthonormal moving frame is said to be adapted to M. An adapted 


x } 



orthonormal moving frame gives us an orthonormal moving frame X \ , . . . , X„ 
along M, with corresponding forms 0', cuj, (/, / < n). We also want to 
consider the corresponding forms for the entire moving frame X\, , X m on N\ 
these will be denoted by 0“ , xj/f Vp. We adopt the convention that /, j, etc., 
always range from 1 to n, while a. fi. etc., always range from 1 to m. even 
in summation signs, so that j for example, means Xa=i \ ^ will also be 
convenient to use r, s, etc., for numbers that range from n + 1 to m. 

Now the forms 0“, xj/f ^ can be restricted to TM (that is, to tangent vectors 
of M). Clearly 

0' = 6‘ on TM i < n 

(j) r = 0 on TM r > n. 

To obtain some information about the forms 0^ on TM , we look at the first 
structural equation, 

d(f> a = - ^0“ A0 y . 
y 

Restricting to TM we obtain 

(a) do 1 = - ^ 0^ A e k on TM i < n 

k 

(b) 0 = ^0^ A 0^ on TM r > n. 

k 

Recall that co'j were the unique forms satisfying (1), (2). Since 0^ — — 0«, equa- 
tion (a) therefore shows that 

( C ) 0j = 0)j 


on TM i, j < >i . 
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This equation already contains some information! In fact, equation (4) shows 
that 

(Vat Xj ,X t ) = co‘(X) = f‘(X) = (X' x X , , X ( ) for X e TM\ 

this is exactly equivalent to Theorem 1, for it shows that Vj Xj ( p ) has the same 
inner product with every element of M p as X x Xj(p) € M p . 

Next, we look at the forms \jf r k — on TM , for k S n < r. Equation (b) 
tells us that they satisfy the hypothesis of the following Lemma. 

13. LEMMA (CARTAN’S LEMMA). If X\...,X n are (C°°) linearly inde- 
pendent 1-forms on a manifold M (of dimension n' > n ), and /x i fx n are 
(C°°) 1 -forms on M satisfying 

n 

(*) ^ ' A A fAj — 0, 

i = 1 

then there are unique (C°°) functions fij on M such that 

n 

Vi = E fj XJ > 

7 = 1 

moreover, 

fij = J ji • 

Remark : This result (or at least the corresponding result for vector spaces) has 
already been given in Problem 1. 7-1 1. 

PROOF. In a neighborhood of any point we can choose (C°°) 1 -forms A" +l , . . . , 
X n ' so that A 1 , . . . , X n ' are everywhere independent. Then there are (C°°) func- 
tions fij (i < n,j < n') with 

n' 

7 = 1 

Equation (*) implies that 

( = 1 7=1 1 <i < 7 <n i=lj>n 

Since the X 1 A X 7 for / < j are linearly independent, we have fij — fji = 0 for 
/, j < n and f -j — 0 for j > n. ♦♦♦ 
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Applying Cartan’s Lemma to the pf we conclude that there are unique 
functions st. on M satisfying 

(d) V) = -f } r = on TM r > n, 



Equation (4) now shows that 

(Vx k Xj,X r ) = rj(X k ) = s r kj r > n, 

and hence 

(V Xj X k ,X r ) = {V Xk Xj,X r ) r > n. 

This is basically Theorem 5, asserting the symmetry of s, which in our present 
notation can be defined by setting 

(e) s(Xj,X k ) = J2*j(X k ) ■ X r = J2f k X r , 

r r 

and extending s by linearity. It should be noted that this definition of s involves 
a choice of a moving frame; when one is developing everything from the moving 
frame approach, a little calculation (Problem 3) must be supplied to show that 
the definition of s is really independent of the choice. Equations (c) and (d) 
together are equivalent to the Gauss formulas. 

Now let us look at the second structural equation 

y 

Restricting to TM we obtain, for a,fi — i, j < n, 

(0 dojj = — ^ a> k A a>j + ^2 A V'j" + on TM i, j < n. 

k r 

Comparing with (3) we obtain 

(g) T j = &j -J2 * i A on ™ 

r 

Then equation (5) gives 

(R'(X, Y)Xj,Xi) = ¥j(X,Y) = (R(X,Y)Xj,Xi) 

- J2^i(X)Pj(Y) - ViiYWjiX)). 
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Since we have, for example, 

= ^2(s(Xi,X), X r) ■ (. s(Xj,Y),Xr ) 

r r 

= (s(Xi,X),s(Xj,Y)), 

it follows that (g) is exactly equivalent to Theorem 6 (Gauss’ Equation). 

If we instead choose a — r > n, and /? = j < n, we obtain 

(h) df] = - Vi A (o} - £ M A on ™ 

i s 

As before, we now restrict ourselves to the case m = n + 1; then X„+i is a unit 
normal Held on M. Notice that the equation i/qj+i = “V'y + ' g ives 

(VV,^+,,X / -) = ^+,(^) = -i'j+'iXk) = -(x n +i,s(Xj,Xk)), 

which are the Weingarten equations. Equation (h) takes the form 

dtf +l = - i,r Aco j + *j +l - 

i 

A little work (Problem 4) shows that this is equivalent to the Codazzi-Mainardi 
equations. 

SUMMARY 


0' = d l on TM 
<p r = 0 on TM 


Consequences 
of the first 
structural 
equation 




CD i 


on 


Vj = on 


TM 

TM 



(Theorem 1) 

Gauss 

(Theorem 6) formulas 


Consequences 
of the second 
structural 
equation 


vfo — — E A fj on TM 

r 

For ru — n + 1: 

^ +l = dxfr] +] + E V'f +l A cd)... 


Gauss’ Equation 


Codazzi-Mainardi 

Equations 


on TM 
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Although the derivation of the fundamental equations was so much easier in 
terms of moving frames than in terms of tensors, the resultant equations have 
the same disadvantage as the moving frame treatment of connections itself— our 
equations are not “invariant”, they are merely a set of equations which hold for 
each choice of adapted orthonormal moving frame. Moreover, it is very hard 
to get any geometric feel for the equations— the tensor form of the equations 
seem much more geometric, especially Gauss’ equation. As one might guess, 
an invariant description of the moving frame equations can be obtained by con- 
sidering an appropriate principal bundle— the “bundle of adapted orthonormal 
frames”. In Chapter 7 we will actually consider this construction in detail, even 
for submanifolds of higher codimension, but we will do this mainly for the sake 
of completeness, since the results which we will derive from this construction 
will also be obtained in other ways. On the whole, it seems uneconomical to 
construct the elaborate machinery of a principal bundle just to have a gadget 
on which we can give an invariant formulation of the fundamental equations 
for submanifolds, especially since the invariant equations are even more abstract 
and ungeometric. It is much easier, and more satisfying, to state these equations 
in terms of tensors down on the submanifold itself. On the other hand, when 
it comes to using these equations to prove theorems about submanifolds, the 
equations in terms of moving frames will almost always prove to be superior. 
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ADDENDUM 

AUTO-PARALLEL AND 
TOTALLY GEODESIC SUBMANILOLDS 


The material of this section, besides being of interest in its own right, will 
play an important role on several occasions later on. We will not require any 
tools not already developed within the chapter, even though we will be dealing 
with submanifolds of arbitrary codimension, and even with manifolds whose 
connection does not come from a Riemannian metric. 

Let A be a manifold with a connection V', and let M be a submanifold of N. 
We say that M is auto-parallel if the parallel translation in N along a curve c 
in M always takes vectors tangent to M into vectors tangent to M. For example, 
a straight line or a plane in IR 3 is auto-parallel. 


14. PROPOSITION. A submanifold M of ( N , V') is auto-parallel if and only 
if V'jf is tangent to M whenever X and Y are. 

PROOF. We know from Proposition II. 6-3 that 

V'xpY = lim j(r h ~ l Y c (h) ~ Y P ), 

h->o n 


where c is a curve with c'(0) — X p , and r/, is parallel translation along c from 
c(0) to c'(h). Phis makes it immediately clear that if M is auto-parallel, then 
V A,, Y is tangent to M if X and Y arc. 

Conversely, suppose VA,, Y is tangent to M whenever X and Y are. Let c be 
a curve in M and let V be a parallel vector held along c. Choose a coordinate 
system .v 1 , . . . , x n , ,v" +l , . . . , x m for N such that x r — 0 on M for all r > n. If 
V, e N c ( t ) is given by 


T, = £>“(/) ■ 

a—\ 


a 

dx a 


(/). 


then we have (pg. 11.233) 


( 1 ) 


° = ^ + E‘-^r^<o)Ao. 

a.p 


(it 
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Now c r {t) - 0 for r > n, since c lies in M. Moreover, if i, j < n, then the 
vector 

V ' , JL = yr Y .— 

X dx j ^ lJ a A- y 
dx' Y 

is tangent to M by hypothesis, so we must have IT = 0 for r > n. So for 
y = s > n, equation (1) becomes 


dv s (t) 

dt 


m n 


E E 


deft) 

dt 


r l(c(t))v r (t). 


This set of m - n equations for the m - n functions V s has a unique solution for 
a given initial condition. The solution with all u*(0) = 0 is clearly just V s (t) = 0 
for all s > n. In other words, if V 0 is tangent to M, then so are all V t . ♦> 


15. COROLLARY. If M is an auto-parallel submanifold of (N,V), then 

R'(X P , Y p )Z p € M p for all X p , Y p , Z p G M p . 

PROOF. Use the definition 

R'(X, Y)Z = X’xV'yZ - V'yV x Z - V\x,Y]z 
(and Proposition 1.6-3). *i* 

In the particular case where the connection V on N is the unique symmetric 
connection compatible with a Riemannian metric ( , ) on N, we can charac- 
terize auto-parallel submanifolds M C N in a different way. 

16. PROPOSITION. If (TV. ( , )) is a Riemannian manifold, then a subman- 
ifold M C jV is auto-parallel il and only if the second fundamental form s ol M 
is zero. 

PROOF. By definition, s is zero il and only il V^f is tangent to M whenever X 
and Y are. So the result follows from Proposition 14. 

Notice that whenever M is an auto-parallel submanifold ol (A^V , ), we can 
define a connection V on M by letting V^L — X'x Y for X and Y tangent 
to M. This connection V on M is called the induced connection on M. (In the 
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Riemannian case, V clearly coincides with the connection M has as a Riemann- 
ian submanifold.) If c is a curve in M and V is a vector field along c which is 
everywhere tangent to M, then the covariant derivative DV/dt along c which is 
determined by V is exactly the same as the covariant derivative D'V /dt along c 
which is determined by V': for the proof we just apply Proposition II. 6-2, which 
essentially defines DV/dt. In particular, if V is parallel along c with respect 
to the connection V in M, then it is also parallel along c with respect to the 
connection V' in N. 

Auto-parallel submanifolds can also be characterized in yet another way. A 
submanifold M of (N,V r ) is called geodesic at p if every geodesic y with 
y (0) = p and y' ( 0) e M p remains in M on some interval (—£,£). It is called 
totally geodesic if it is geodesic at every point; it is easy to see that M C N is 
totally geodesic if and only if every geodesic in M is also a geodesic in N. 


17. PROPOSITION. Let M be a submanifold of a manifold (N, V'). 

(1) If M is auto-parallel, then M is totally geodesic. 

(2) If M is totally geodesic, and V' is symmetric, then M is auto-parallel. 

PROOF. (1) Let c be a geodesic of N with c'(0) e M p . Let c be the geodesic 
in M, with respect to the induced connection V, satisfying c'(0) = c'(0). To 
prove that an interval of c lies in M, it certainly suffices to prove that c = c 
along some interval containing 0. Now by the definition of a geodesic, de/dt is 
parallel along c with respect to V. As we have already noted, this implies that 
dc/dt is parallel along c with respect to V'. Thus c is a geodesic in N. Since 
c'( 0) = c'(0), the geodesics c and c must coincide on their common domain. 

(2) In a neighborhood of a point p e M we can choose a coordinate system 
a 1 , . . . , x", .x ” +1 , . . . , x m for N such that x r — 0 on M for r > n. Let c be a 
geodesic with 


c(0) = p and 


‘•'( 0 ) = £ 
1=1 



'p 


e M p . 


Then by hypothesis we have c(t) e M for sufficiently small t. Now c satisfies 
(pg. 11.246) 


d 2 c y 

~dt r 


+ E r «V‘-<'» 

a,P 


dc a dc fi 
dt dt 


= 0 . 
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for y = s > n we have 


E 


i,j = 1 


r?-(c(0) 


dcf 
dt dt 


= 0 


for small t. 


Letting t = 0, we obtain 

n 

r? j (p)a i a j = 0 . 

*',7=1 


Choosing a 1 = 1, all other = 0, we get 

(a) 0 = rf,(p). 

Choosing a 1 = a j = 1, all other a k = 0, we get 

(b) 0 = r,V/i) + Tfj(p) + r ;,(/») + r;,.(/>) = r; 7 (p) + r;,(/»). 

Using symmetry of the T’s, we find that IT- ( p) = 0 for all i, j. This is true for 
all p € M , so we find that Vjf Y is tangent to M if X and Y are. The result 
then follows from Proposition 14. ♦> 


Every ^-dimensional plane P C is clearly totally geodesic. (Conversely, 
if M c R m is a totally geodesic submanifold, and p is a point of M, then M 
must clearly contain a neighborhood of its tangent space M p C so if M is 
a connected ^-dimensional totally geodesic submanifold ol M m , then M must 
be part of an ^-dimensional plane P <Z ME) It is just as clear that if we give 
S m its standard Riemannian metric, then any n-sphere S n C S m is totally 
geodesic. Now let us consider the Riemannian manifold (N,{ , )) mentioned 
on pg. 11.301, with constant curvature —1: the manifold N is 


N = 




and the components g a p of { , ) with respect to the usual coordinate system 
■X 1 , . . . , x m are given by 
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Let M C N be 

M = {a € N : a" +1 = ■■■ = «"' = 0}. 

The formulas for the f s on pg. 11.299 show that [T- = 0 on M whenever 
/, / < n and r > n, which means that is tangent to M whenever X 

and Y are. So M is a totally geodesic submanifold of TV, by Propositions 14 
and 16. Since the metric ( , ) is radially symmetric around 0, it is clear that we 
can find a totally geodesic submanifold M of TV with Mq being any M-dimen- 
sional subspace of TV 0 . The same is true at any other point p € TV, because the 
fact that TV has constant curvature implies that p has a neighborhood isometric 
to a neighborhood of 0 (Corollary II. 7-13); in fact, since TV is simply-connected 
and complete, there is actually an isometry of TV onto itself taking any point p 
to 0 (Problem 5).* 

The possibility of finding so many totally geodesic submanifolds is very ex- 
ceptional: 

18. THEOREM. Let (TV, ( , )) be a connected Riemannian manifold of di- 
mension m > 3. Suppose that for all p e N and all 2-dimensional subspaces 
P C N p there is a totally geodesic submanifold M of N with p e M and 
M p = P. Then N has constant curvature. 

PROOF. Each submanifold M is auto-parallel, by Proposition 17, so Corol- 
lary 15 shows that 

(R'(X P ,Y P )Z P ,W P )= 0 

for Xp,Y p ,Z p € M p and W p e Mp 1 - . Since M p can be any 2-dimensional 
subspace P C M p , we see that 

(1) ( R\X P , Yp)X p , W p ) — 0 for orthonormal X p , Y p , W p e N p . 

Applying (1) to X p , Y p . W p with 

Y p = (cos ot ) Y p + (sin or )Wp 
W p = (—sin ct )Y P + (cosadVk),. 


we obtain 

0 = sin o' cosa[(R'(X p , W p ) X p , W p ) - (R'( X p , Y p )X p , Y p )] 

+ cos 2 a(R'(Xp, Yp)Xp , W p ) - sin 2 a(R'(X p , W P )X P , Y p ) 

= sin or cos a[(R'(X p . Wp)X p , W p ) - (R f (X p , Y P )X P , Y p )] by (1). 

*More detailed information about the manifold N will be found in Chapter 7, Part A. 
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Thus (R'(X P , W P )X P , W p ) = (R'(X p ,Y p )Xp,Y p ) for all orthonormal X p , Y p , 
W p , which implies that all sectional curvatures at p are equal. Since this is true 
for all p, Schur’s Theorem (II. 7-19) shows that M has constant curvature. ♦> 

It seems rather clear that if one takes a Riemannian manifold (N,{ , )) “at 
random”, then it will not have any totally geodesic submanifolds of dimension 
> 1. But I must admit that I don’t know of any specific example of such a 
manifold. 
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PROBLEMS 


1. (a) In Corollary II. 6-5, each A(p) is regarded as a map M p x • • • x M p 
M p . If we instead regard each A(p) as a map M p x • • • x M p x M p * — ► 
show' that 


W Xp A)(Y x {p),...,Y k {p)Mp)) = VxMW'>‘-‘> Y *’V» 

k 

- MY\{p ), . . . , V*„ 17, . . . , Y k (p)Mp)) + Amp), ...,Y k {p), V Xp co). 

i=l 

(b) If A is a tensor field of type (*), where each A(p) is regarded as a map 
M p x • • • x M p x M p * x • • • x M p * — ► R, show that 

(V Xp A)(Y x (p), ■ ■ .,<oi(p)) = Vx,M{Y u . ..,(oi)) 

k 

- y ^ A(...,S/ Xp Yi,...,a)i(p)) 
i = l 
/ 

+ J2 A mp),...,vx„(Oi,...). 

i=i 


Consider in particular the cases / = 0 and k — 0. 

(c) If we instead regard each A(p) as a map from M p x • • • x M p to the set of 
maps M p * x • • • x M p * R, then 

(Vx n A)(Y i (p),...,Yk(p)) = Vx n (A(Yu...,Y k )) 

k 

- yr A W\ (p), • • • , v u, . . . , Y k (p)). 

i=i 


2. Consider the situation on page 12. Writing 

dy p 3 


3 


CL = = V vL- 

dx' ^ 3.\- f 3 yP dyP ’ 


and similarly for 3/3.v y , show that 

V' s/i)v ,9/3.v' = £(£rvv‘ > J )U + £(£> p j|^)g^' 


Using 


y a .u 


3 

dx J ' 


E>“^ = EA 


3y“ ; i 

3v p 


E^ r 5- 


£ P ~ k 

verify the assertion near the bottom of page 13. 
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3. (The calculations in this Problem are similar to those on pages 79-82 and 
97-100 and might be postponed until then, or they may be regarded as a re- 
hearsal for the latter.) Let X = X\ , . . . , X m and X = X \ , . . . , X m be two 
adopted orthonormal moving frames on M n C N. Let and s ^ be the 
unique functions with 

i i 

Say that X' = X • a for an orthogonal matrix of functions a, so that we have 

(pp. 11.280, 282) 

Q' = ■ 6 and \j/ r = a x da + a ’i pa. 


The matrix a must satisfy a) = 0 = «/, since X and X' are both adopted to M. 
Conclude that _ 

i,t 

and thus that 

Ed>- , >i = D‘ I_ Wi =» E s V“ = E'>hf 

; U r ih 


Hence show that the definition 

s(X'j,X' k ) = Y.W’ 

r 


is compatible with the definition 

s(Xi,X h ) = J2 s “ h X u . 

u 

4 . Apply the equation for i/d'" 1 " 1 on page 20 to (X k ,Xi). Noting that 

dtf +x (X k ,Xi) = X k {f^\X,)) - X,(x lr? + '(X k )) - Fj + '([X k , X,}) 
[X k ,Xi] = Vx k X, - Vx,X k — ^ oj\{X k )Xi - (o‘ k (Xi)Xi, 


deduce the last equation in the proot of Theorem 11. 
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5. Let N and N be two M-dimensional Riemannian manifolds of constant cur- 
vature Ko. Let X\, . . . , X„ be an orthonormal basis of N p , and X\, . . . , X n be 
an orthonormal basis of N p . Let c: [0, 1] — >■ N be a curve with c(0) = p. 
By Corollary II. 7-1 3, there is an isometry / from a neighborhood Uo of p to 
a neighborhood of p, with f*(Xj) = Xj. A continuation of j along c is a 
family {/,} of isometries ft : U t -> N where U t is a neighborhood of c{t), with 
/o = f\ satisfying the following condition: for each t there is S > 0 so that 
\t — t'\ < 8 =» f t — jf on U t n U t '. 

(a) If {// } and are two continuations of /, then each f t = g t in some 
neighborhood of c(t). 

(b) If N is connected, then there is at most one isometry </> : N — >■ N with 
0* Xi = X 

(c) Let N be complete, and let K = {q e N : d(p,q) < length of c}. Then K 

is compact (see pg. 1.343). Conclude that there is 8 > 0 such that for any 
orthonormal e N c ( t ) (0 < t < 1) and orthonormal G 

N q (q S K), there is an isometry taking L, to L, whose domain contains all c(t') 
for 1 1 — t'\ < 8. Then show that a continuation always exists. 

(d) If N is simply-connected, show that for two paths c, y : [0, 1] — > M with 
r(0) = y(0) — p and c(l) = y(l) — q, the continuations {//}, {gT of / along c 
and y must satisfy f\(q) = g\(q). Conclude that for N complete and N simply- 
connected, there is a (unique) isometry 0 : N N with 0*X,- = Xj. 

(e) Any two simply-connected complete manifolds of constant curvature Ko 
are isometric, and there is an isometry taking any orthonormal basis of such a 
manifold to any other orthonormal basis. 



CHAPTER 2 


ELEMENTS OF THE 
THEORY OF SURFACES IN R 3 


T his chapter will parallel as closely as possible the first chapter of Volume II. 

Our interest will now be directed away from the intrinsic geometry of 
surfaces, and toward those properties which describe the particular ways they 
are immersed in R 3 . 

We recall that in our study of curves, we defined certain quantities, the curva- 
ture k and the torsion r, which describe the local appearance of a curve in R 3 . 
The curvature was first defined in an extremely geometric way, by taking limits 
of circles passing through three points of the curve. But it could be defined 
quite simply as k = |t'|, and exactly this approach was used to define r. We 
then showed that these quantities actually describe the curve completely, up to 
Euclidean motions. We also investigated certain global properties connected 
with positive curvature. Finally, we showed how our investigations could be re- 
formulated in terms of Lie groups, with Theorem 1. 10-18 playing a leading role, 
and then went on to investigate properties of curves invariant under a different 
group of motions of Euclidean space. 

Our investigation of surfaces will proceed in just this order; however it will 
differ from the study of curves in one important respect. For curves we found 
that the definition and study of k and r [or of the affine curvature x] was greatly 
simplified by considering curves parameterized only by arclength [or affine arc- 
length], But for surfaces there is no natural choice of a parameterization; to a 
certain extent this is responsible for the considerably greater complications one 
encounters in surface theory. 

In Chapter II. 3B we considered a submanifold M C l 3 . with i : M — » R 3 
the inclusion map, and we defined the first fundamental form I by I = /*( , >• 
where ( , ) is the usual Riemannian metric on R 3 . In terms of a coordinate 
system x = ( v, v) on M, we wrote the tensor I on M as 


I — E d.x <g> d . v + F d.x (g> dy + F dy <S> d.x + G dy <S> dy 


for certain functions E.F.G on A/; and we noted that if the inverse of x is 
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(for (/Cl 2 open), then 

E(f(s,t)) = = (Ms,t),Ms,t)) 

F(f(s,t)) = (Ms,t),f 2 (s,t)) 

G(f(s,t)) = (f 2 (s,t), ji(s,t)). 


This means that E = {f\, j\ ) o /“', etc., which sometimes makes the functions 
E,F,G rather awkward to work with; consequently, we will often find it con- 
venient to change our view slightly, and define everything explicitly in terms of 
a given immersion. 

If / : M — » R 3 is an immersion, we define the first fundamental form 1/ of / 
to be the tensor /*{ , ) on M. In particular, when f : U —> R 3 (for V C M 2 
open) we have a form 1/ on (7, with 

I f(s,t)(v,w) = (f*v,f*w) for v, 


We can then define functions E, F,G directly on U by 


E = 


m 9 /\ 

\ds' ds I 


F = (f\, f 2 ) 


G = (J 2 ,f2). 


</i,/i> 


These functions are nothing but the components of 1/ = /*( , ) with respect to 
the standard coordinate system (s,t) on M 2 [and they have essentially already 
been introduced on pg. 11.128]. Since /*{ , ) is positive definite, we have 
EG — F 2 > 0 (pg. 1.308); moreover (see Problem 1.9-5), we have 

l/i x f 2 1 = JEG - F 2 . 

It will often be much more convenient to use the subscript notation, which was 
classically used for the higher dimensional cases, 

gij = (fi, fj), so that g\\ = E , g 12 - g 2 \ = F, g 22 = G. 

We also introduce the functions g' 7 which satisfy 

J2 8ikg kl = 8 ! ■ 

k 
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The functions E,F,G are analogous to the single function t t-> |c'(f)|, de- 
fined for a curve c. We usually reparameterized our curves so that this function 
was equal to 1 , but for surfaces, where no convenient reparameterization is avail- 
able, the functions E,F,G always play a vital role, analogous to the arclength 
function of a curve. 

We next seek an analogue of the functions k and r of a curve c. The definition 
of k and r depended very much on the possibility of parameterizing c by arc- 
length, so that t(s) ~ c'(s) has length 1, and consequently t’(s) = ic(s)n(s) 
for some unit vector n(s) perpendicular to the curve. In the case of a surface 
M C l 3 , we do not have a special parameterization to work with, but we 
already have an analogue of n, namely a unit normal field v, which can at least 
be defined in a neighborhood of each point. We recall that a choice of v is 
equivalent to a choice of an orientation for M, for we can let (X\, X 2 ) € M p be 
positively oriented if and only if (X u X 2 , v(p)) is positively oriented in M 3 . 

When we are not dealing with a submanifold, but with an immersion / : M ->• 
R 3 , the normal field should be considered as a “vector field along /”, since we 
may have points p,q e M with f(p) = f(q), but with different normals at this 



point. We will denote this vector field along / by 

q m- N(q)f( q ) e M 3 /(<?)- 

Thus N is a function N : M — > C M 3 We will always adhere to the con- 

vention of using v when we are specifically considering imbedded submanifolds 
Mcl 3 , and using N when we are considering immersions (and imbeddings) 
/ : M — > R 3 ; when necessary, we will write Nf to indicate the dependence of N 
on f.KWcM is an open set on w'hich / is an imbedding, then a unit normal 
field v on M = f(W) C R 3 is determined by the condition that N = v o / 
on V\f (naturally we have to regard u as a map v : M — ► X 2 C M 3 in order 
to write this). In terms of v we have already defined the second fundamental 
form II on M by 

II (p)(v p ,Wp) - {-dv(v p ),Wp) 

= (-v*(v p ), Wp) for Vp,w p eMp. 
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We can define the second fundamental form II / of f to be the tensor on M 
defined by 

Uf(q)(v q ,w q ) = (~dN(v q )J'Aw q )) 

= {-N*(Vq)< f*(w q )) for Vq,U)q € Mq. 


Equivalently, we have II/ = /*II. 

In particular, let us consider an immersion f : U — > M 3 . for U C M 2 open. 
We can specifically choose N to be 


,/t x h _ /i x h 
l/i x h\ JEG - F 2 


(the negative square root gives 
the other possible choice for N). 


Then 


II/(M)(iMf) = (-dN(v), Mu>)) 

= (~N*(v),fAui)) v,weR 2 ( Stt ). 

We will define functions l,m,n directly on U by 

I \) = (N,.fn) 


d s 3 s ; 
m = (-N u f 2 ) = (NJ\ 2 ) 
n = (—N 2 , j 2 ) = ( N , f 22 ) ■ 


These functions l,m,n are simply the components of II/ with respect to the 
standard coordinate system (s, / ) on M 2 (compare with the proof of Theorem 1 
on pg. 11.123). Once again, it will often be more convenient to use subscript 
notation: 

lij = (-N i ,fj) = (N,f ij ). 

Before we go any further, we should clear up one problem. Let us suppose 
that f U — > M 3 is actually an imbedding, and let M — f(U) C M 3 . In 
geometric considerations, it is usually the linear transformation —dv. M p — > 
M p which interests ns, rather than the second fundamental form II itself. Now 
for p = f(sj ). the map -dv. M p — > M p is related to the matrix (/p(.v, /)) in 
the following way: 

hj(sj) = {-dv( fi(sj) p ), f)(sj) p ). 

Unfortnnatelv, this does not mean that (/,/ (x, / ) ) is the matrix of — dv with 
respect to the basis f\(s,t ) p , f 2 (sj) p . because these vectors are not necessarily 
orthonormal. To avoid going out of our minds now, and especially in the next 
chapter, we make note of the following: 
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0. FACT. Let ui , . . . , v n be a basis for the vector space V, with the inner prod- 
uct {, ). Suppose that A is the matrix of a linear transformation T : V — >■ V 

with respect to V] v n , while B and C are the matrices B = ((Tvj,vj)) and 

C = ((Vi, vj)). Then 

A = (BC-')\ 

where 1 denotes the transpose. 

PROOF. We have T Vj dp Vj ■ and consequently 

j 

B ik - ( Tvi,vk ) = ^ Ajj(vj, Vk) = (A 1 C)ik, 
j 


so B = A t ■ C. ❖ 


We apply this observation with 

matrix of —dv: 


M n 


and 


^ / IIiaillA U1 —u V . ivip —r irip 

\ with respect to (f\) p ,(fi)p 


B = (Ay), C = ( gij ), 


where / (7 , gjj are all evaluated at ( s,t ), and p = f(sj). Since B and C are 
symmetric, we have (BC -1 ) 1 = C _l B; so we find that 


, T , / matrix of —dv:M p —>M p \ . . 

(!) I ..,m A <f.s )=^j) Vij) 

1 


V with respect to ( f\ ) p , (fi) P 


(o -F\n »A 

\—F E ) \ m n ) 


EG - F 2 

[ fi, gij , Uj evaluated at (s,t); p = f(s, /)]■ 


The functions l,m,n certainly seem to be good candidates for the desired 
analogues of the functions k and r. As a first test of their appropriateness, we 
will investigate how well these functions describe / up to second order in a 
neighborhood of a point p. 

What we are interested in is the shape of M - image /, not the particu- 
lar parameterization / itself; so we will essentially fix the parameterization by 
describing our surface M in terms of the distance of a point from the tangent 
plane at p. For convenience we will assume that /; = 0 e M 3 and that the 
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tangent plane at p is the (x, >’)-plane. Then our surface M is the graph of a 



function h : R 2 -► R with /i,(0,0) = /i 2 (0, 0) = 0. Applying Taylor's formula 
for functions of two variables, we have 

li(sj) = j (/tn (0, 0) ■ s 2 + 2h nfO, 0) ■ st + /i 22 (O’ 0) ■ t 2 ) + R(s,t), 

where R(s, t)/\(s,t )| 2 = R(s,t)/(s 2 + t 2 ) -»• 0 as ( s,t ) -> 0. We therefore say 
that the quadratic surface 

P = {( 5 , t, \ (/an (0, 0) ■ 5 2 + 2/ai2(0, 0) • st + /J 22 (0, 0) ■ t 2 ))} 
“approximates M up to order 2 at 0”. 

Now we want to make an elementary observation which is crucial for avoiding 
confusion. Suppose that X = (X\,X 2 ) is any basis for R 2 , say with X\ = 
(an,a 2 1 ) and X 2 = (a 12 , ^ 22 )- Our surface M can also be described as the 
graph of a function in terms of the 11 X\, X 2 , (0,0, 1 ) coordinate system”. In 



other words, we can consider the function 6 X with — the height above 

the (.v, v) -plane of the point of M lying above sX\ + tX 2 . This means that 

h x (s,t) — h(sX 1 + tX 2 ) — h(a\\s + a \ 2 t,a 2 \s + a 22 t ). 
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If we momentarily denote (s, t) by (s 1 , s 2 ), then we can write more conveniently 


h x (s\s 2 ) 


= hl^aus', J \^a 2 i s l j, 

\=i i=i ’ 


and for the partial derivatives of h x we easily compute that 
h x a (s\s 2 ) = Y^a ja hj{^a u s l , Y a2iS> j 


y=i 
2 


f=l z = l 

2 2 


h aj){s , S ) — ^ \ UjgU k fih jk ( kl\jS , ^ ^ 2i S ) , 

y,Ar=l X / = l ( = 1 ' 


so that in particular 

/i x a (0,0) = 0 

^ h X a p( 0,0)= Y ajc*a k phjk(0,0). 

j,k = \ 


Now the quadratic surface Q C 1R 3 = R 2 x M defined by 

Q = {(sT, + tX 2 , ^(// X ,i (0, 0) • s 2 + 2 /i X | 2 (0, 0) • st + h x 22(0,0) • t 2 ))} 

can equally well be said to approximate M up to order 2 at 0. But we claim 
that the surfaces P and Q are exactly the same. The best way to express this claim 
is as follows. For each basis X = (X\, X 2 ), let us define a function <F X : M 2 — ► R 
by 

3> x (sT, + tX 2 ) = |(/i x i,(0,0) • s 2 + 2/? x , 2 (0, 0) • st + /i X 22 (0,0) • t 2 ). 

Then the functions <F X are all the same function <t> : M 2 — > R, and we can 
therefore describe both P and Q simply as the graph of 5>. To check that all 
O x are the same, let us use O for the function we obtain when X is the standard 
basis (1,0), (0, 1). Then 


2 2 

chfy'Ti + s 2 X 2 ) = 

\ = 1 1 = 1 ' 

2 2 2 

= 2 y 

j,k=\ N = 1 ' X i=l 7 
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= 1 X! E hjk(0,0)aj a a k p\s a s J 
a,0=l ;\/c = 1 ' 

2 

= J J2 ft X «0(O'O)s*s* by (*) 

Of, ^=1 

= + J 2 * 2 ), 

which is what we wanted to prove. It is also easy to see that if we describe M in 
terms of the “X \ , T 2 , (0, 0, — 1 ) coordinate system”, then $ becomes — <t>, while 
the resulting second order approximating surface is unchanged. Thus, for every 
point p of a surface M in R 3 , there is a well-defined quadratic surface P which 
approximates M up to order 2 at p. 



Let us for simplicity stick to the case w'here p = 0 e R 3 , the tangent plane 
at p is the (x, y)-plane, and M is the graph of h : R 2 — > R (in the standard 
coordinate system). The surface M is the image of the immersion 

= ( s,t,h(s,t )) 

for which we have 


N = N( 0,0) - (0,0, 1) 

/ =/(0,0) = ((0, 0, 1 ), (0, 0, /?n (0, 0))) 

= /Mi(0,0) 

m = w(0.0) = /q 2 (0,0) 
n — n( 0 , 0 ) = 22 ( 0 - 0 ). 


Thus our approximating quadratic surface P at 0 is described explicitly as the 
graph of 

«(.*./) = \(Is 2 + 2 mst + nt 2 ) — \ /(.v./), (sj) ■ 
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To sec just what this graph looks like, we choose two orthonormal eigenvectors 
X \ , X 2 € R 2 for the symmetric matrix ( ^ j , with corresponding eigenvalues 
k\.k 2 . Then 

a(sX\ + tX 2 ) = \ (sX\ + tX 2 , sX 1 + tX 2 ■ n 

= -\-tX 2 , i'A'iT] -\-tk 2 X 2 ) 

= \(k\s 2 + k 2 t 2 ). 

In other words, after a rotation of our axes so that they point along X\, X 2 , the 
graph of a becomes the graph of a : M 2 — >■ R defined by 

ot(sj) = \(k\s 2 + k 2 t 2 ). 

The shape of this graph depends on the sign of k\k 2 = det ( f n n * ) = In — m 2 , 
and leads us to classify the points p into four types. 

1. Elliptic point: In - m 2 > 0. Then k\,k 2 have the same sign. If k\,k 2 > 0, 
then the graph of 

s 2 t 2 

a(s,t) = H r 

(JWt) (VWz) 

is an elliptic paraboloid ; planes parallel to the (x, >) -plane intersect the graph of a 
in similar ellipses, while planes parallel to the other coordinate planes intersect 
the graph in parabolas. 



In our new coordinate system, the original surface is the graph of h. where 

h(sj) = a (s.t) + R(s,t). 


with R(sj)/(s 2 + t 2 ) —> 0. There is clearly a constant A > 0 such that a(s,t) > 
A(s 2 + 1 2 ). so 


0= lim - 


R(sy) 


{s, 1)^0 S- + t i 


lim 

( s . f )->0 


a(s,t) — h(s.t) 

s 2 + 7 2 


> 


A — lim 
(s.t)-* 


h(s, t ) 


0 s* 
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and hence 


h{s, t ) 

2 + { 2 — A /2 > 0 for sufficiently small (s,t). 

Therefore h(s,t ) > 0 for small (s,t). Thus points of our surface which are 
near p lie on the same side of the tangent plane at p as v(p). If Ai,A '2 < 0, 
then the graph of a is an elliptic paraboloid pointing in the other direction, 
and points of our surface which are near p lie on the other side of the tangent 
plane at p. 

2. Hyperbolic point : In—m 2 < 0. Then k\,l <2 have opposite signs, say A] > 0 > A’ 2 . 
The graph of 


(y/V AO W-2/k 2 y 

is a hyperbolic paraboloid ; planes parallel to the (x, y ) -plane intersect the graph 
of a in similar hyperbolas [except that the (x, j)-plane itself intersects the graph 
in two straight lines through (0, 0)], while planes parallel to the other coordinate 
planes intersect the graph in parabolas. It is easy to see that there are points 




of the original surface arbitrarily close to p lying on both sides of the tangent 
plane at p. 

3. Parabolic point'. In — m 2 = 0, but not all of l,m,n are 0. Then exactly one 
eigenvalue is 0; say Ai = 0 but k 2 f 0. The graph of 


a(s,t) = \k 2 t 2 
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is a parabolic cylinder. If k 2 > 0, then our original surface must contain points 
close to p on the same side of the tangent plane as v(p). But there can also be 



v 


X 


points arbitrarily close to p on the other side of the tangent plane. For example, 
our surface might be the graph of 

h(s, t) = s 3 + f . 


4. Planar point : / = m = n = 0. The graph of a is the (x, y)-plane. 

In the planar case, nothing at all can be said about which side of the tangent 
plane our surface lies on. For example, our surface might be the graph of any 
one of the following functions: 

h(s,t) = s 4 graph lies above the (x,>’)-plane 

h(s, t ) = —s 4 graph lies below the (x, y)-plane 

h(s, t) = s 3 graph lies above and below the (x, y)-plane. 

A more interesting example of a planar point is provided by the “monkey 
saddle”, the graph of 


h(s,t) = s 3 — 3 st 2 

= real part of (s + it) , 



with a planar point at 0 6 R 3 . I was always very confused by the name of this 
surface, because I thought it was supposed to be a saddle that you put on a 
monkey. Actually it’s a saddle that a monkey uses (to ride a bicycle, say) — there 
are two depressions for its legs, and an extra one for its tail. The monkey saddle 
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intersects the (.v, v)-plane in the set 

) : .v 3 — 3.x\v 2 = 0} 

which consists of 3 straight lines all making equal angles with each other. 



Notice that our classification of points on a surface as elliptic, hyperbolic, 
parabolic, or planar, does not at all depend on the special parameterization 
which we introduced; for equation (I) on page 35 shows that 


det(— dv. M p M p ) 


det(/,- 7 ) 
det (gij) 


In — m 2 
EG - F 2 ' 


which means that the sign of In—m 2 is always the same as the sign of det(— dv). 
When we do introduce our special parameterization, we have E — G = 1 and 
F = 0 at (0,0), so equation (I) then gives 


(Ijj ) = matrix of — dv. M p — * M p . 


Consequently; the numbers k\,ki which we have found can also be described 
invariantly as the eigenvalues of — dv; the orthonormal vectors Xj,X 2 (in R 2 , 
which we have identified with M p ) are just the eigenvectors of — dv. 

The quadratic surface P which approximates M up to order 2 at a point 
p 6 M is called the osculating paraboloid at /?; when p = 0 € M 2 , the tangent 
plane at p is the (.v, r)-plane, and X \ , W point along the x- and y-axes, it is 
the graph of 

a(5,/) = = ^(Aq.v 2 + k 2 r). 

For space tun es we obtained an analogous osculating tune (pg. 11.31), and 
we used this osculating curve to examine the original curve more closely by 
projecting it on the coordinate planes. That procedure wouldn't make much 
sense here, but there is something else we can do. Suppose we first intersect 
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the osculating paraboloid with the two planes parallel to the (x, v)-plane and 
at distance d from it, and then project the intersection onto the (x, >)-plane. 



We obtain the set 


Jd = {(-*, y ) ■ k \* 2 + k 2 }’ 2 = ± 2 </}, 

which is either an ellipse, a pair of hyperbolas, a pair of parallel lines, or nothing. 
Clearly, the sets 


are all the same, 


■Jd _ y_\ 

fid \\ fid' fid) 

namely 

Jf - = J = {(x,y) : A'i.x 2 

fid 


(,x,y) € J d 


+ k 2 y 2 = ±1}. 




(c) k\ = 0, A 2 7^ 0 (d) k\ — k 2 — 0 



J 

J = 0 







J 


Suppose now that we repeat this procedure, except that we intersect the two 
planes with our original surface instead of with its osculating paraboloid. We 
would expect the limiting set to be the same, since the surface agrees with its 
osculating paraboloid up to order 2 . Actually, one has to be a little careful in 
formulating this result, and the corresponding proof is somewhat long, but not 
very interesting. 
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1. PROPOSITION. Let p € M be a point of an imbedded surface M C 
R 3 , and let X\,X 2 be orthonormal eigenvectors of —dv: M p M p , with 
corresponding eigenvalues k\,k 2 . Let / C M p be the set 



I — {X G M p : Ay (X, X\) 2 

+ k 2 (X,X 2 ) 2 = ± 1}, 

so 

that I is congruent to 


( a ) 

the ellipse A.'i.y 2 + A' 2 >’ 2 = ±1 

p an elliptic point 

(b) 

the hyperbolas k\ x 1 + k 2 y 2 — ±1 

p a hyperbolic point 

(c) 

the parallel lines k 2 y 2 = ±1 

p a parabolic point with k 2 ± 0 

(d) 

0 

p a planar point. 


For d > 0, let Id be the projection on M p of the intersection of M with the 
two planes parallel to M p and at distance d from it. Then 

lim = I, 
d^<>V2d 

where this limit has the following meaning: For every s > 0, and every compact 
set C C M p , there is some 8 > 0 such that if 0 < d < 8 , then 

(i) every point of / fl C is within e of some point of Id/'fzd 

(ii) every point of {Id/yf2d ) Pi C is within e of some point of I . 

Remark. In case (d), this just means that Id/^2d eventually lies outside of any 
compact set. In case (a), we clearly do not have to use the compact set C in 
condition (i), since I itself is compact. And in condition (ii) the compact set C 
is needed only to exclude points of Id coming from extraneous points of M 
which are not near p. 

PROOF. We assume that p = 0 G M 3 , and that M p is the (a, >>)-plane, with 
the eigenvectors X\,X 2 of -dv(p) pointing along the a- and >’-axes. Then M 
is locally the graph of a function h: U —*■ M (for U C M 2 open), and we can 
assume that 

Id = {( s,t ) € U : h(s, t ) = ±d} 

[there is no need to consider the points (sj) outside U , since for sufficiently 
small d. the corresponding points (s/V2(/,//V2(/ ) lie outside of any given 
compact set C C M p ]. We thus have 

Id - | (a, / ) G U : ^ + R(sj) = ±c/J , 
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where 


( 1 ) 


Hence 


R{sj) 
s 2 + f- 


0 as ( 5 , t) — >■ 0. 


. (flda, fldx) e U and 

— = = <(a, r): R( fid o, fldx) 

fid I k\o 2 + /: 2 t 2 h — - — ; ; =±i 


Setting 5 = fid a and t = fldx in (1), we see that 


( 2 ) 


R(fldo , fldx) 
d{o 2 + x 2 ) 


0 as (flda, fldx) -»■ 0. 


Now suppose we are given e > 0, and a compact set C C M p , which we 
might as well assume is of the form 

C = j(cr, t ) : \l a 2 + r 2 < 4 j . 

Choose £0 > 0 so that 

(3) | or | < e 0 =► |1 - fl±a\ < e/A. 

Let (a, x) e C fl /, so that 

(4) Ayer 2 + kix 2 = ±1 and fa 2 + x 2 < A. 


Consider the function 

( 5 ) 


R(flda, fldx) 

d — 0 <</<!. 


This is continuous in d , and approaches 0 as d — > 0 + , by (2). So there is 8 > 0 
such that 


( 6 ) 


0 < d < 8 


R(fldo , fldx) 


< £o- 
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R(\fldo, y/2dx) 
d 


and consider the point 


(oV 1 =F «, r>/l Tff) = 


(aVl — a, r-s/l — a ) if + 1 holds in equation (4) 
(oV 1 + a, rVl + « ) if — 1 holds in equation (4). 


We have 


Aq(oVl - a) 2 + k 2 ( T\/l - a ) 2 = (1 -a)[/qa 2 + A 2 r 2 ] = 1 - a 
k\{oC\ +a) 2 + k 2 (xC 1 +a) 2 = (1 +a)[A:ia 2 + A 2 r 2 ] = -1 - a, 

so (oV 1 q; a, rVl 4«) is in I^/y/ld. Its distance from (a, t) is 


1 - \/l =F a I VO 2 + t 2 < — VCT 2 + t 2 

1 1 ,4 


by (3), since |a| < £o by (6) 
by (4). 


We have thus found a 8 > 0 so that the given point (a, r) € C fl / has distance 
less than e from a point of I^/sTld, for all d < 8. To conclude that one 8 can 
be found which works for all (cr, r ) € C D / we need the fact that the function (5) 
approaches 0 uniformly in (a, r); this follows from compactness of C. 

We will now prove (ii). Given £ > 0 and A > 0, pick £o > 0 so that 


\a\ < eq 


1 £ 

'\ ± a d 


Then pick > 0 so that 


s~ + r < 8 q 


R(sj) ^ Eo 

7 r +7 < 2 A 2 ' 


Setting s — sfldo and t = \fldx. we see that 


°' + X ' < 2d 


Rls/lda.Tldx) eo , -> 

7 ’ < ~7(a 2 + r 2 ) 

d A 1 



Elements of (he Theory of Surfaces in K 3 


47 


Let 8 = So/2A 2 . Then 


So if 0 < cl < 8 , then 

(9) 


0 < d <8 => — > A 2 . 

2d 


either a 2 + z 2 > A 2 or o 2 + z 2 < A 2 < . 


So 

2d 


In the first case, the point (a, r) € Id/sf2d is at distance > A from the origin. 
In the second case, we have 


R(-j2do,\f2dz) £o ( 2 2 

A 


<^(a 2 + r 2 ) by (8) 


< £0 


by (9), 


so the point (a, r) € Id/s/2d satisfies the equation 

Riyffdo, y/2dz) 


( 10 ) 


k\O l + k 2 z — ±1 — 


= ±1 — or, where 0 < |a| < £o- 


Now the point 


( . T —) 
V f \ T a a/1 TO'/ 


Vl T«’ >/l T< 

is in /, and its distance from (a, r) is 


\/l 


£ 
A 

< £ 


\! a 2 + z 2 < — yj o 2 + z 2 by (7), since jo , | < £0 by (10) 


by (9). 


This completes the proof. 

The limiting set / C M p of Proposition 1 is called the Dupin indicatrix at /;. 
In the case of a planar point, we can obtain a more meaningful indicatrix by 
considering lim /^/ Vd— the adjustment factor 1/ Vd is just what we need in 
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order that the projection on M p of the intersections of parallel planes with the 
osculating cubic will be the same. The figure below shows the resulting indicatrix 
for the monkey saddle; the continuous lines come from intersections with planes 



on one side of the tangent plane, and the dashed lines from intersections with 
planes on the other side. Similarly, if all derivatives of h : U — > R up to order 
k - 1 are 0 at (0,0), then we can look at the generalized indicatrix Urn Id! *Jd. 

Certain geometric terminology concerning conic sections has been taken over, 
via the Dupin indicatrix, to surfaces. Given a conic section in the plane, the 
directions which we have chosen as the x- and y- axes are called its principal 
axes. Consequently, the unit vectors X\,X 2 € M p (that is, the unit eigenvectors 
for — dv : M p — > M p ) are called the principal vectors. They are really defined 




only up to sign, so it is often more convenient to speak of the principal directions; 
moreover, if k\ - k 2 , then all unit vectors are to be considered to be principal. 
The eigenvalues k\ and k 2 are called the principal curvatures at p. We have 
already met these vectors and curvatures in Volume II, and we recall that if 
X — (cosd)Tj + (sind)V> is any other unit vector, then 


(II) {-dv(X),X) = (A'i(cos0)T, + k 2 {smO)X 2 , (cos 6)X ] +(sind)T 2 ) 
— k\ cos 2 9 + At 2 sin 2 9, 
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which shows that Aq,A 2 are the minimum and maximum of (—dv(X),X) for 
unit vectors X e M p . Recall also that we defined 

K(p) = Gaussian curvature at p = k\ ■ ki 
H(p ) = mean curvature at p = \(k\ + ki). 

A surface M is called flat at p if K(p) = 0. So p is a flat point if and only if p 
is either parabolic or planar. 

For hyperbolas, there are two other important lines, the asymptotes (the dashed 
lines in the previous figure). The unit vectors which point along these lines in 
the Dupin indicatrix are called the asymptotic directions. If the hyperbola has 
the equation 

A] A ' 2 + A 2 y 2 = ±1 (Ai , A 2 of different signs), 

then the equation of the asymptotic lines y = mx is found by noting that for 
large A the point (x,mx) is almost on the hyperbola, so 

AiA 2 + A' 2 tM 2 A 2 is close to ±1 => k\ + A 2 W 2 is close to 0, 

and hence m — ±y/— k\ / A 2 . On the other hand, if we consider a unit vector 
X = (cos 0) W + (sin 0)^2, then formula (II) gives 

{—dv(X), X) — k\ cos 2 0 + A' 2 sin 2 0, 

and this clearly equals 0 precisely when tan0 = ±.y/—k\/kj. We therefore see 
that the vector X € M p points along an asymptotic direction if and only if 
(dv(X), X) = 0, and hence II(T, X) = 0. 



Asymptotic directions do not exist at elliptic points, while there are two dis- 
tinct asymptotic directions at hyperbolic points, and these directions are bisected 
bv the principal directions. At a parabolic point there is only one asymptotic 
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direction— the principal direction with principal curvature 0. At planar points 
all directions are both principal and asymptotic. It is also clear that the asymp- 
totic directions are perpendicular precisely when k\ = —k 2 , or H = 0. 

Finally, there is one more important term, which describes a point where the 
Dupin indicatrix is actually a circle, so that the principal curvatures are equal, 
and all directions are principal directions. A point where all directions are prin- 
cipal is called an umbilic or navel point. This rather gross anatomical metaphor 



is meant to suggest that the surface is very round at the point, like a sphere, on 
which all points are umbilics. Notice, however, that our definition also makes 
planar points umbilics, which turns out to be a convenient arrangement. At 
an umbilic, the map —dv is just multiplication by some number k\ equation (I) 
therefore shows that 


Ijj = kgjj at an umbilic. 

At this stage it seems reasonable to begin asking to what extent the func- 
tions l,m,n describe f globally. The simplest question we can ask concerns 
surfaces f all of whose points are planar. Just as a curve with everywhere 0 
curvature is a straight line, so we would expect a surface with / = m = n — 0 ev- 
erywhere to be a plane. This is easy to prove. For, /,•_,• = 0 means (- A 7 ,-, fj) = 0; 
since A 7 ,- is a linear combination of this means that —Ni = 0, so N is 

constant. Therefore (/, A 7 ); = { //, N) + (/, A 7 ,-) = 0 + 0, and hence ( /, A 7 ) = h, 
where A 7 is a constant vector and A is a constant number. 1 his is just the 
equation of a plane. 

It would next seem reasonable to prove an analogue ot the fact that a circle 
is the onlv plane curve with constant k. Here the situation is a little different, 
however: we cannot expect to characterize a sphere totally in terms of Emji. 
because we have not picked out a preferred parameterization; the functions 
E, F, G must also play a role. In fact, the simplest criterion to consider is that 
all points of / be umbilics. This means that 


/ = k E, m — k F. n — kG , 
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for a certain function k. Of course, in the case of a sphere, k is constant, but 
we do not even have to assume that. Although the following analysis is quite 
easy, it is worth recording as a theorem, which also includes the result about 
surfaces with all points planar. 

2. THEOREM. If M C M 3 is a connected surface such that every point is an 
umbilic, then M is part of a plane or a sphere. 

PROOF. Choose an immersion f'.U —*■ M. By assumption, we have (—TV, , f) ) 
— ( kfi , fj )■ Since Nj is a linear combination of f\, f’ 2 , we thus have 

(1) N; = -kf. 

Consequently, 

N n = ~ k ifi ~ k fu- 

Since Njj — Njt, we obtain 

~ k if ~ k fij = ~ k ifj ~ kfu, 

and hence kj j) — kj f . Setting i = 1 , j = 2, and using linear independence of 
f\, fl, we obtain Ay = 0, so k is constant. Thus equation (1) gives 

(2) N = —kf + Vo for some r>o € M 3 . 

II k = 0, then as we already showed above, f lies in a plane. If k f 0, we have 

vo _ -N v 0 2 _ \ 

1 k~ k ^ J k ~k 2 ’ 

so j lies in a sphere of radius 1/|A |. Simple supplementary considerations then 
allow one to deduce the stated result. 

We now want to carry the analogy with curves still further, and see whether 
every immersion f:U—* R 3 is described completely bv the corresponding gq 
and Ijj. Of course, we only expect gjj and /,/ to determine / up to proper 
Euclidean motions (translations followed by rotations [elements of SO(3)]), 
since gjj and Ijj are already “invariant under proper Euclidean motions” 
if A is a proper Euclidean motion, then the gjj and /q for A o f are the same 
as those for j . In the theory of curces we showed that k and r formed a 
complete set ol invariants for a cun-e up to translations and rotations, by show- 
ing that they were a complete set of invariants up to rotation for the function 
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s (t(5 , ),n(5'),b(j)); this was accomplished by using the Serret-Frenet formu- 
las, which are differential equations for (t,n,b), involving only k and r. In the 
case of surfaces, we have the three vectors (/[, J 2 , hi), and so we want first to 
express the derivatives of each of these vectors as linear combinations of these 
same three vectors. 

We begin by considering the f)k, which we want to write as 

2 

a) i,t = + 

h = i 

First we will worry about finding the A h ik , which amounts to finding the (/;*, fj). 
To do this, we should obviously begin with the definition fj) — gij and 
differentiate, to get 

(fik, fj) + (fi, fjk) = gij,k [here g ijA = Dxgtj = etc.]. 

Now comes the familiar old switcheroo: We also have 

{fji- fk) + ( Jj , fki) — gjk,i 
( fk j ■> Ji) + (A' fj) ~ Ski,j\ 

adding the first two of these three equations and subtracting the third, we get 

Uiki fj) — ~^(gij,k + Sjk,i — gik,j) 

= [ikJl 

where [ik,j] is the Christoffel symbol for the metric 1/ = /*( , ) on U with 
respect to the standard coordinate system (sj) on IR 2 . Plugging back into (1) 
we have 

2 

[ikj] = (fik, fj) = J2 A'fghj , 

h — \ 

and, of course, we can solve explicitly for A h ik , using the g lj : 

= E *"[«■>] = r «- 

7=i 

There is no problem finding the Bjk, since we have already introduced a name 
for them: 

B ik = (fik,N)=-(N t ,fk)=l ik . 
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We have thus found that 
2 

(*) j\k = rf* fh 4- lik hi The Gauss Formulas. 

h = 1 

The reader can easily check that these equations are indeed precisely the Gauss 
Formulas on page 4. Of course, in our present derivation, it is unnecessary to 
use the V operator on the image of /, or even to have it defined; the only V 
operator one needs to know about is the one for M 3 , and the T’s just appear as 
weird combinations of the gij and their derivatives. (It is hard to see why these 
formulas should be named after Gauss, for he never explicitly solves for the fk . 
The closest results he writes down are certain formulas [for m,m',m",n,n r , n" , 
on pg. 11.91] equivalent to the equations (fk, fj) — [ik, j].) 

We next want to express Nj in terms of f \ , f, N, as 

2 

N i = ^C l h f h +0-N. 

h = l 


Once again, there is no problem here, since we have already introduced a name 
for the relevant inner products. We have 


hj = (-Ni,fj) = 


2 




and consequently 


c/’—xy-v 


i = i 


Introducing new symbols /■ , we can therefore write 
2/2 \ 2 


(**) 


) = - ^ f S hj hi \ fh = - ^2,1^ fh The Weingarten Equations. 
h=\ V=i ’ h = l 


Of course, equations (**) amount to little more than the definition of Ijj and if , 
but in the classical literature it is always precisely these equations which are 
called the Weingarten equations. 

3 he Gauss and Weingarten equations constitute an exact analogue of the 
Serret-Frenet formulas for a curve— the derivatives of have been 
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expressed in terms of these same vectors, and only the gjj and Ijj enter. We 
thus seem to be in a good position to produce art immersion j with given gij 
and hj : we should first solve the Gauss and VVeingarten equations for /j, f 2 , N, 
and then solve for /. However, these equations are partial differential equations 
(just 15 in all, for the 9 component functions j) J , n j ), and we know that these 
equations have solutions only if certain compatibility conditions are satisfied. 
These conditions are given explicitly on pg. 1. 187, but there is no need to turn 
back to them: the required conditions are obtained simply by setting mixed 
partial derivatives equal, and substituting the original equation into the results 
so obtained. We will now derive these conditions explicitly. 

We begin by using (*) to compute 


fikj = V ik fhj + Uk,jN + Uk Ay 


h = 1 


h = \ 


[here f,^ = dY^/ds, etc.] 


= J2 r ikj Jp + J2 r ik (jl v hjU + ! c N ) 

p= 1 h — 1 P= 1 

+ hkj N - Uk ! j fp)' usillg M and 


** . 


Setting fikj = fij k , and using linear independence of f\, ji, N, we have 


(A) 

(B) 


rft.i - I? M + D r « r « ^ r -T«» = - '«'* 


h = 1 


hk.j - hj .k + Y2 ^fk htj X/ ^U^ hk — °- 


h=\ 


h = 1 


In this mess, some things should be looking familiar. Indeed, comparing with 
pg. 11.188. we see that equation (A) says that 


R 


\n = Uk /; 


i./p 
'' J‘k ■ 


which is equivalent to 
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2 2 

(A') Rhkjt = Shp RP kji = J2 Shpdj ! ik - >k l U ) 

P= 1 ( 0=1 



by the definition of l p in (**) 


= Iftjhk ~ l hk U j ■ 


A special case is 

R\i \2 = l\\li 2 ~ hihi — In - m 2 


Gauss’ Equation 

(Gauss’ Theorema Egregium). 


This really is equivalent to Gauss’ Theorema Egregium, for it says (cf. pg. IE 190) 


that 



= In - m 2 . 


and hence that the intrinsically defined Gaussian curvature K is given by 


K = 



\ds ’ ds J\dt ’ 9/ / \ ds ’ 3/ / 


//? — in 2 
EG - F 2 ' 


the final expression being the Gaussian curvature as originally (extrinsically) 
defined lor a surface in M 3 . In Volume II we gave a simpler looking proof 
of this result, but the present proof is philosophically more satisfying, since it 
relies only on standard techniques for dealing with a system of partial differential 
equations. Notice that our proof of Theorem 1-6 was basically the same, since it 
used the fact that R{X,Y)Z measures the difference of V^VyZ and Vy V_yZ. 

It is easy to see that all other cases of (A') are equivalent to this particular 
one, or are trivial, because of the identities 

R ijkl = R jikl and R-klij — R ijkh 

which always hold (pp. II.194ff.), and the fact that the right side of (A') has the 
same symmetry properties. 
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Now let us take a look at (B). If j = k it says nothing. Moreover, the equation 
for j = 2, k = 1 is equivalent to the one for j = 1, k = 2. So we take the latter 
pair for j and k, and let i = 1 or 2, obtaining 

-E rf,fc = o 

h= l The Codazzi-Mainardi 

2 Equations. 

- E r *> lh2 = 0 

h= l 

It is easy to see (Problem 1) that these equations can be derived from the ones 
given in Corollary 1-12. [Note also that equations (A') and (B') are precisely 
what the classical tensor analysis equations (11) and (12) on page 16 become in 
this case.] 

There is still one more set of equations which we must consider, obtained by 
setting Njj = Njj. However (Problem 2), it turns out that these reduce to the 
Codazzi-Mainardi equations. We have thus found altogether three conditions 
which must be satisfied, and our general theory (Theorem 1.6-1) tells us that 
these are the only conditions we need. We are all ready for a theorem. 


(B') 


62.1 — Ai,2 + ^ 

h = 1 
2 

1 22.1 - h \,2 + ^2 ^ 22^1 


h = 1 


3 FUNDAMENTAL THEOREM OF SURFACE THEORY (BONNET; 
1867). Let U C M 2 be a convex open set containing (0,0). 

(1) Let j\ f : U — > M 3 be two immersions, and define 

(fi' Jj) Sij = ( Ji'Ij ) 

f\ x h fi = /1 x h 

J gugll - g\2 2 Jg\]g22 - g\2 2 

(-Ni,fj) = (NJ U ) Jij = {—Nj, fj) - (Njij). 

Suppose that gjj = g tj and /,y = /,y 011 U. Then there is a proper Euclidean 
motion A such that f — A o J. 

(2) Let gjj and /,-y (i,j — 1,2) be functions on U which satisfy 

(i) — gjj and /,y = and (gjj) is positive definite 011 U. so that we can 

define corresponding g lJ and Tk 


gij = 
N = 

hj = 
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(ii) Gauss’ Equation: 

h\hi — (hi) 2 = ^1212 

= Esfr k, ~ r 2i.2 + Dd 2 r' - r* q 2 > 

p—\ V h = 1 

(iii) The Codazzi-Mainardi Equations: 

2 2 

/12.1 - A 1 ,2 + X r,V*i - X ^iV* 2 = 0 
A=1 A=1 

2 2 

^22,1 ~ ^21,2 + X ^22^1 _ XI ^2lAr2 = 0- 

A=1 A=1 

Then there is an immersion /:[/—* M 3 such that 

gij = (//> // ) 

/,7 = (-AT /y> - (A^ , fji ) , for W - 7l X - ■ 

V gllg22 - gl2 

PROOF. Let us adopt the more systematic notation 

v'i = /1, v 2 = /2, y-} = N 

V, = /i, V 2 = h, y^ — N. 

To prove (1), we first choose a rotation 5 e SO(3) such that 

fl(v«(0,0))=v„(0,0) or = 1,2,3. 

This is possible because gij (0) = gi/(0) for i,j = 1,2, and because the two 
triples of vectors (V| (0, 0), v 2 (0, 0), v 3 (0, 0)) and (vi (0, 0), v 2 (0, 0), V3 (0, 0)) are 
both positively oriented, with the third vector perpendicular to the first two. 
If we let f = B o f. then it is easy to see that 

gij = gij = gij 
v 3 = B o V3 

hj = Uj — hi ■ 
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We claim that the maps 

(v,.v 2 ,v 3 ). (vi,v 2 .v 3 ): u K 3 , 


which we know are equal at (0, 0), are actually equal everywhere. To prove this, 
we recall that the Gauss formulas and the Weingarten equations give 


(***) 


2 

V/,*(s.O = { k (s,t)\/,(s,t) + Ji k (s.t)\i(s,t) i - 1.2 

h = 1 

'£2g hj (s,t)h j C-t)\vh(s.t) 

i = i ' 



for the v a , while for the \’ a we obtain the corresponding equations with P^, 
Ilk and 8 hj ■ But lik — lik, and since g/y = g,y we also have g hj = g hj and 
= P^. So the two maps (vi.v 2 .v 3 ) and (v].v 2 ,v 3 ) satisfy the same equa- 
tions (***) and have the same values at (0,0). Therefore they must be equal 
on U (Theorem 1.6-1). But this means that / and f — Bo f have the same par- 
tial derivatives, and therefore differ by a constant vector. Consequently, there is 
a translation T : M 3 —*■ M 3 with / = T o f = (T o B) o /. 

To prove (2), we use Theorem 1.6-1 to conclude that equation (***), written 
in terms of the given g,y and /;y, has a solution vi,v 2 .v 3 : U — » !R 3 with any- 
desired initial conditions; we have already seen that the required conditions in 
Theorem 1.6-1 amount precisely to Gauss’ equation and the Codazzi-Mainardi 
equations. Moreover, the functions v a can be defined on all of U because the 
equations (***) are linear (compare pg. 1. 165). Since (g/y ) is positive definite at 
(0,0), there is a solution for which the the following conditions are satisfied at 
( 5.0 = (0.0): 


(a) ( V/ ( 5, 0 - vy (.v. 0) = gij(s.t) i. j = 1.2 

(b) (v,(5.0.v 3 (.s\0) = 0 7 = 1.2 

(c) |v 3 (.v. 01 = 1 

(d) (>'1(5, 0.v 2 (.y, 0.v 3 (.v.0) is positively oriented. 

We will show that conditions (a)-(d) actually hold at all points of U. 

Our equation (***) for V|.v 2 .v 3 gives the equations 

(A) (V/. Vy )* - (V/.*, Vy) + (V/, Vy*) 

2 2 

= E r it"''/) + Er) (V'7 , . V, ) + lik (V 3 . V/ ) + / j k (V 3 . Vy ) 
h = 1 h=] 
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for /, j = 1,2, as well as 


(B) 


(V/,V 3 )* = (Vi,fc,V 3 ) + (v.-,v 3 ,fc) 


= /(A - 


2 2 

A=1 7=1 7 


and 

(C) (v 3 ,v 3 )fc = 2(v 3 , fc ,V 3 ) = 0. 

[Equations (A)-(C) all hold for k = 1,2.] 

But we also have 


gij,k = [ikj] + [Jk, i ] (by pg. 1.331) 

= E r .W,-+E r >.- 

h = 1 h = 1 


This shows that the set of equations (A)-(C) are satisfied both by 

the set of functions: (v,,vy) (7=1,2), (v 3 ,vi), (v 3 ,v 2 ), (v 3 ,v 3 ) 

and by 

the set of functions: g,-y (y = 1,2), 0, 0, 1. 

Moreover, we chose the V/ so that these two collections of functions have the 
same value at (0,0). It follows that they have the same values on all of U. In 
other words, equations (a)-(c) hold on all of U. Moreover, (a) and (b) [and 11011 - 
singularity of {gij )] imply that (v t ,v 2 ,v 3 ) are always linearly independent. So 
condition (d) at (0,0) implies condition (d) everywhere. 

We now claim that there is a function /:£/—► M 3 satisfying /; = v,-. In order 
to prove this, we just have to show that v,-.y = \jj. But this follows from (***), 
bv symmetry of the and /,£■ We now have (/i,./y) = gij by (a). Moreover, 
(b)-(d) then show that v 3 = n. Consequently. 

(./.;,») = (v/.y,v 3 ) = Uj 

by (***), together with (b) and (c). ♦$* 
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Theorem 3 is exactly the sort of result we would w 7 ant if we were primarily 
interested in immersions / : U — >■ M 3 . But what we really want to study are sub- 
manifolds of M 3 , without relying on a particular choice of a parameterization. 
For example, let us consider two surfaces M,M C and a diffeomorphism 
0: M -> M. We would like to have conditions which insure that 0 is the re- 
striction to M of some proper Euclidean motion. If we arbitrarily choose some 
immersion /: U -» M C M 3 , and let f:U -> M 3 be / = 0 ° /, then Theo- 
rem 2 tells us that such a proper Euclidean motion exists if the g-,j and /,y for / 
equal the gij and /,y for /. Now the individual functions gy and /p for / do 
not have an “invariant meaning”: given a submanifold M C M 3 , we cannot, for 
example, find functions y,y on M so that every j : U — > M has its gij ' s given 
simply by gij = gij 0 ./• Fortunately, however, the tensors 

gn t/s <g> t/s + gn t/s <8> dt + g2i dt ® t/s + g22 dt ® dt 
In ds ® ds + l \2 ds <g> dt + /21 dt ® ds + hi dt <g> t// 

do have an invariant meaning: they are just f*\ and /* II. So we can formulate 
the first part of Theorem 3 for submanifolds: 

4. COROLLARY. Let M , M C K 3 be two connected oriented surfaces imbed- 
ded in M 3 , let u: M — » S 2 C M 3 and v : M — >■ S 2 C M 3 be the unit normal 
vector fields determined by the orientations, and let I, II and I, H_be the first 
and second fundamental forms for M and M (the forms II and 11 being de- 
fined with respect to v and v, respectively). Let 0: M — » M be an orientation 
preserving diffeomorphism which preserves the first and second fundamental 
forms, 

0*1 = I (i.c., 0 is an isometry) 

0*fl = II. 

Then there is a proper Euclidean motion A such that <p — A\M and A*v — v. 

PROOF. Let / : U — *■ M C M 3 be an orientation preserving immersion, and 
let f ' — 0 o f : U — > M C R 3 ; the immersion f is also orientation preserx ing, 
since 0 is. The gij for / are the coefficients, with respect to the standard 
coordinate system ( s,t ). of 

/*! = (0o /)*! = /*0*I = f*\. 

Consequently, gij = gij . Similarly since / is orientation preseiving, the /,y are 
the coefficients of /*II = f* II; since / is also orientation preserx ing, we find 
that Ijj = Ijj. By Theorem 3, there is some proper Euclidean motion A such 
that 0 = 4 on /((/). If xve choose immersions { j a : U a — > M } whose images 
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cover M, it is easy to see that the corresponding A a must all be the same proper 
Euclidean motion A. ♦> 

We also want to formulate the existence part of Theorem 3 for manifolds, 
rather than immersions. So we consider an oriented surface M with a Rie- 
mannian metric {( , )} [corresponding to the gpj and a symmetric tensor S 
covariant of order 2 [corresponding to the /,y J . In the previous chapter we 
have already seen how to give an invariant version of Gauss’ equation and the 
Codazzi-Mainardi equations. This allows us to state 

5. COROLLARY. Let (M, (( , ))) be an oriented Riemannian 2-manifold, 
with covariant derivative V and curvature tensor R, and let S be a symmetric 
tensor on M, covariant of order 2. Suppose that S satisfies 

(1) Gauss’ Equation: 

((R(X, Y)Y, X)) = SiX, X)S(Y, Y) - [S(X, Y)} 2 

(2) The Codazzi-Mainardi Equations: 

{V X S)(Y,Z) =(V Y S)(X,Z). 

Then for any p € M there is a neighborhood U of p and an immersion 
/ : U -» M 3 such that 

(( ,» = /*(,) 

5 = r ii, 

where ( , } is the usual Riemannian metric on R 3 and II is the second fun- 
damental form on f(U) defined in terms of the unit normal field v which is 
determined by the orientation that f(U) gets from the orientation on U C M. 

PROOF. Left to the reader. *** 

Unlike Corollary 4, where a global result comes almost automatically, in 
Corollary 5 we cannot generally choose U to be all of M. As an example, 
we take the torus S 1 x S 1 with a flat metric (( , )) [pg. 11.179] and let S = 0. 
The Gauss and Codazzi-Mainardi equations are trivially satisfied. But the only 
connected submanifolds of R 3 with II — 0 everywhere are subsets of a plane 
(Theorem 2), so we certainly cannot find an immersion f : S' x S' — » R 3 with 
r ii = 5 — 0 everywhere. On the other hand (Problem 3), we can take U to 
be all of M in Corollary 5 when M is simply-connected. 
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Now that we have adequately documented the importance of the second 
fundamental form in surface theory, we will take this opportunity to slip in 
something new. The reader has perhaps already surmised with subconscious 
dread that there is a third fundamental form, and even yet higher numbered 
monsters, but these bogey men turn out to be very nicely behaved creatures 
which are in no way to be feared. For a submanifold M C M 3 , with unit 
normal v : M — > S 2 C K 3 , we define the third fundamental form III of M by 

III(/t)(it p , w p ) = (-dv(v p ),-dv(w p )) 

= (dv{v p ),dv(w p )) v p , w p G M p . 

Similarly, if / ' : U — > M 3 is an immersion (for U C K 2 open), we define Illy by 

III/(.y,/)(i!,u;) = { dNf(v),dNf(u> )) 

= ((A r /)*(f), (iV/Mut)} v, w G M 2 (m) . 

This is equivalent to defining Illy = /*III, where III is the third fundamental 
torm for image /. Remembering that dv. M p — ► M p is self-adjoint (Theo- 
rem 1-8 or Theorem II. 3-1), we see that 

\\\(p){v p ,w p ) = ((dv) 2 {v p ),Wp). 

This suggests defining 

lV(p)(v p ,Wp) = {(dv^Cp), w p ), 

and so forth. There is no notational way to write down the general definition, 
since no one has ever addressed the burning question of how we should indicate 
the n th Roman numeral (come to think of it, no one even knows how to write 
down arbitrarily large Roman numerals). But that doesn’t matter very much, 
especially as all these forms are expressible in terms of I and II anyway: 

6. PROPOSITION. For a surface M c M 3 we have 

III - 2H II + K ■ I = 0. 

(Similarly, for an immersion f:U—> M 3 , we have 

Illy — 2 H ■ II y + K ■ Iy — 0. 

where H(s.t) is the mean curvature of image / at f(s,t). etc.) 

PROOF. Remember the Cayley-Hamilton Theorem! The map —dv: M p —*■ 
M p satisfies its characteristic polynomial x(A.), which is given by 

X(A.) — X 2 - [trace(— dv)\k + det ( — dv) ■— X 2 — 2HX + K. 
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Consequently, 

(—dv) 2 — 2H(— dv) + K ■ identity = 0 on M p . 

Applying this equation to v p , and taking the inner product with w p , we obtain 
the desired result. ❖ 

It is dear that we can also express IV in terms of III and II, etc. Proposition 6 
does not necessarily mean that III is not worth considering, for it is still a useful 
tool lor expressing certain quantities. Suppose, for example, that we have an 
immersion / : U M 3 , with normal map Nf (= vo f for the unit normal map v 
on image /). Since the normal map Nf plays such a vital role in describing 
the geometry of /, it is not at all unreasonable to ask what the first and second 
fundamental forms of Nf look like. Notice that in this instance we certainly 
want to explicitly consider the forms I Ay and II Ay for the map Nf. the image 
of Nf is just part of S 2 , so its first and second fundamental forms aren’t very 
interesting. 

7. PROPOSITION. Let f:U -» M 3 be an immersion with normal map 
Nf = vo f. Then the third fundamental form of / is both the first funda- 
mental form of Nf and the negative of the second fundamental form of Nf. 

Ill/ = I a y = —II Ay ■ 

PROOF. Our original definition, 

III/O, f)(f> w) = ((Nf)*{v),(Nf)*(w)), 

shows that III/ = I Ay. Since the unit normal vector at any point p 6 S 2 is 
just p itself, it is also clear that the normal map of Nf is just Nf itself, so we 
have Nfy = Nf. Thus 

IlAy FM)(t’, w) = {-(N Nf )*(v),(NfU(u>)) 

= {-(Nf)*(v)ANf)*(w)). ❖ 

This result will come in handy at one point in Chapter 9, but we have no more 
to say about III at present. Following the route set forth in the first chapter ot 
Volume II, we will now briefly look at some global properties of surfaces w hich 
are related to positive curvature. At the very outset we note one respect in which 
the situation for surfaces in M 3 is different from that of cunes in IR 2 : Although 
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we are able to define a signed curvature k for a curve c in M 2 , the sign of k 
depends on the “orientation” of c, and is reversed when we traverse c in the 
opposite direction; but for a surface M c IR 3 , the Gaussian curvature K, which 
may also be positive or negative, does not depend on the orientation of M. We 
begin with a simple, but sometimes useful, observation. 

8. PROPOSITION. If M is a compact surface immersed in R 3 , then there is 
at least one point p e M where K(p) > 0. 

PROOF. The trick is to choose a point p e M whose distance from 0 is a 
maximum. Then M is even more curved at p than the sphere of radius \p\ — 
in fact, each principal curvature is > 1/| /?[, by Proposition II. 3-0, and the 
corresponding result for curv es in R 2 . Details are left as an exercise. 



This result gives us another way of seeing that the flat torus cannot be im- 
mersed in R 3 (no matter what tensor S' we choose on it). 

We now want to consider surfaces M with K(p) > 0 for all p e M. We 
naturally hope to relate this condition to convexity, so a brief discussion of that 
concept is in order. We define an imbedded surface M C IR 3 to be convex if it 
lies on one side of each of its tangent planes. As in the case of curves, we would 
first like to relate this definition to the more common one. 




Any subset A of IR 3 is called convex if the line segment ~pq from p to q is 
contained in A whenever p,q e A. Suppose A is convex and p is a point in the 
boundary of A. A plane P containing p is called a support plane of A if A 
lies completely in one of the closed half-spaces into which P divides IR 3 . 
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9. PROPOSITION. If A is convex, and p is in the boundary of A, then there 
is at least one support plane P containing p. 

PROOF. If A has no interior points, it lies in a plane, and the Theorem follows 
easily from the corresponding result, Proposition II. 1-3, for subsets of E 2 . If A 
has an interior point q, let Q be a plane containing q and /?, and let L be 
a support line for A n Q through p. This line L divides Q into two closed 
half-planes; let Q' be the one such that Q' - L contains no points of Q HA. 



Now we will consider the various closed half-planes having L as their edge. 
Choose one side of Q ' and consider angles 9 such that the half-plane with L 
as its edge which makes an angle of 9 with Q' on this side does not intersect A 
except along L (it may be that 6 = 0 is the only possibility). Let 9\ be the least 
upper bound of all such 9, and let Q\ be the half-plane with L as edge which 
makes an angle of 6\. Let Q 2 be the corresponding half-plane on the other side 

of Q'. 



To prove the theorem, it clearly suffices to prove that the angle between Q\ 
and Q 2 is > n. We note that there are points of A on planes arbitrarily close to 
Q\ and Q 2 . If the angle between Q \ and Q 2 were < Jt, then we could consider a 
suitable pair of such points, together with points of A in a whole neighborhood 
of q , and find that A must contain some point of L in its interior, which is 
impossible. ♦{♦ 
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We now want to show that a compact connected 2-dimensional submani- 
fold M of M 3 is convex if and only if the set A consisting of all points on M 
or inside M is a convex subset of JR 3 . Once again, we are assuming Corollary 
1. 1 1-15, and the following easy consequence: 

Suppose M C 1R 3 is a compact connected surface, and l is a ray i'rom p 
which intersects M at just one point q ^ p. Suppose, moreover, that / 
does not lie along the tangent plane of M at q. Then p is inside M. 




10. PROPOSId ION. Let M c 1R 3 be a compact connected surface, and let A 
be the set of all points on or inside M. Then M is convex (that is, M lies on 
one side of each of its tangent planes) if and only if A is convex. 

PROOF. Exactly like the proof of Proposition II. 1 - 4 . *t* 

We are finally ready to relate convexity and curvature. If you have found 
yourself nodding drowsily at the rather obvious generalizations of old material 
which occupied the last few pages, it is time to wake up now, because our result 
for surfaces is not just an analogue of the result for curves. 

11. THEOREM (HADAMARD). (1) If M is a convex surface in 1R 3 , then 
K(p) > 0 for all p e M. 

(2) Let M be a compact connected 2-manifold, and / : M —* R 3 an immer- 
sion with K(p) > 0 for all p e M. Then 

(i) The manifold M is orientable. and the normal map N : M —> S 2 C 1R 3 
is a diffeomorphism, 

(ii) File map / : M — » 1R 3 is an imbedding, and f(M) is convex. 

PROOF. The first part is immediate, for we have already seen that ii K(p) < 0 . 
then M lies on both sides of M p . 
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To prove (2), we first recall that since K(p) > 0, points of M near p all lie on 
one side of M p . We choose N so that it always points on this side. Since this 



gives us a continuous choice of N, it also gives us an orientation of M. To show 
that N : M -> S 2 is a diflfeomorphism, we note first that A* is always one-one, 
since K = det N*. So N(M) C S 2 is open. It is also closed, since M is compact; 
so N(M) — S 2 . Now we need to use a few properties of covering spaces. The 
fact that N : M -» S 2 is onto and locally one-one does not immediately imply 


that N is a covering space map; however it is an easy exercise (Problem 4) 
to show that this follows from the fact that M is compact. But S 2 is simply- 
connected, and therefore has no non-trivial covering spaces. So N : M S 2 
is a diffeomorphi.sm, and we have proved (i). 

To prove (ii), we consider a point p € M and the tangent space M p C K ftp)- 
At least some points of f(M) lie on the same side of M p as N(p). Let f{q) be 



a point on this side which is furthest from M p . Then clearly N(q) — N(p). 

Suppose that ftp) = f(p') for some other p' e M. Since N : M — > R 3 is one- 
one, N(p') cannot be either N(p) or ~N(p) = N(q). So the tangent plane 
M p ' must cross the tangent plane M p . It is then easy to see that f(M) must 



M p 


contain points on both sides of M p . Let / (/ ) be a point of M furthest from M p 
on the other side from q. Then N(r) must equal N(p ), contradicting the fact 
that N is one-one. Thus we have shown that / is an embedding. 
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To show that j\M) is convex, we use a similar argument. Given p e M, we 
just have to show that all of f(M) lies on the same side of M p C M 3 / (p) as N(p) 
does. If there were points on the opposite side, and f(q) were a point on the 
opposite side which is furthest from M p , then N(tj) would have to equal N(p), 
again a contradiction. 

This result naturally invites comparison with Theorem II. 1-8, which states 
that a simple closed curve c in IR 2 is convex if and only if it satisfies k > 0 
or k < 0 (depending on the direction in which c is traversed). The proof of 
part (1) of Theorem 1 1 is much simpler than the proof of the corresponding part 
of Theorem II. 1-8. This is because the sign of the Gaussian curvature K has 
a local geometric meaning, while the sign of k has none; the only meaningful 
assertion about k is the global statement that it is > 0 or < 0 everywhere. In 
part (2) of Theorem 1 1 we have the significant circumstance that we do not 
have to assume that M is imbedded— this comes out as part of the conclusion. 
The analogous assertion is false in the case of curves: the figure below shows 
an immersed, but not imbedded, curve with k > 0 everywhere. In one respect 



our result does not improve on Theorem II. 1-8, for in order to prove part (2), 
we needed to assume the strict inequality K{p) > 0. Actually the result holds 
even when we assume only that K > 0, but the proof in this case is much more 
difficult (for further discussion, and references, see pp. IV. 82-83). 

Our approach to surface theory has so far been very classical, but we are now 
ready to jazz it up a bit. First we want to examine the moving frame approach 
again, and write out explicitly all the equations (which in the case of surfaces 
in IR 3 boil down to almost nothing). In addition to their importance in the 
remainder of this chapter, some of these formulas will be crucial in Chapter 6 
(and the equations in the general case will be even more crucial in Chapter 7). 

If t,,t 2 is a positively oriented orthonormal moving frame on an oriented 
surface M c M 3 . and we let T3 = v, then X \ , A2, T3 is a positively oriented 
adapted orthonormal moving frame on M. There are just the following forms 
to consider: 


6 l ,9 2 the dual 1 -forms 

<x> 2 — ~oo\ the connection form 
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We want to relate these forms to the tensors and functions on M already con- 
sidered. Notice first that I is given by 

i = e x ®e x + e 2 ®e 2 . 

We also have 

dA = 9 X A 9 2 , 

where dA is the volume element determined by the metric I on M and the 
given orientation. Since we have (see page 19ff.) 

<A , 3 = s\ x e x +s\ x e 2 = \\(x x ,x x )e x + \\{x 2 ,x x )e 2 

ir\ = s] 2 e x + sl 2 e 2 = II (x u x 2 )d l + 11(X 2 , x 2 )0 2 , 


we can write 

II = i/q 3 ® o' + \f/ 2 <g ) 9 2 . 

It is also easy to see that the Gaussian and mean curvatures 

K = ll{X x ,X x ). ll(X 2 ,X 2 ) - [\l(X u X 2 )] 2 
H = \{W{X x ,X x ) + \\{X 2 ,X 2 )} 


are given by 


lA, 3 A = K0 X A e 2 

a e 2 - ^Iaq x = 2 ho x a e 2 . 


On the other hand, we have a much more important expression for K, in terms 
of the connection form co 2 . We note first that equation (3) on page 16 now 
reduces to 

dw 2 = £2,. 

Then Gauss’ equation (page 20) becomes simply 

0 = dco 2 - V ^2 A W = da) 2 + K8 X A 9 2 , 


so that 

da> 2 = —K8 X a 9 2 . 


Since this equation is equivalent to Gauss’ equation, it must somehow demon- 
strate the Theorema Egregium, and it surely does, since the form co 2 does 
not depend on the imbedding (it is the unique form with d9 x = ao 2 A 6 2 and 
dd 2 — —u)f A 9 X ). Some elementary treatments of surface theory proceed to 
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use this equation to define the Gaussian curvature of an arbitrary 2-dimensional 
Riemannian manifold— it is only necessary to check that K does not depend 
on the choice of the orthonormal moving frame; this is a special case of the 
moving frame definition of the curvature tensor given in Chapter II. 7. Finally, 
we mention that the Codazzi-Mainardi equations (page 20) now become 

d\j/ 2 = co 2 a 

dfi 2 = ~(f>] A i/q 3 - 

An introduction to surface theory carried out purely in terms of this moving 
frame and structural equation approach can be very frustrating. Instead of deal- 
ing with geometrically tangible things like dN and II, one has only the 1 -forms 
co 2 . i// 3 , 1^2 to play with, and the simplicity of the Gauss and Codazzi-Mainardi 
equations as given above seems vitiated by their lack of intuitive geometric con- 
tent. But this simplicity is a great advantage in proving theorems, and can be 
attributed, in large measure, to the fact that they express integrability condi- 
tions so neatly in terms of d. For example, they allow us to give a proof of the 
fundamental theorem of surface theory which uses the differential form version 
of the Frobenius integrability theorem (Proposition 1.7-14), instead of mucking 
around with the classical integrability conditions; we will present this proof, in a 
more general situation, in Chapter 7. The truly overwhelming advantage of the 
moving frame approach becomes apparent when one is seriously investigating 
questions about the shape of surfaces in space; any information one can hope 
to get has to come out of the three simple equations 

d CO 2 = A i/f 3 , </yq 3 = to 2 Ai/f 2 3 , dfil = - (O 2 A 3 . 

Usually one just picks a frame suited to the problem and reads off the informa- 
tion from these equations. As a very simple example, we consider an all-umbilic 
surface M C M 3 . In this situation any adapted orthonormal moving frame 
Aj, X 2 , T 3 on M is suitable (the hypothesis that p is an umbilic essentially says 
that all orthonormal frames at p are indistinguishable from one another), and 
we har e 

fif = x0 i i = 1,2 

for some function X on M. Thus 

dX a 0 l + Xd0 ] = dfi 3 = co 2 A — Xco 2 A 6 2 
dXA6 2 + xdd 2 = -Xco 2 Ad 1 . 

d0 ] =co 2 A0 2 
d9 2 = —co 2 a 0' . 


while 
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So we find that 

elk A 6‘ = 0 / = 1,2. 

But this implies that the 1-form dk is 0, so we find, once again, that k is constant. 
More interesting examples will occur in later chapters. 

The moving frame approach was brought in at this point not to launch 
an extended investigation into the geometry of surfaces — that occurs in later 
chapters— but with a completely different goal in mind. We want to show that 
the Gauss and Codazzi-Mainardi equations for surfaces in M 3 are, from the 
proper point of view, nothing more than the “equations of structure” of the Lie 
group SO(3), and that the Fundamental Theorem of Surface Theory reduces 
to Theorems 1.10-17 and 1. 10-18 about Lie groups. After doing this, we will 
then proceed to bring another group into the picture by examining properties 
of surfaces in R 3 which are invariant under the group of maps A : R 3 — ► R 3 
of the form A = T o B for T a translation and B e SL(3) = group of 3 x 3 
matrices with det = 1. 

We begin with some preliminaries about notation. Nowadays, an “affine” 
map A : M" — ► M” is usually defined to be one of the form A = T o B for T a 
translation and B e GL(/i, R). Thus the proper Euclidean motions, A = T o B 
for B e SO(«), might be described as “special orthogonal affine” maps, while 
maps A = T o B for B e SL(/z) might best be described as “special linear affine” 
maps. We will employ this terminology regularly for maps A: R” — » R", but 
we will also find it convenient to abbreviate the phrase “special linear affine” to 
“special affine” when we speak of such concepts as “special affine curvature”. 
Thus when we speak of the “special affine geometry of surfaces” in R 3 , we 
mean properties of surfaces invariant under special linear affine maps. On 
those occasions when w T e want to consider properties of surf aces invariant under 
all affine maps, we will emphasize this fact by speaking of “general affine” 
invariants. 

We will also include a brief review of the relevant facts about the groups 
(pp. 11.36-37), since we are going to make a slight change of notation. If G is 
a Lie group with Lie algebra q, then we define the natural q-valued 1-fbrm* to 
on G by t«)(r/)( X(a)) — X. where X is the left invariant vector field with 
X (e) = X. If X\,...,X„ is a basis of q. then we have o> = Xa=i <•>' %i for 
ordinary (M -valued) left invariant 1 -forms w', and these forms to' are a basis 
for the left invariant 1 -forms. These forms are important because two maps 

*We arc now using w to distinguish this form on G from the forms co\ for a moving 
frame on a surface. This wasn't important in Volume II. where we considered only 
curves. 
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/, g : M — » G differ by a left translation [/ = L a o g for some a e G] if and 
only if /*(w') — g*(w') for all i (Theorem 1.10-18). When G is a subgroup of 
GL(«,M), with P : G -> GL(«,R) C R" the inclusion map, then we can form 

P~ x ■ dP, where P~ x denotes (somewhat confusingly) the map A m<- A~ l , and 

2 

the differential dP of P can be considered either as an M””-valued 1 -form on G, 
or as the matrix of 1 -forms dP = (dx ,J ), where dx ,j denotes the differential 
of x l -i\G. Then (pp. 11.36-37) P~ x dP is the natural q-valued 1 -form a> on G. 
Among the entries of this matrix will be a basis for the left invariant 1 -forms 
on G (the entries are generally not linearly independent, since the forms dx lJ 
are not linearly independent on G). So if / : M — > GL(«, R) is a C°° map, and 
we want to look at the forms /*((*>') for a basis {(*>'} of left invariant 1 -forms 
on G, it suffices to look at the entries of the matrix 

r(p- ] -dP) = r x -df. 

To study properties of immersions / : R 2 -> R 3 which are invariant under 
special orthogonal affine maps of R 3 , we need to define an associated map 
a.f : R 2 SO(3). This can be done in the following way. Let Xy = N be the 
normal map of /, and let X\,X 2 be the result of applying the Gram-Schmidt 
orthonormalization process to the- vectors f\, fi- We then have an adapted 
orthonormal moving frame X\, X 2 , X$ on R 2 , and if we also consider Xj as 
a column vector, then a/ = (X\, X 2 , Xi) \ R 2 SO(3) is the desired map. 
Notice that we can reconstruct f\, f 2 from X \ , X 2 when we are also given the 
functions gjj. 

To find o'y’Tu)'), where the to' are a basis for the left invariant 1 -forms on 
SO(3), we look at the entries of the matrix of 1 -forms 

a = otf~ x -dotf, with dotf=otf-a. 

This equation means that 

( 0 -«21 ~«31 \ 

a 2 \ 0 — «32 1 , 

«31 «32 0 / 

where the a/j are 1 -forms, and the Xj and dX, are considered as column vectors; 
the latter equation stands for 

dX\ = « 2 i %2 + « 3 i T 3 , etc. 

Thus, if V r denotes the covariant differentiation in R 3 , we have 
Vjfi =dX l (X) = a 2 i(X)X 2 + au(X)Xi, etc. 
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But 

V x X ] =cofX)X 2 + tf(X)-X 3 , etc. 

(where WpV'nV'i re ally denote /* of the corresponding forms on image /). 
Thus we see that 

The forms of \ /q 3 , are precisely «/*((*)' ) for w' a of the left invariant 

1 forms on SO(3). 

Theorem 1.10-18 then tells us that for two immersions /, /: R 2 — > R 3 , the 
maps p'. R 2 — >■ SO(3) differ by an element of SO (3) if and only if 

a>f=twf, iAi 3 = iAi 3 , ^2=^2; 

here the forms cu 2 , pfpj are f° rme d for the moving frame = N, 

where Aj , X2 are obtained by applying the Gram-Schmidt orthonormalization 
process to /1, fz, while the forms a) 2 , 1/q 3 , are formed for the moving frame 
X\,X 2 ,Xi = N, where X\,X 2 are obtained by applying the Gram-Schmidt 
orthonormalization process to J 1, /2. 

From this fact we can easily derive the first part of the Fundamental The- 
orem of Surface Theory. For if gjj = g,-j\ then X\,X 2 are the same lin- 
ear combination of f\,f 2 as X\,X2 are of fi,fz- Consequently, if we are 
also given that /,, = Ijj =>■ II ( // , f ) — II (//,/)), then we conclude that 
II (Xj,Xj) = ll(Xf,Xj). The formulas on page 69 then show that i/q 3 = 1 /q 3 
and i^ 3 = V' 3 ’ while the equation of — of follows from g,j = gij. Thus 
ctf,a R 2 — > SO(3) differ by an element of SO(3); this implies that (f\, j' 2 , N), 

(/1 - fi, N) differ by an element of SO(3), and hence that /, / differ by a special 
orthogonal affine map of R 3 . 

In the case of curves, the equations of structure of SO(h) or SL(«, R) could not 
give any interesting information, since there are no non-zero 2-forms on R. But 
they do give information for surfaces. To figure out the equations of structure 
of SO(3), we proceed as follows. Since the Lie algebra 

o(3) = {tangent space of SO(3) at /} 

is just the set of skew-symmetric 3x3 matrices, the matrices 

/0 -1 0 \ /0 0 - 1 \ /0 0 0 \ 

Aj = 1 0 0], Aj> = 0 0 0 , Aj = o o - 1 

\o 0 0/ V 100 / V 010 / 
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are a basis for o(3). The bracket operation in o(3) is (pp. 1.378-379) 

[M, N] = MN - NM. 

In particular, we compute that 

[X \ , X 2 ] = AT [X \ , X 3 ] = -X 2 , [X 2 , X 3 ] = X \ , 

so that if we write 


[x,.x l i = '£c?j x k . 


k = I 


then the “constants of structure” Cfj are 


C ,2 — 0 
C* 3 = 0 
C 2 * 3 = 1 


Cl2 = 0 
C, 2 3 = -l 


r } — l 
'-'12 — 1 


c. 


23 


Cl 3 = 0 

cl = 0. 


Now let co' be the left invariant 1-forms on o(3) with co 1 ( / ), co 2 ( / ), co 3 ( /) dual 
to X\, X 2l Xy. The equation on pg. 1.396 (which is equivalent to the “equations 
of structure” on pg. 1.404) then gives 

d co 1 = —CO 2 A co 3 
c/co 2 = co 1 A co 3 
c/co 3 = —CO 1 A co 2 . 


Now we have seen that if /: M 2 
i// 3 . p] for / are given by 


is an immersion, then the forms co 2 . 


co 2 = a/*(co') 

1 hi = CC/*(C0 2 ) 

Pi = a/*(<«> 3 ). 


Therefoi 


re 


c/co 2 = o/ f* (d co' ) = — cc f* (co 2 A co 3 ) — — p\ A 

c/l/c 3 = 0f/*(c/C0 2 ) = -Q'/-*(CO l A co 3 ) = CO , 2 A p% 

dp 2 — Q'/*(c/C0 3 ) - -Q'/-*(C0 1 A CO 2 ) — —CO 2 A l/c 3 . 

As promised, these are precisely the Gauss Equation and Codazzi-Mainardi 
Equations, in the form given on pages 69-70. The reader can now easily see 
that the second part of the Fundamental Theorem of Surface Theory follows 
immediately from Theorem 1.10-17. 
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For the remainder of this chapter* we will be considering the special affine 
theory of surfaces M ci 3 . If we try to follow the approach used for ordinary 
surface theory, then instead of working with an adapted moving frame X\, X 2 , v 
on M which is orthonormal, we want to work with an adapted moving frame 
Xi, X 2 , Xj on M with det(W, X 2 , X?,) = 1. If / : U -» M is an immersion (lor 
U C R 2 open), then you might think that we should use the moving frame 

(af\,af 2 ,aN), where a = — 

s/ det(/i, 

But this moving frame has no significance for special affine geometry, for it is 
not a “special affine invariant”: if A : M 3 — ► M 3 is special linear affine, then the 
normal A I^of for A o f is not necessarily the image A*(Nf) of the normal Nf 
for f. As a matter of fact, not only the length, but even the direction of T*( Nf) 
will be wrong; the whole concept of “orthogonality” has no meaning in special 
affine geometry. Our first problem, therefore, is to pick out a “special affine 
normal” for M which is a special affine invariant. This is going to take quite a 
bit of doing. 

In ordinary surface theory, the normal v(p ) is defined in terms of the tangent 
plane M p of M, which is the first order surface which approximates M up to 
order 1 at p. Since special affine geometry always seems to involve higher 
order approximations to our given geometric object, we might expect to find 
a reasonable candidate for the special affine normal by looking at the second 
order approximation to our surface. As before, let us assume that p — 0 € M 3 
and that the tangent plane at p is the (x, jj-plane, so that M is the graph of 
a function h : 1R 2 — > E with /i(0, 0) = /q(0,0) = /? 2 ( 0 , 0 ) = 0. The quadratic 
surface approximating M up to order 2 at 0 is 

P = {(*,/, i(An(0,0) -v 2 + 2/q 2 (0,0) -st +h 22 (0,0) Z 2 ))}. 

We have already seen that this surface does not depend on the particular choice 
of a basis in JR 2 : if X = X\,X 2 is any basis of M 2 and h x (s,t) is the third 
coordinate of the point of M lying above vAj +tX 2 , then the surface 

Q = {(iA, +tA 2 ,|(/i X ,i(0,0) -5 2 + 2 /; x i2 (0,0) ■ st + // X 22 (0, OW 2 ))} 

is exactly the same as P. We also noted that we still have Q = P when we 
change the direction of the r-axis; it is just as easy to see that Q = P even when 
we change the unit on the '-axis, so that we are describing M in terms of the 
‘•W, X 2 , (0, 0, c) coordinate system”. 


* This material will not lie needed later, except in Problem 4-1 (i. Problems for this 
chapter are on page 144. 
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In all this arbitrariness, however, one essential prejudice of ordinary geome- 
try remains: we have always picked the third axis perpendicular to the plane 
of the first two. Suppose now that we choose X\, X 2 in IR 2 and a linearly inde- 
pendent vector A3 which does not necessarily point along the z-axis. We can 



still describe M as a graph in terms of the “(Aj , X 2 , Xj) coordinate system”: 
we let h(s,t ) be the A3 component of the point of M with s — X\ component 
and t = X 2 component. Now we look at the surface 

Q = {sA, +tX 2 + 1 (/«,,( 0,0) ■ s 2 + 2/7 1 2 (0, 0) ■ st + /7 22 (0, 0) • t 2 )A 3 }. 

This surface is not the same surface as P. In fact, consider the case where 
A3 = (0,0, 1) + XX\ + 11 X 2 for certain numbers k,[x. To say that M is the 
graph of h in the X\ , A2, (0, 0, 1) system means that 

(1) M = {sXi +tX 2 + h(s,t) -(0,0,1)} [A«(0,0) = 0]; 

similarly, if M is the graph of h in the Ai, A2, Xt, system, then 

(2) M = |sA] + 1 X 2 + h{s, 1 1X3} 

= {[5 -(- hh(s, t )] X\ + \t + jih(s , t )] A" 2 + h(s, t ) ■ (0, 0, 1 )| 

[/7«(o,o) = 0 ]. 

Comparing (1) and (2) we find that 

h(s,t) = h(s + t + tih(sj)). 

From this we easily compute that h ai g(0,0) = h a p( 0,0), so that the approximat- 
ing functions of s and t 

h u (0,0)s 2 +2h n (0,0)st + h 22 (0,0)t 2 

/in (0, 0)s 2 + 2/i, 2 (0, 0)st + /i 22 (0, 0)t 2 
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are the same; this means that the approximating surfaces 

P = {(.yX, +tX 2 ,'fhn(0,0)s 2 + 2/ii2(0,0).s/ + ( 222 ( 0 , 0)r 2 ))} 

Q = {sXi + tX 2 + !(/jii(0,0)s 2 + 2h\ 2 (0,0)st + ( 222 ( 0 , 0)2 2 )X 3 } 

= {sXx+tX 2 + i(//,i(0,0)s 2 + 2/n 2 (0,0)^ +/? 22 (0,0)r)X 3 } 

are definitely different. In fact, we clearly have 

Q = A(P ), 

where A : M 3 -> M 3 is the affine map which keeps M p fixed and takes (0, 0, 1 ) 
to X 3 . All we can say is that Q does not change when we multiply X 3 by a 
constant, just as P does not change when we multiply (0, 0, 1 ) by a constant; we 
can merely speak of the osculating paraboloid corresponding to any given line 
through p which does not lie in M p . 

Thus we see that we do not get a special affine invariant osculating paraboloid 
simply by looking at M up to order 2. There are some things that we do get, 
however. Consider first a fixed basis Xi,X 2 for M p = (x, >’)-plane. We have 
just seen that the matrices 


(h u (0,0) 

h i2 ( 0,0) \ 

and 

/A„(0,0) 

*12(0,0) \ 

V *21 (0,0) 

(222(0, 0) ) 

\ h 2 \ (0, 0) 

(222(0, 0) / 


defined in terms of the third axes (0,0, 1) and X 3 — (0,0, 1) + XX\ + pX 2 , 
respectively, are exactly the same; if we had picked X 3 to be the most general 
possible choice, X 3 = (0, 0, c) + XX\ + p.X 2 , then S' would clearly be 



c 


On the other hand, suppose we consider the coordinate system 

u\\X\ + a 2 \X 2 , a\ 2 X\ + a 22 X 2 , (0,0,1). 

Equation (*) on page 37 shows that the matrix S' in this case is related to the 
matrix S by 



where 1 denotes the transpose. I 11 general, if we are given any two bases 
(X,, X 2 , X 3 ) and (X'i, X' 2 , X' 3 ) of with X,, X 2 and X',, X' 2 bases for M p , 
and 


X' 3 — cX 3 + hX\ + qX 2 , 
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then the matrices S and S' are related by 
(1) s' = l - ■ A'SA , 


where A = («,y ) is given by 


( 2 ) 


2 

7 = 1 


From equation (1) we see that 

det S' | 0 det S | 0 and S' = 0 <=>• S = 0. 

Thus we can determine whether p is an elliptic, hyperbolic, parabolic, or 
planar, point of M by means of an arbitrary basis (Ah, Ah, Ah) of M 3 P with 
X\,X 2 € M p . This clearly implies that the “type” of a point (elliptic, hyper- 
bolic, parabolic, or planar) is a “general affine invariant”: If A : R 3 — > R 3 is 
any affine map and M C R 3 is a surface, then A(p) is the same type of point 
on A(M ) as p is on M. 

Consider, for the time being, an elliptic point p e M. As we observed in the 
proof of Theorem 1 1, there is a natural orientation for M p , the one that makes 
an ordered basis (Ah, Ah) of M p positively oriented whenever (X\, X 2 , Xy) is 
positively oriented in M 3 ;, for any T 3 e M 3 p which points “inward” (that is, in 
the direction of the osculating paraboloid). Now any basis Ah, ATT; e 
with Xt,X 2 € M p determines a matrix S = (s,y), and we can use S to define 
an inner product on M p by 


(X i ,Xj)=s ij - 

this inner product is positive definite if and only if Ah is inward pointing. If 
X\, Ah, Ah happens to be orthonormal, then the inner product is just the second 
fundamental form II of ordinary surface theory. Now consider another basis 
X'\, X' 2 . X'i, with Afh inward pointing. This determines a matrix S', and 
hence another positive definite inner product ( . )' on M p by 


(X'i.X'j)' = s' u . 
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Equation (1) shows that the inner products ( , ) and { , )' are closely related. 

Indeed, 

(X'j, X'j)' = s'jj = (constant) • a kEkl a lj 

kj 

— (constant) • ci ki aij (X k , X/) 
k,l 

= (constant) • (^«/c/A^, ) aijXi 
' k I 

= (constant) • (Xf X’j) by (2), 


so that we have 

( , )' = (constant) ■ ( , ). 

By restricting our attention to inward pointing X 3 , we thus obtain a class of pos- 
itive definite inner products on M p , any one being a (positive) constant multiple 
of any other. We can express this by saying that we have defined a “conformal 
structure” on M p (compare pg. II. 296). This conformal structure is invariant 
under all affine maps, provided only that they are orientation preserving: If 
A : M 3 — » R 3 is any orientation preserving affine map and p e M C M 3 is an 
elliptic point, then the class of inner products defined on M p is precisely A* of 
the class of inner products defined on the tangent space A{M) A ( p ) of A(M) 
at A(p). 

A conformal structure on M p does not allow us to pick out orthonormal 
bases, but it does make sense to consider bases X\ , X 2 of M p with 

(Xi, Xj) — (constant > 0 )■ Si j, 

since this condition does not depend on the choice of the inner product ( , ) in 
our conformal structure. Such bases may be called “quasi-orthonormal”. 1 hey 
can clearly be characterized quite simply as follows: for any inward pointing 
vector Xt, € R 3 ^, the corresponding osculating paraboloid P is given by 

P — {.vA] 1 X 2 T (constant >0)(.v T / ) • T 3 }. 

These considerations can he made in a less geometric way. but with the calcu- 
lations going through more smoothly, by using moving frames. For an adapted 
moving frame X\, AS, W on a surface M C M 3 we will still use the dual and 
connection forms <p a and \ jr^ for moving frames in M 3 . and we again let 9 l ,9 2 
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be the dual forms determined by the moving frame X \ , X 2 on M. As in ordinary 
surface theory, we have 


(p l = O' on TM i — 1,2 
0 3 = 0 on TM ; 

moreover the first structural equation, 

3 

</ 0 3 = 

y = 1 


still implies that 

2 

0 — on TM, 

k = 1 

so that by Cartan’s Lemma there is a matrix S — (s/j) with 

2 

(a) 1 J/j = Sjj6 1 on TM 

/= 1 

iV '7 = v /' • 

We will soon be able to compare this matrix S with the one defined previously. 
First we want to consider another adapted moving frame X'\, X' 2 , X't, on M. 
The matrix a with X' a = ap a Xp must be of the form 

( U \\ U 12 «13 \ 

«21 H22 «23 I , 

0 0 « 33 / 

and we easily find that 

(b) (« _, )3/=0 i — 1,2; (a- 1 )33 = — • 

u 33 

File dual forms (p ,a for the X' a are given by (see pg. II. 282) 

(c) (p' — a~ ] (p ==> 0 = a ■ p' 

2 

=^> 0 l = 

y=i 
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while the connection forms are related to the ^ by (pg. 11 . 280 ) 
(d) i f = a~ l da + a~ l \f/a. 


In particular, 


\j/ ,3 i=(a 1 da)y + (a >«) 3 / 

3 3 

= E<“' -1 )3 a da ai + (a l )3 a fpapj 


-i , 


«=i 


a,P=l 


1 


=o+j2 


by (b). 


Hence 


^ / — TajiS Jk e 

/Jti * * 


«33 , 

J,k 


a 33 


5 ^ ajiS jk a k iO 


tl 


j,k,l 


So if we also write 


f) = s'tjd ", s'y = 


i= I 

then the matrix S' is related to the matrix S by 
(e) S' = — ^*S, 4 , 

«33 

where /I is the 2 x 2 matrix A = (aij). 

As a first consequence of this equation we see, what is not a priori clear, that 


The matrix S(p) depends only on the vectors X\{p), X2 (p), Xi(p). 

Taking A3 to be a parallel vector field in R 3 , we easily see that S(p) is, in fact, 
the same as the matrix S on page 77 , for the basis Xi(p), X2( p), Xj( p) of IR 3 ^. 
Then equation (e) is just equation (1) on page 78 . As before, we then see from 
equation (e) that if p is an elliptic point, then the inner product 

X>(/» • o l (p)®e ] (p) 

u 
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on M p is well-defined up to constant multiple, and hence, by considering only 
the case where Xj,(p) is inward pointing, we again obtain the (general 
orientation preserving affine invariant) conformal structure on M p . Clearly 
the basis X\,X2 of M p is quasi-orthonormal [that is, (Xi(p), Xj(p)) = 
(constant > 0) • < 3 / 1 if and only if 


S(p) = (constant 




or i pf(p) = (constant > 0) • 0'(p). 


Now from among our class of inner products on M p we can distinguish a 
particular one ( , } p , which will be a special affine invariant. We do this by 
defining X\ , X2 G M p to be orthonormal with respect to ( , ) p if and only if 


(*) 


S(p) - 




for all inward pointing X3 G R 3 P with 
det(ff,, X 2 , Xi) = ±1 


(the sign depending on whether or not (X \ , X 2 ) is positively oriented). To check 
that this is well-defined, note first that if we also have 


det(Ad, X 2 , X'-$) = ±1 


for an inward pointing X'j, then clearly a^(p) = 1, so equation (e) shows 
that S'(p ) = S(p)\ consequently, condition (*) does not depend on the choice 
of AT Moreover, for fixed Xj G M 3 ,,, and different X'\, X' 2 G M p , equation (e) 
shows that S' — ( ^ ) if and only if A 1 A = /, which means that X'\, X' 2 is 
related to X\, X 2 by the orthogonal transformation A; hence the inner product 
which makes X \ , X 2 orthonormal also makes X'\,X’ 2 orthonormal. It should 
be clear, from the very definition, that ( , ) p is a special affine invariant: If 
M : M. 3 — > R 3 is special linear affine, and p G M is an elliptic point, then the 
inner product ( , ) p on M p is A* of the inner product ( . )a(p) 011 die tangent 
space A(M)a( P ) of A(M) at A(p). Clearly a basis X\ , X 2 G M p is orthonornial 
with respect to ( . ) p if and only if 

^j(p) = O' {p) or P — \sX] + tX 2 + ^ (.v“ + / _ ) A" 3 J 

for even inward pointing X 2 G K 3 ^ with det(ff^ X 2 , W) = ± 1 . 

O11 a surface M with all points elliptic, we now have an inner product ( , ) p 
defined 011 each M p , and thus we have a Rieinannian metric ( . ) 011 M. This 
Rieinannian metric will also be denoted by X, and called the special affine first 
fundamental form of M. If it seems strange that we can find a special affine 
invariant metric 011 ellipt ically curved surfaces in R- 1 even though there is clearly 
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no special affine invariant metric on K 3 itself, it might help to observe that we 
have essentially the same situation for 1 -dimensional manifolds M in M 3 , for we 
can define the unit tangent vectors of M to be those of the form c'(cr), where 
c: [0, 1] > M is a curve parameterized by special affine arclength. Once again 
the manifold M cannot be too flat (and in fact the requisite condition is more 
stringent, since it involves third derivatives). Naturally, if /: M ->• M 3 is an 
immersion with all points of the image elliptic, then we define the special affine 
first fundamental form 1 / of / to be the tensor If = f*({ , }) on M, where 
{ , } is the special affine first fundamental form on f(M). Notice that this is 
not completely analogous to the definition in ordinary surface theory, where we 
can simply define 1 / = /*{ , ) for ( , ) the usual Riemannian metric on M 3 ; 
it is much closer to the definition of II/. In fact, we have already noted that 
{ , }p is a multiple of II(/>); just which multiple will soon be determined. 

When j : U — > M 3 for U C M 2 open, and all points ol f(U) are elliptic, we 
define the functions : U — > K 3 to be the components of 1/ with respect to 
the standard coordinate system ( s,t ) on IR 2 , so that 

1/ = £hi ds ® ds + ds ® dt + g 21 dt <g> ds + <f 2 2 dt ® dt. 

We would naturally like to be able to compute the t/,-y in terms of /. We first 
take the case where f is simply 

f(s,t) = (s,t,h(s,t)), h( 0,0) = A! (0,0) = /j 2 (0,0) - 0, 

with p = / (0, 0) = 0 e M 3 . If X ] , X 2 , Xt, e IR 3 o is the standard basis, then the 
corresponding osculating paraboloid P is the graph of 

a = An (0,0) 

(s,t) ~(o/s 2 + 2 fist + yt 2 ) for < 0 = /i 12 (0, 0) 

y = /i 2 2(0,0). 


If p is an elliptic point, then ay — ( 5 2 > 0. For the sake of concreteness, suppose 
also that P lies above the (.v, > ! )-plane, so that X 3 is inward pointing. There is 
another basis X'j = Ylf=\ u ij^i of such that P is the graph of 

(s,t) ifo 2 + t 2 ) 

in the X'\,X' 2 , X 3 system. Equation ( 1 ) on page 78 (or equation (e) on page 81 ) 
shows that the matrix A = (tijj ) satisfies 


'■-!(; ;)-h; !)-<*•'" 


det A — (ay 


> 2 \ — 1/2 
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Now P is also the graph of (s,t) !->■ s 2 -f t 2 ) in the (\X'\,XX' 2 ,h 2 X 3 ) coor- 

dinate system. In order to have 

1 = deKAA^.AA^.A 2 ^) = A 4 det(T'i,T' 2 , U 3 ) 

— A 4 • det A — A 4 (ay - fi 2 )~ l/2 , 

we must take 

A = y/ay — ft 2 . 

So the vectors 

x\ = (y^rryi)x\, x\ = (ifc7^p)x’ 2 

are orthonormal with respect to <1 , )o- To figure out the numbers <f,y(0, 0), we 
note that if B = (6,7 ) is the inverse of the matrix A, then 

Xt = 12 bjt x 'j = s/ 02 12 b p x 

v«r - V 1 y=i 


y=i 


and consequently 


I | 2 - 1 

^■(0,0) = {Xi,Xj) 0 = —==(^2b ki X" k ,J2 b kj x "k) 

V«K-^ 2 U =1 k=i lo 


1 


1 


Y2 bkib - 


kj 


(B t B) ij = ^ 7 ==((A t r'A-') ij . 


t/ay — P 2 Xjay — ft 2 


Using (1), we see that 

(2) (by (0,0) = 

This can also be written 

( 3 ) tfij ( 0 , 0 ) = 


ha ( 0 , 0 ) 


V det(/j,y(0, 0)) 


diJ ( 0 , 0 ), 


Vdet (dij> 
where t/,/ = det fij)- 


These calculations were all carried out for the case where / is of the form 
f(s,t) = (s,t,h(s,t)), with /;(0, 0) = / ji (0, 0) — /12 (0, 0) = 0. We could try to 
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deal with the general map / : U -> M 3 by reducing it to this case. For example, 
if /i (0, 0) and / 2 (0, 0) both lie in the (x,y)-plane, we could first determine a 
function h by the condition 


{(f l (s,t),f 2 (s,t),f 3 (s,t))} = f(U) = {(s,t,h(s,t))} 


h(f l (s, t ), f 2 (s, t )) = ffs,t), 


use this equation to relate the /j,y(0, 0) to the f (0,0) and fy( 0,0), and then 
use (2) to find g/j(0, 0) in terms of these numbers (we would still have to take 
care of the general case when /i(0,0) and / 2 (0, 0) do not lie in 1R 2 ). A much 
simpler course of action is to guess from (3) that the answer should be 

_ d\\ ds ®ds+d\ 2 ds <g> dt + d 2 \ dt ® ds + d 22 dt <g> dt 

Vdet (djj) 

1 2 v 

= — = V djj ds 1 <g> ds' , using (s 1 ,,? 2 ) for (s,t). 
v det (d,j) ~ =x 


Now this guess cannot be precisely correct, for if we define f(s\s 2 ) — f(s 2 ,s l ), 
then we have dij(s\s 2 ) = det(/,, f 2 , f\ 2 )(s l ,s 2 ) = det(/ 2 , /i, f\ 2 )(s 2 , s l ) = 
~dij(s 2 ,s ’), so our formula changes sign. The problem, of course, is that / is 
orientation reversing if / is orientation preserving. The right guess is that the 
above formula holds whenever / : U — > M is orientation preserving. To prove 
this, we note first that the right side is clearly a special affine invariant, since 
it involves only determinants djj ; consequently, there is no loss of generality 
in assuming that the tangent plane at the point in question is the (x, y)-plane. 
We still based our calculations on a very special parameterization, so we want 
to check that the right side is “invariant under orientation preserving change 
of parameter”: if f\U — > K 3 is any immersion (for U C M 2 open), and 
P = (p\ P 2 )' V — »■ U is an orientation preserving diffeomorphism (for V C K 2 
open), then we want to check that 


( 4 ) P*{~: 7 = E dijds l ®ds j \ 

VVcktpy),^;, ! 


1 

V det (c/p) 


2 

E dy ds 1 ® ds J \ 
U = i 


where the dtj are the djj for / — fop. 
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( d u ds ‘ ® dsi ) = E id ‘j ° p)(Ep^ dsP ) ® (E 

''(,/=] ' 0=1 V p=i 


pi o ds° 


2 2 


= E E p l pP'oidij o /?)<^ p ® ^.v CT 

l,/=1 |0,<7 = 1 


2 , 2 


= e(e 

0 = 1 V /9,a=1 


p P i p a j (d pc o /?) j ds' <g) ds 7 


On the other hand, since 


f i = D i (fop) = Y t p f, i (f p op) 

p= 1 

2 2 

fij = E p p ‘j(Jp ° p ^ + E p p 'P a j(jp o ° p)' 


we have 


(6) djj = det( /i , p2, jij ) 


/ 2 2 

= det I o />) ■ p^ u y^J fv o p) ■ p v 2 , 

V=1 v=\ 

2 2 \ 

E p p ip a j(fp° ° p^ + E p p ‘j(fp ° p ) J 

p,a—\ P= 1 

/ 2 2 2 \ 

= det ( y ^(fn ° p) • P^\, YSJv 0 p) • / 2>> 2 1 E P (, iP a jUpa°p)J 
V=I w = 1 

2 

= ^ P^\ P V 2 E P P ‘ P° > det ^ 0 P' dv ° f pa ° /2) 


(det//)- ^ P p iP a j(dpa o p) , 


and consequently 


(7) j] dij ds‘ <8> ds j = (det //) E ( E P P iP°j(d pa <■' P ) ) </•*' ® - 

i.i=l i. / = 1 >.ct=1 
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If it weren’t for the factor (det p '), the tensors in (5) and (7) would already be 
the same. From (6) we easily see that 

(8) det (c/,7 ) = (det p') 4 • det(c/,y o p) 

=> v clc t ( c7/ / ) = (det p) ■ V det(c/,y o p) for det p ' > 0. 

Together with (7), this gives exactly the equation (4) which we want. We have 
thus shown that for orientation preserving f: U -* M we always have 


2 

1/ = ^ 4 ij els' <g> cls J 
i, 7=1 

fbr * U = 4 / , ’ d ‘J = dc,( f\ • /2» fij ) ■ 

Vdet (dtj) 

This formula allows us to compare the special affine first fundamental form 1/ 
with the ordinary second fundamental form II/, whose coefficients are 


Uj = (n, fj) = 


f\ x h 

l/i x /2I 


fij) 

l/i x / 2 | 


’ fij 


l U 


det (gij) 


In the classical literature, the tensor 1/ is introduced a little differently. One 
simply notes that T./ j <-Uj ds l <g) c/v 7 is a nice tensor to consider, because it is 
a special affine invariant. Then one asks whether it is also an invariant under 
change of parameter. After deriving equation (7) one sees that it isn’t, but upon 

noticing (8), one realizes that dividing by Vdet(c/,y ) will give a tensor that is 
invariant under orientation preserving change of parameter, yet still a special 
affine invariant. 

Now consider a hyperbolic point p e M , and a basis X\, X 2 , T 3 e with 
^1,^2 e M p . This again determines a matrix S = (5,7), and we can still define 
an inner product on M p bv 


(X h Xj)=s t j, 

but now the inner product is merely non-degenerate, and neither positive defi- 
nite nor negative definite. Any other such inner product, defined for a different 
basis, is a constant multiple of this one. If we want these constant multiples all to 
be positive, then we will have to have a way of selecting a permissible direction 
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for the vectors X 3 . So we have to choose, arbitrarily, an orientation for M p , and 
then define X 3 to “point inward” if and only if (Xi, X 2 , X 3 ) is positively oriented 
in R 3 p whenever (X],X 2 ) is positively oriented in M p . By considering only 
inward pointing X 3 we obtain a class of non-degenerate inner products on M p , 
any one being a positive constant multiple of any other. If A . R R is 
any affine map and we give the tangent space A{M) A ( P ) the orientation which 
makes A * : M p A(M) Mp) orientation preserving, then the class of inner 
products on M p is precisely A* of the class of inner products on A(M) A(p) . 

In the present set-up it makes sense to consider ordered bases X \ , X 2 of M p 
with 

{X x ,X\) = — (X 2 , X 2 ) = constant > 0 
(X,, X 2 ) = 0. 

These ordered bases will again be called “quasi-orthonormal”. For any such 
ordered basis, and any inward pointing X 3 € R 3 /,, the corresponding osculating 
paraboloid P is given by 

P = {.vXi + tX 2 + (constant > 0) ■ (s 2 - / 2 )X 3 }. 

In terms of moving frames we have 

/ 1 0 \ ( fii(P) = (constant > 0) ■ 6 l (p) 

Sip) = (constant > ») • ( Q or | = _ (constant > 0) . g^ p) . 

From among our class of inner products on M p we can again distinguish a 
particular one ( , ) p . We define an ordered basis Xi, X 2 to be “orthonormal”, 

{X U XC P - ~{X 2 ,X 2 ) P = 1 
{X \ , X 2 ) p — 0, 

if and only if ' S{p) = (q -1 ) for a11 illward pointing X 3 e R 3 ^ satisfying 
det(X), X 2 , X 3 ) = 1. The verification that this is well-defined is similar to the 
case of an elliptic point. If A : R 3 — * R 3 is a map of the form A — ToB , \%here I 
is a translation and B : R 3 — ► R 3 is a linear map of determinant ±1, and we give 
the tangent space A{M) a(p ) the orientation which makes A* : M p -± A(M) Aip ) 
orientation preserving, then { , ) p is A* of the inner product ( , )a(p) 011 
A{M) Mp) . Clearly an ordered basis (Xi,X 2 ) of M p is orthonormal if and 
only if 


= 0'(p) 

fl(p) = -6 2 (p) 


or 


P = { 5 X 1 + tX 2 + ^(5“ t )X 3 } 
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for all inward pointing X3 e M 3 ^ with det(Xi, X 2 ,Xj) = 1. 

On an oriented surface M with all points hyperbolic, we now have an in- 
ner product { , } p defined on each M p , and hence an “indefinite Riemannian 
metric” { , } on M. Once again we also denote { , } by 1 , and call it the 
special affine first fundamental form of M. If / : M — > R 3 is an immersion of 
an oriented surface with all points of the image hyperbolic, then we define the 
special affine first fundamental form If of / to be the tensor I / = f*({ , }) 
on M, where { , } is the special affine first fundamental form on f(M), when 
f(M) is given the orientation that makes / orientation preserving. 

When / : U —> R 2 , for V C R 2 open (with the usual orientation), and all 
points of f(U) are hyperbolic, we again define functions cfjj : U — > R 3 by 

If = %i\ ds® ds + <fi2 ds ® dt + y 2 \ dt ®ds + ^22 dt ® dt. 

Again take the case where f(s,t) = (s,t,h(s,t)), with p = /( 0,0) = 0 e R 3 
and M p — (x, y)-plane. If X'j = a jj Xj is a new basis of R 2 such that P 

is the graph of 

Cm) i( 5 2 - t 2 ) 

in the X'\, X' 2 , Xt, system, then we have 



det A = ( 2 — ay) 1/2 . 


As before, we see that the vectors 

X"\ — (Vfi 2 —ay)X'\, X " 2 = {V^r^)X ' 2 

satisfy 

{X”\,X"\ ) 0 = —{X" 2 , X" 2 )o = 1 

<*",,*"2 >o = 0. 
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So, introducing the matrix B as before, we have 


0(0,0) = {Xi,Xj) o = 



J^h kj X" k 

k=\ 


1 

- ay 

1 

VP 1 - ay 

1 



• (b u b\j 



( A V 


- b 2 i b 2 j) 



Thus (!') gives 


0«v(°» °) 


di j 

V- det(f/,7 ) 


(0,0). 


The same calculations as before show that this formula holds for any J . U —*■ 
]R 3 . We can refer to the elliptic and hyperbolic cases jointly by means ol equation 


(i) v = E tjij ds l <g) els ' 

ij = 1 

for i jn = —7 - , (/q — dct( /i , j 2 . fij). 

V|det(r/ l7 )l 


If M consists entirely of elliptic points, then the map / :(/—> M must be 
orientation preserving when M is given its natural orientation, and il M con- 
sists entirely of hyperbolic points, then M must be given the orientation which 
makes / orientation preserving. (Henceforth we will not bother to mention the 
subsidiary conditions 011 orientation which must be added to all our considera- 
tions.) 

Finally, what do we do at points p € M which are flat (parabolic or planar)? 
The answer is. we don't do anything. We do not define { . ) and we cannot 
expect to. To see that this must be so. just consider the surface M 2 C IR 3 . consisting 
entirelv of flat points. If we could define a metric { . ) on M 2 which was a 
special affine invariant, then we would have to have A*{ . ) = ( ■ } for e\ei\ 
special linear affine map A from M 2 to R 2 . since such an A can always be 
extended to a special linear affine map A ' : M 3 — > M 3 . But of course, there is 110 
metric on M 2 which is invariant under all special linear affine maps. I11 affine 
geometry we will simple always assume, without explicitly mentioning it again. 
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that all surfaces have no flat points. Thus connected surfaces will consist either 
entirely of elliptic points, or entirely of hyperbolic points. 

After all this work, w'e are hardly any closer to the problem of picking out a 
“special affine normal’'. In order to do this we will have to consider third order 
approximations to M. We will still assume that p = 0 e R 3 and that M„ is the 
(x, >’) -plane. Choose some vector X 3 e R 3 which is not in R 2 = (x, y)-plane. 
For every basis X = ( X \ , X 2 ) of R 2 , we can then consider the function h x 
which describes M in the X t , X 2 , X 3 coordinate system, and we can look at the 
quadratic and cubic polynomials 

|(/2 X i, (0, 0) • .v 2 + 2 /? X j 2 (0, 0) • st + h x 22 ( 0 , 0) • t 2 ) 

|(/t x i „ (0, 0) • s 3 + 3/2 X , 12 (0, 0) • s 2 t + 3/2 X 122 (0, 0) • st 2 + /2 X 222 (0, 0) • t 3 ) 

which appear in the Taylor series for h x . As on page 37, we can also define 
functions 3> x , 'F x : M 2 -> R by 

<J> X (^, +tX 2 ) = |(/2 X n(0,0) • s 2 + 2/2 X 12 (0,0) • st +h x 22 ( 0 , 0 ) ■ t 2 ) 

T /X (xA'i + tX 2) = ^(/j X m (0, 0) • s 3 + 3A X i 12(0, 0) • s 2 t 

+ 3/i X 122 (0, 0) • st 2 + h x 222 ( 0 , 0) • / 3 ). 

All the <1> X are really the same function <l> : R 2 -> R, and all the 4> x are really 
the same function T : R 2 — » M. We have already checked this for the 3> x ’s, 
using the relation 

2 

(*) h X a p( 0 , 0) = a J«a k phjk( 0 , 0 ); 

j,k=l 


the check for the T x ’s is similar, using the easily derived relation 

2 

(^) h or^y(O'O)— ^ ' UjaUkpUlyhjkli 0,0). 

j,k.l = \ 

Remember that these functions 3> and 'F do depend on the original choice 
^3- We would now like to ask if there is a particular choice for the direction 
of X 3 which will make the functions 0 and 4* be related to each other in some 
especially nice way; so the real problem here is to formulate a definite question, 
by deciding on a suitable criterion for declaring that <l> and 'F are nicely related. 
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We now find ourselves placed in a purely algebraic situation, which we can 
formulate as follows. A function <£: R 2 — >■ R will be called quadratic if for a 
basis X\, X 2 of R 2 we have 

<D(sAj + tX 2 ) = <S>\\s 2 + 2<t> u st + <t> 22 1 2 , 

for some numbers <t>y£. More generally, for an n -dimensional vector space V , a 
function <l>: V — ► R will be called quadratic if for a basis X\, . . . , X n of V we 

<t> jk s j s k 

J j,k = 1 

for certain numbers <t>/k, which it will be convenient to assume are symmetric 
with respect to the indices j and k. It is easy to see that il O has this form 

for one basis, then it has this form for any other basis. Indeed, if X\, X n is 

another basis, with Xj = ciijXj, then 



= E ( E = E 

a, 0=1 7,*=! ' a,P=\ 


where the O a yy are given by 

n 

(3) $<*0 = ®jk a J* a W- 

M= 1 

Naturally, (3) is just the n -dimensional analogue of the equations (1) which gave 
us a well-defined $ in the first place. Notice that in terms of the matrix A = 
( a ij ) and the matrices [O] = (Oy*) and [O] = (Oa^) we can write (3) as 

( 4 ) [Q] = A t -[Q].A. 

We will define a function ^ : V — ► R to be cubic if for a basis X\ X„ 

of V we have 


have 
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for certain numbers 'Vjkl, which we can assume are symmetric in the indices. 
For the basis X we easily find that 

( = 1 a,P,y=\ 

where 

n 

(5) Vafiy = E ^jkt U jot Uk 

this equation, of course, is just the analogue of (2). It is not hard to see that 
we could also define a quadratic function <I> : V — > R to be one of the form 
4>(A) = B(X, X) for a symmetric bilinear function B : V x V — » R. Similarly, 
a cubic function : V — > M is one of the form 'i'(A') = T(X,X,X) for a 
symmetric trilinear function r:fxfxF->l. 

Now we would like to find some quantity depending on O and but not on 
the choice of basis, and hence not on the particular coefficients <Pjk and 'i'jki for 
this basis. As a warm-up, let’s first take the case of two quadratic forms <t> and 0. 
We will assume that the first quadratic form <J> is 11011 -degenerate, by which we 
mean that the corresponding symmetric bilinear form is non-degenerate. More 
concretely, this means that if we choose a basis X \ , . . . , X n for V, then the matrix 
[<J>] = (<t » y -*) is non-singular, and therefore has an inverse matrix [O] -1 = (<t> jk ) 
with 

=Jj. 

k=\ 

Now consider the number 

E *'*«/*• 

M= i 

If X] = J2i a ij Xi is a new basis, and B = (b/j) is the inverse of A = (up), 
then (4) shows that the matrix [<t>] — satisfies 

[$] = A*[<t>]A => [0] -1 - £[$]-' fi* 

and hence 

n 

^ = J2 ® lk Kjh[i k . 

j-k=\ 


( 6 ) 
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Applying (3) to 0, we thus find that 

n n n n 

E *"'«./> = E E E 

a,^=l 7 , A: = 1 l ,m= 1 

= E E * Jk& l’n&U&mk 

j,k=\ l ,m — \ 

n 

= E ° /7Ce A- 

M= i 

We thus have a well-defined number (0,0), which for any basis { X ,} is given 
by 

n 

(0,0)= £ O'*0;*. 

j,k= 1 

Naturally, there must also be some invariant definition of (O, 0) lurking around. 
Indeed, the bilinear function corresponding to O is just what we usually call an 
inner product ( , ) on V. This gives rise to inner products on just about every 
other vector space in sight which is related to V. In particular, we could define 
an inner product { , ) on the set of all bilinear functions C : V x V — > M; the 
quadratic function 0 corresponds to such a C, and (0,0) is just (C, C). But 
in this case I don’t think it’s worth all the linear algebra which this involves; it’s 
easier to just do the calculation. 

To get a little more feeling for what the number (0,0) is, take the case 
where the inner product corresponding to O is actually positive definite. Then 
there is a basis of V such that 0,y = <5;y and also 0,-y = 0 for 

i j (compare Proposition II. 4-14). So (0,0) is just the sum of the “diagonal 
terms”, (0,0) = jT) ( - 0// . When (0,0) = 0, the forms O and 0 are said to 
be apolar, a term that comes from the old invariant theory. We can give a very 
concrete geometric meaning to apolarity when V is 2-dimensional. For our 
special choice of basis, we see that 0 is apolar to O il and only if the graph of 
0 : V — >• M is a hyperbolic paraboloid, 

0(.s'Aj -\-tX 2 ) — 0 in? 2 + 022^ 2 

= 0i 1 J 2 - 0i 1 ? 2 , 

for which the set 0 — 1 (0) C V is a pair of straight lines making angles of jt/ 4 
with the lines spanned by X\ and X 2 (we measure angles in V by using the 
inner product on V corresponding to O, so that X\ and X 2 are orthonormal). 



Elements of the Theory of Surfaces in IR ? 


95 


We can also express the apolarity of 0 and 0 in a way that does not involve the 
special choice of basis: 0 and 0 are apolar if and only if 0~'(O) is the union 
of two straight lines which are perpendicular to each other in the inner product 
on V corresponding to 0. 

Now consider a quadratic function 0, which we will still assume is non- 
degenerate, and a cubic function 0. Instead of constructing a number from 0 
and 0, we will construct an element of V*, namely 

n 

Xi i ^ yy 4> jk ^i jk . 

j,k = \ 

Suppose we have a new basis Xj — JT a ijXi , and that we let B = ( b,j ) be the 
inverse matrix of A = (atj), as before. Consider the map 

n 

x a H+ J2 

P,Y- 1 

This map takes Xi = Yi a b a iX a to 

n n n n n n 

0^ 7 0 a $y = J ^ / b a j y' O 7 bfijbyk ' i ^lpq a lu a p$ a qY 

a=l fi,Y — 1 or=l P<Y = 1 j,k = 1 l,p,q = 1 

by (5) and (6) 

n 

= 0 '* 

j,k=\ 

Thus we have a well-defined map (<t>, 0) : V — > R, which for any basis {T, } is 
given by 

n 

(0,0)(T,) = jy <b jk * ijk ; 

j,k = 1 

industrious readers can supply their own invariant definition. As before, we say 
that O and 0 are apolar if (0, 0) = 0. Suppose that V is 2-dimensional, with 
a basis X \ , Xi- Since 

/ 0 1 ’ 0 12 \ l / 022 -021 \ 

\0 21 0 22 J det[0] \ - 0 i 2 0n / 

and the &j k and 'P jk / are symmetric in the indices, we see that 0 and 0 are 
apolar if and only if they satisfy the apolarity conditions 

( 0220111 ~ -0120112 + 011 0122 — 0 
(*) < 

| 022 0] 12 — 201201 22 T 011 0222 — 0. 
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Later on we will give a geometric interpretation of apolarity when V is 2-dimen- 
sional, but tor the moment, we content ourselves with the observation that 
apolarity is clearly just about the simplest well-defined relationship that one can 
posit between a quadratic and a cubic function. It also happens to do the trick: 

12. PROPOSITION. Let M be a surface in M 3 and p € M a point which is 
elliptic or hyperbolic. For each tangent vector X 3 e which is not in M p , 
define a quadratic function 3> : M p — > M and a cubic function 'P : M p — > R by 
looking at the second and third order terms in the Taylor series for the function 
which describes M in terms of the X\, Aj, Aj coordinate system, for any basis 
Aj, X 2 of M p . Then there is a unique direction for Aj which makes O and *P 
apolar. 

PROOF. For simplicity we will assume that p = 0 e M 3 and that M p is the 
(.x, >’)-plane. We can choose a basis Aj, Aj for 1R 2 so that if 

(1) M = {sAj + tX 2 + h(s,t) ■ (0,0, 1)}, 
then h has the form 

(2) h(sj) = ~(s 2 ±t 2 ) + -(B.s~ + 3Cs 2 t + 3Dst 2 + £7 3 ) + R(s,t), 

1 6 

where R(s, t)/\(s, t )| 3 — >- 0 as (s,t) — > 0. 

Now consider the basis Aj, Aj, A' 3 = (0, 0, 1) + AAj + fiX 2 , for two constants 
A,//. Let k be the function describing M in the Aj, Aj, Aj coordinate system, 
so that 

(3) M — {.vAj + tX 2 + k (,v, t ) • [(0, 0, 1) + A. Aj + p T 2 ]} 

= {[5 + A ■ A’ ( s , /)] X\ + [t + /r ■ k ( 5 , t )] Aj + k(s, t) ■ (0, 0, 1 ){ . 

Comparing with (1), we see that 

k(s, t) — h(s + A ■ k(s,t), t + p ■ k(s,t)). 

Using (2). and noting that we have k(s, f )/ 1 (,y, t)\ — > 0. we find that 

k(s. t) = — (s 2 ± t 2 ) + -( Bs 3 + 3Cs 2 t + 3 Dst 2 + EC) 

2 6 


+ Ak{s, t)(X ■ s ± n ■ t) + R'(s,t). 
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where R'(s, t)/\(s, ?)| 3 — * ► 0 as (s,t) —* 0. If we plug the whole right side of this 
equation into the term k(s,t ) on the right, we then find that 

k(s,t) = -(s 2 ±t 2 ) + -(Bs* + 3C.s- 2 / + 3 Dst 2 + Etf 
2 6 

+ ^(s 2 ± t 2 )( X ■ s ± ii ■ t) + R"(s\ f), 

where R''{s,t)/\(s,t)\ 3 — »• 0. Therefore the d> and 'I' for the basis Ai,T 2 ,T 3 
are given by 

d >(sX l +tX 2 ) = ^(s 2 ±t 2 ) 

ddsTi + tX 2 ) = -([B + 3 A> 3 + 3 [C ± p]s 2 t + 3 [D ± X]st 2 + [E + 3/r]/ 3 ). 

6 

The apolarity conditions (*) for this <t> and d* are 

±(B + 3k) + (D ±k) = 0 
=t(C ± ji) + (E + 3 fi) = 0. 


There are clearly unique k and /i for which these equations hold. It is also clear 
that if the apolarity conditions hold for some T 3 , then they also hold for any 
multiple of So there is a unique direction for T 3 which will make d> and ^ 
apolar. *t* 


For an elliptic or hyperbolic point p € M, the unique direction through p 
which is given by Proposition 12 is called the affine normal direction at p. It is 
clearly a general affine invariant: If A : M 3 —*■ R 3 is any affine map, then the 
affine normal direction through the point A(p) € A(M) is the image under A 
of the affine normal direction through p e M. 

The affine normal direction can also be characterized in terms of moving 
frames. For simplicity we first assume that p = 0 e R 3 and that M p = 
(*, y)-plane. If the vector v points along the affine normal direction through p. 
then M is the graph, in the ( 1 , 0, 0 ), ( 0 , 1 , 0 ), v coordinate system, of a function h 
satisfying the apolarity conditions (*): 


0 = h 22 h \\ i — 2h\ 2 h\\ 2 + /?u /? 1 22 = tt - b e t hij 

os 


0 = h 22 h ) 12 — 2h \ 2 h\ 22 + h\\h 222 


d 

dt 


det hij 


at (0,0). 
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We can write these two equations together simply as 
(1) 0 = d det(/j,y ) at (0,0). 

Locally M is the image of the map / : IR 2 — >• M 3 defined by 

f(s,t) = (s,t,0) + h(s,t) ■ v. 

First take the particularly simple moving frame 

X) = f\ = ( 1, 0, 0) + h\ v, Xi = fi = (0, 1,0) + hiv, X3 = v 

O 

and let ifr^ be the corresponding connection forms. Then 

3 

OX) + OX2 + h/kX 3 = VT X/ = (X^) • X a i,k = 1,2 

a=l 

3 

0 = V'J 3 = y ff(X k ) • X a k = 1,2, 

Ak 

Qf=l 


which implies, among other things, that 

1 !/■ =0 on TM i, j — 1,2 

( 2 ) 

— 0 on TM a = 1 , 2 , 3 . 

Now consider an arbitrary adapted moving frame Xj,X2,X3 subject only to 
the condition that 

X3 = X3 at p. 

This condition implies that the matrix a on page 80 relating the two frames 
also satisfies 


( 3 ) 


cirt(p) - 0 

(u _1 ),- 3 (/ 7 ) = 0 


i = 1,2; 
i = 1,2; 


« 33 (P) - 1 
‘ ) 33 ( p) = 1 . 


From the general equation (d) on page 81 we have 

if} = fit -1 da){ + 

3 3 

= ^ ' (U ) ja ' (cl )ja^kp Ufii 

a=l a,fi= 1 

1/^3 = ( a~ x da)] + (a~ x tya)] 

3 3 

= ^2(ci~ x )3 a da a 3+ Y (“~ l h a ifpap 3 . 

or=l a,P=\ 


i,j = L2 
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Taking into account equations (2) and (3), as well as equation (b) on page 80, 
we obtain 


(4) 


'A 3 = da 33 


on TM, at p 


and 

2 

f! = ^(« _1 hk dciki on TM , at p i, j = 1,2; 

Ar = l 

since our matrix a has the form 


( an an 0\ 

a 2 i fl 22 0 J at p, 

0 0 1 / 


we can write the latter equation as 
2 

(5) f! = ^{A~ X )jkdA ki on TM, at p i,j = 1,2, 

k=\ 


where A is the 2x2 matrix A = ( a 22 ) ' ® ut we can com P ute da 33 in terms 

of the matrix S for the moving frame X\ , X 2 , T 3 . For equation (e) on page 81 

O 

relates S to S = (//,•/ ) by 


a n - S = A'SA 


(an) 2 ■ (det S) = (det A) 2 ■ (det S) 

2 log |« 33 1 + log | clet 51 = 2 log (det A \ + log |det 5|. 


Since anip) = 1, at p we have 

2 dan + d log |det S\ — 2d log |det A\ + d log | det <S| 
= 2d log |det A |, by (1). 


Hence (4) becomes 


(6) 1 /q 3 = d log |det A \ — ^-d log |det S\ on TM, at p. 

Now note that 


d log | det A 


d det A d(A\] A 22 — A\ 2 A 2 \) 
det A det A 


(A 2 2 dA\\ - A\2 dA 2 \ ) + (— A2\ dA\2 + A\ \ dA2i) 


det A 
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Since 

I Cl22 


(N 

3 

1 

II 

T 

'x 


det A 


this becomes 


cl log | det A | = B-4 ' ) lAr dA k l + ' )2Ar dA k 2 


k — \ k — \ 

A , 2 


= pj + y >2 on I’M, at p by (5). 
Substituting into (6) we see that 


/In adapted moving frame X\, Xi, X$ on Met 3 has X^(p) pointing in the 
affine normal direction at p if and only if 

p* = t/q 1 + pi ~ \d log |det S | on TM , at p. 


From this fact we see, what is by no means a priori clear, that the condition 
p\ — pj + pj — i d log | det S\ on TM at p depends only on the direction oj X 3 
at p. It is also possible to check this by a direct, quite unpleasant, calculation. 
If we had somehow independently observed this fact, we could have used this 
equation to define the affine normal direction. Of course, it is hard to see how 
one would ever be led to such an “observation”, but there is at least a way to 
simplify the equation. We have already observed that the condition 



depends only on the value of the moving frame X\, X 2 , X-$ at p , so it is reason- 
able to restrict our attention to frames satisfying this condition at all points. It 
is clear that 


An adapted 



moving frame W , W- W 0,1 M C R 3 with S = ( q ) or 
rywhere. has X^ ( p ) pointing in the affine normal direction at p ij 


and only if 


pi — p\ + P 2 on TM > at p. 


The direct verification that for such frames the condition p^ = p\ + i//j on TM 
at p depends onlv on the direction of Xy at p is a little easier, and gives a nice 
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criterion for the direction of the affine normal; of course, as a definition it still 
leaves a lot to he desired in terms of motivation. 

Now that we have picked out an affine normal direction which is a general 
affine invariant, it is a simple matter to define a special affine normal vector 
which is a special affine invariant. We define the special affine normal v p of M 
at p to be the unique vector v p € M 3 ;, such that 

(1) v p points along the affine normal direction at p 

(2) det(W , AT v p ) = 1 for every positively oriented basis X \ , X 2 of M p 
which is orthonormal for the metric { , } p . 

If / ; M — > M 3 is an immersion, we let -N be the vector field along / such that 
J 4 ( p)f(p) € M 3 /(p) * s t ^ ie s P ec ' a * affine normal to f(M) at f(p). We will not 
try to derive a formula for W right away, since it will come out very naturally 
later on. 

Suppose now that we have an adapted moving frame X\ , X2 , X 3 on M such 
that det(AT X2 , X 3 ) = 1. Then for all tangent vectors X to M we have 

0 = X(d<ii{X\,X 2 , Xi)) 

= det( V V X\, AT X-}) + det( X \ , V V X 2 , X 3 ) + det( X u X 2 y' x X 3 ) 

= det(j^j t (A r ) - X *, X 2,X 3 \ + • ■• 

'a=1 ' 

= fl(X) + ^(X) + ffX). 

Thus we have 

yjr\ + + 1/r 3 = 0 on TM . 

Suppose, moreover, that (AT X 2 ) is positively oriented and orthonormal with 
respect to the metric ( , } on M ; in other words, suppose that S = ^ ^ ^ or 

(0 ) everywhere. We have seen that in this case X 3 (p) points in the affine 

normal direction if and only if 

1//3 = f l on TM, at p. 

Since we also have 1/q 1 + \[f + 1//3 — 0 everywhere on TM, we find that 

An adapted moving frame AT AT A3 on M C M 3 with (AT A 2 ) positively 
oriented, det(AT AT A3) = 1. and ^ = (^ |) 01 (jq) everyichere, has 
X 3 (p) — v p if and only if 

\j/ 3 — 0 on TM, at p. 
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Now the condition p]{p) = 0 on M p means that 

V'x r Xt, g M p for all X p G M p . 

So we see, in particular, that we always have 

V Xp v g M p for X p G M p , 

just as we always have V Xp v e M p in ordinary surface theory. (Verifying this 
fact directly from the definition of v involves a rather hideous computation, 
and in general all the formulas and computations for affine surface theory are 
considerably more complicated than those in ordinary surface theory; that is 
w'hy we have brought in moving frames, with their attendant computational 
simplifications, so early in the game.) We will denote the map X p i— >- V'^v 
from M p to M p by dv. M p — ► M p . The reason for this notation is the same as 
in ordinary surface theory: since we have a vector v p G M? p for each p G M, w'e 
have a map v: M -> M 3 , and V Xp v is the same as [dv{X p )\ p . In the present 
case, the map v doesn’t go into any special subset of M 3 , but v{M) C M 3 will be 
some surface, at least near the points where dv. M p — > M p is non-singular. The 
relation g M p tells us that the tangent plane M p is parallel to the tangent 

plane v{M) v ( p ). So we could also denote dv. M p -> M p by v*: M p —> M p , 
as in the case of ordinary surface theory. 

Before proceeding with the development of special affine surface theory, we 
pause briefly to describe the procedure usually found in those papers and books 
which present the theory totally from the moving frame point of view, and 
ignore the question of general affine invariants, like the affine normal direc- 
tion. One works, first of all, only with adapted frames Aj, X 2 , X 3 satisfying 
det(W, X 2 , Xi) = 1, and hence i/fi 1 + i/T + H = 0 011 ™- Eq uat i° n ( e ) is first 
derived, except that now a 33 must = 1 ; it shows that S is determined only up 
to a transformation S \-+ A t SA. The canonical forms for symmetric matrices 

under this equivalence relation are precisely ( q ^ ) ar *d ( q ) ? so one ’' nor ' 
malizes” the frame by requiring that S be everywhere of this form. Then one 
further normalizes the frame by requiring that ^3 (p) = 0 f° r a ^ P< noting that 
the condition 'pl(p) = 0 now uniquely determines T3 (p)\ indeed if {T a } and 
{X' a \ are two adapted frames with det(Aj, X2, T3) = det(T'i, X'2, T'3) = 1 

and S = ( o?)° r (o-l) ever W vhere ’ so that 

= e x 
= ±e\ 
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then the matrix a relating the X' a to the X a must be of the form 

( ail an a n\ 

U2\ U22 Cl23 1 

0 0 \ ) 

and equation (d) on page 81 yields 

xj/'l = x/ffan + \l/la 2 i + V'l 

= Uif 1 ± U230 2 + i/q 3 , 

so that — i/r ,3 (/t) = 0 => a^ip) = a 2 i(p) = 0 ==» X'i(p) = Xi(p). 

The uniquely determined X 3 is now dubbed the special affine normal, and any 

basis X \ , X 2 with ^~(o?)° r (o-^l) is called orthonormal, thereby defining 
the special affine first fundamental form. These normalizations are usually 
carried out with hardly a word of motivation, as if they are so natural that any 
idiot would immediately think of doing them— in reality, of course, the authors 
already knew what results they wanted, since they were simply reformulating a 
classical theory. 

Now that we have finally determined the special affine normal v p at p € M, 
we can imitate a basic construction from ordinary surface theory. First we 
introduce the unique projections 

T : U 3 p — >■ M p 

-l : l p — * IR • v p = all multiples of v p 

such that 

X = TX + XX for all X e M p . 

Notice that T : E 3 p — > M p is generally different from the tangential projection 
T : -» M of ordinary surface theory. Given vector fields X, Y tangent 

along A/, we would like to find T XfY and TVV Y. where Vf Y is the ordi- 
nary covariant differentiation in IR 3 . Now in ordinary surface theory, XVV Y 
involved the second fundamental form II. Since II is so closely related to the 
affine first fundamental form I, we might expect I to be involved in XX'xY. 
As a matter of fact, 

13. PROPOSITION. If X , Y are tangent along M cl 3 , then 


XV'xY = {X, Y) -v = I(T, Y) ■ v. 
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PROOF. Note first that, as in the case of -LV'x Y, we have 

XV Xp fY = MX p (f) ■ Y p + f(p ) ■ V'xp Y ) = f(p) • TV'*,, Y, 

so J.VV Y actually depends only on the value of Y at p. Now let (X\,X 2 ) 
be a positively oriented moving frame on M which is orthonormal for { , 
this means (taking the elliptic case for simplicity) that for the moving frame 
(Aj, X 2 , X 3 ) = (Xi,X 2 , v) we have 

i J/f = O' on TM . 

But then 

XV'x p Xj = ipfiX) ■ v = 0’\X) -xr={X, Xi) ■ v. ❖ 

Now let’s consider XV x Y- In ordinary surface theory this is V* Y, where V is 
the connection on M determined by the metric /*{ , ). In affine surface theory, 
we can consider the connection V on M determined by the metric { , ) (this 
exists even if <J , > is not positive definite; compare pg. 11.342). Now one can 
ask whether TV^ Y = Y* Y for vector fields X and Y tangent along M. This 
simply isn’t true, and we therefore define a map i : M p x M p — >■ M p by 

TV Xll Y = V X J + 1(X P .Y P ), 

where Y is a vector field tangent along M which extends Y p . The notation 
i(X p , Y p ) is justified, since 

T V Xp fY - V XpfY = T (X p (f) ■ Y p + f(p) ■ V'xpY) 

-[Xp(f)-Y p + .t\p)Y X pY] 

= f(p)-[TV x „Y-VxpY}. 


14. PROPOSITION. I he tensor s is symmetric. 

PROOF. If X and Y are extensions of X p . Y p e M p to vector fields which arc 
tangent to M at all points of M. then 

s(X p . Y p ) - i(Y p . X p ) = T (V X pY - V Yp X) - (Vj VpY - Vy„T) 

- [X.Y]{p)-[X.Y](p) =0. ♦$♦ 
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We can now write the decomposition 

Y X Y = TV X Y yXM' x Y 


in the following form: 


The Special Afhne Gauss Formulas: 

V'xY = V X Y + 4(X,Y) + {X,Y)v 
for vector fields X, Y tangent along M. 


In ordinary surface theory we often found that the second fundamental form 
II(A\ Y ) = (ff T, Y), v) was easier to work with than the map s : M p x M p —* 
Mp 1 itself. Since d now goes into M p , we have to adopt a slightly different 
strategy. We define the special affine second fundamental form I of M to be 
the id-linear map 

U(X,Y,Z) = {s(X,Y),Z}. 

Naturally, when f : M —> IR 3 is an immersion, we define the special affine 
second fundamental form ly of / to be /*tt, where I is the special affine 
second fundamental form of f(M). For / : U — > M 3 (with U C IR 2 open), we 
write the form 1/ as 


2 

H/ — ^ fjk els' <S> t ls J ® ds k . 

i,j,k—\ 

Since the components of 1/ have three indices, there is no possibility of con- 
tusing the l i jit- with the /,y (if things hadn’t worked out like this, I think I would 
have committed suicide at this point). We also write 

2 

A = l 


so that 


1 / 9=1 

2 

= r. ykptfj- 

p=\ 
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equivalently, 

>ti = b »*%<>• 

p= \ 

Suppose that (X\, X 2 ) is a positively oriented moving frame on M which is 
orthonormal for { , }> , and let X 3 = v. For the moment consider the case where 
all points of M are elliptic. We set 

c tjk = JL(Xi,Xj,X k ) = {s(X h Xj),X k }, 

so that we have 

2 

*(X,Y) = J2 c >jk0 i {X)e j (Y)-X k 
k = 1 

c ijk = c jik 

We also let a)- he the connection forms for the frame X \ , X 2 which are deter- 
mined by the metric { , thus coj are the unique 1 -forms on M satisfying 

2 

dO l = Adi 

7= 1 

°>) = ~<°i • 

Since 

TV'xX, = Y x Xt + i(X h X), 

we have 

2 

tf(X) = a>!(X) + J2 c ijkO i ( X) 
j = 1 

and hence 

2 

( 1 ) iff = 0)f +J2 C ij k ° J - 

j = 1 


Since wf — — we obtain 

2 

(2) +Vk = J2( C Uk + Ckji )Q J ■ 

7 = 1 

(As usual, these formulas are understood as formulas on TM). From this we 
immediately deduce 
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15. PROPOSITION. The tensor 4 satisfies the “apolarity condition” 

trace(X i-* s(X, T)) =0. 

In terms of a map / : U — > K 3 we have 

o= £ t > k t m = f »%*; 

i,k = \ i,k = 1 

in other words, the quadratic form determined by { , ) p is apolar to the cubic 
form determined by !(/>)■ 

PROOF. For our moving frame (X\, AS, T3) we have 1 jr\ + + f ] — 0, and 

also 1/^3 = 0, so \j/\ 4- 1^2 = 0- Using equation (2), this gives 

2 2 2 

0 = e(e c ui V =* ° = e c ‘ ji 

j = 1 \' = 1 ' / = ! 

2 

i= 1 

= trace (X h-> d(T,T/)). 

Similar, but slightly more involved, computations give the same result in the 
hyperbolic case. The second part of the Proposition is merely a restatement of 
the first, as we easily compute by using Fact 0. 

By bringing in the structural equations, we obtain one other important piece 
of information. 

16. PROPOSITION. The tensor H is symmetric in all three arguments; equiv- 
alently, 

{s(X,Y),Z) = {s(X,Z),Y}. 

In terms of a map / : U — > IR 3 we have 

f ijk = Ukj- 

PROOF. Again we consider only the elliptic case, and leave the hyperbolic case 
to the reader. From equation (2) on page 106 we obtain 

222 
E i'i A 9 k + H A ° k = E (Ci T + c Ui A e k . 

k = l k = 1 j,k= 1 


( 1 ) 
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Now 

2 

(2) £>' A 9* = -«/<>' 

k=\ 

by the first structural equation. But we also have = 0', so we also get 

2 

(3) d0‘ = d^ = ~ ^ A i/zf (since ^ 3 3 = 0) 

/t=i 

2 2 

= -j2o k a p* = A ° k - 

k = 1 Ar = l 

From (1), (2), (3) we have 

2 

0 = (O/jt + c ’kji)@j Ad k , 
j,k = 1 

so for each /, /, A' we have 

0 = £‘ ijk "F L'kji (-'ikj Ljki 
= Opt - c ik j • ♦> 

From the apolarity conditions we can now easily obtain an explicit formula 
for the vector field .V along a map / : U — > IR 3 . We write the special affine 
Gauss formulas as 

/,, _ / ; . f .!</,../,) t «*;/.V 

= E r fA + E'«A + s«v. 

£ = 1 Ar = l 

where the T*. are the Christoffel symbols for the metric ( . }, and hence com- 
putable in terms of the c/,y. Now 

2 

E 'Ami = 2. 

i-j = 1 
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so we have 



using Proposition 15 and the fact that fj p = l p jj, by Proposition 16. This 
equation means that each component ,H a of -M is given by 

1 2 / 2 v 

(ii) ■»" = T »“[r u - E r &rd « = ',2.3. 

U = 1 V k = 1 ' 


Notice that the partial derivatives /“; are the components of the vector field 
df a on U. So the tensor Y (df a ) of type (^) has components (pg. 11.210) 

2 

fa fa _ \ ^ yk fa 

J i;j — J ij 1 ijJ k ■ 

k=\ 


[In Chapter 1 we wrote fj instead of f for df/dx l , but when we are dealing 
with the standard coordinate system on M 2 we will revert to the standard sub- 
script notation for partial derivatives; we use ; rather than ; to emphasize that 
we are using the covariant derivative Y.] We can therefore also write 

(II') M’ = [ E 

ij - 1 

Our formula is rather complicated, but it involves only quantities computable 
in terms of the ijjj' s, and hence ultimately in terms of / : in Addendum 1 to 
Chapter 7 we w ill have a little more to say about it. 

With our present proof of Proposition 15. the fact that our fundamental forms 
I, H satisfy the same apolarity conditions which we used to define H works out 
as some sort of miracle. So it will perhaps be reassuring to see this fact demon- 
strated by a computation, which will also Ire useful later. We will assume that 
p = 0 € R 3 . the tangent plane M p is the (,\\ r)-plane. and the z-axis is the affine 
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normal direction at p. Then M is the image of an immersion f(s,t) = (s,t,h(s,t)) 
with /i(0, 0) = /t i (0, 0) = /i 2 ( 0-. 0) = 0, and h satisfies the apolarity conditions 


( 1 ) 


O-d(dethij) at (0,0). 


Now Vy\ Jj = (0, 0, hjj ), and the tangential projection T at 0 is just the ordinary 
projection on the (.v, >>)-plane, so TV/./j = 0 at p. Consequently, fj) = 
— V f. fj at (0,0), which gives 


( 2 ) 


hjk = <Mf i ,fjlf k } = -<V fi fj,f k } 

2 2 

= -£ /*> = -£»<•* r 5 

p = t p - i 


at (0,0) 
at (0,0) 
at (0,0) 

where [ip k ] are ChristofTel symbols for I/. To compute them, we note that 


Jp = V‘I ■ 


at (0, 0) 


= (det {dij)) 1/4 g J 

at (0,0) by (1) 

= (det(dij det(/i , f 2 , f u ) 

at (0,0) 

= (det (dij)) 1/4 [det(/j^, / 2 , f u ) + det(/j, f 2k , fj) 

+ det(/i, f 2 , jij k )] 

at (0,0) 


= (det(d, 7 (0, 0))) _1/4 [0 + 0 + h ijk ( 0, 0)], 
since each j\ } has its first 2 components equal 0 at (0,0). Thus 




3 s> 3 s l 
( h ikj T hjki h[jk) 
2 ■ Vdet (da) 


( 0 , 0 ), 


and (2) becomes 


Cjk( 0,0) = - - 


hjjk (0i 0) 

V det (dij (0, 0)) 


( 3 ) 
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This demonstrates Propositions 15 and 16 (since we can always make the --axis 
the direction of the affine normal direction by a suitable special affine linear 
map, and the assertions in question are invariant under such maps). 

In ordinary surface theory we used I( /?) and II ( /? ) to define two numeri- 
cal invariants, the principal curvatures k \ (/?), k^ip) [or equivalently K(p) and 
H(p)]. These invariants arise quite naturally from an algebraic point of view, 
as the invariants of a 2 x 2 symmetric matrix S under the map S A~ x SA, 
for 2 x 2 orthogonal matrices A. Geometrically, these invariants arise when 
we describe the osculating paraboloid of M (using the ordinary normal v p as 
the third axis) — for p e M C M 3 and p' € M' C R 3 we have {k\ (p), ki(p)} = 
{A'i (//), ki(p')} if and only if there is a special orthogonal affine map A : M 3 -» R 3 
which takes the osculating paraboloid P at p onto the osculating paraboloid P' 
at p' . In special affine surface theory we now want to use I (p) and I(/?) to 
determine numerical invariants. Algebraically, we are asking for invariants of a 
cubic form V P under the map 'I' h-» where 

2 

^afiy = ^ ' ^jklUjaUkfiUly 

j,k,l = 1 

for 2x2 matrices A which preserve a certain quadratic form <I>. In the olden 
days when mighty invariant theory held sway over most of the domains of math- 
ematics, this question was as natural to consider as the first, and one could 
probably preface the answer with the standard refrain “As every undergraduate 
knows ... Nowadays, of course, not even graduate students know, or care, 
what the invariants for cubic forms are. Instead of describing them algebraically, 
we pass immediately to the (equivalent) geometric problem. For each p € M 
we have the function O + T : M p — > R obtained by looking at the second and 
third order terms in the Taylor series for the function which describes M in the 
X\ , AT v p coordinate system, for any basis Ti,T> of M p (which one doesn’t 
matter). We will call the graph S of $ + in the X], T>, v p coordinate system 
the osculating cubic at /?, and we want to classify these osculating cubics up to 
special linear affine maps. 

17. PROPOSITION. Let S be the osculating cubic at a point p of a surface 
M c K 3 . If p is an elliptic point, then there is a special linear affine map 
A : ]R 3 — >■ M 3 such that ^4(5) C R 3 is the graph (in the ordinary coordinate 
system for M 3 ) of the function 

1 C 

(a) (s, t) i-» -(s 1 2 + T) -I (s 3 — 1st 2 ), for some C. 

2 6 



112 


Chapter 2 


If p is a hyperbolic point, then we can choose A so that /IIS') is the graph 
of one of the three functions 

1 C 

(bl) (s, t) t— > -(s 2 -t 2 )A (s*+3st 2 ) 

2 6 

1 C 

(b2) (s,t) t-+ -(s 2 - t 2 ) + — (/ 3 + Its 2 ) 

2 6 

(c) (5,0 l -(S 2 -t 2 ) + Us + t)*\ 

2 6 

we can also choose A so that /1(S) is the graph of one of the two functions 


(b F ) 

D , , 

(sj) H* St H (i‘ + t 

6 

(O 

1 s 

(s,t) St + -S' . 

6 


Remark : Changing from (bl) to (b2) involves interchanging the first two axes 
of R 3 while leaving the third axis fixed, so we need both forms unless we allow 
maps A : R 3 — » R 3 of the form A = To B with T a translation and det B = ± 1. 
Alternatively, we can make do with only one of these forms if we allow ourselves 
to change the orientation of M, and hence the direction of v p . 

PROOF. We might as well assume that p = 0 e R 3 , the tangent plane M p is 
the (a% y)-plane, the affine normal v p is (0,0, 1), and the vectors (1,0) and (0, 1) 
are an orthonormal basis of M p \ for it is clear that the image of M under a 
suitable special linear affine map will have this property. Then M is the image 
of an immersion f(s,t) = (s,t,h(s,t)) with /fi0,0) = /? i (0, 0) = // 2 ( 0 , 0 ) = 0; 
since the r-axis is the affine normal direction, the apolarity conditions become 

( h 2 2h\\i — 2h\ 2 h] 1 2 + h\\h\ii = 0 
(*) at (0,0). 

\ h 22 h\\ 2 — 2h \ 2 h ] 22 + h[\h 2 22 = 0 

Suppose that p is an elliptic point. The fact that v p = (0,0, 1) and the basis 
(1,0, 0), (0, 1,0) is orthonormal, means that hjj( 0,0) = 8jj. So (*) becomes 

//in + /?i22 = 0 and // [ 1 2 + /?222 = 0 at (0, 0), 
and S is the graph of a function of the form 

(.*,/) -(s 2 +/ 2 ) + -(t/s 3 + 3 hs 2 t - last 2 - hi 3 ). 

2 6 
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Now suppose we apply one more special linear (in fact, special orthogonal) 
transformation 

(1) (a, r, z) (a cost? — r sin 9, o sin 9 + r cost?, z). 

The image of S under this map is the graph of 

(sy) i-> - ( [.v cos 9 - t sin 9] 2 + [.v sin 9 + t c os 6 ] ) 

I , 

+ -(«[Scos0 — t sin0]‘ + ■ ■ ■ ), 

6 

which works out to be 

(2) (s,t) -(s 2 + t 2 ) + -(«V 3 + 3 h*s 2 t - 3 a* st 2 - h*t 3 ), 

2 6 


where 

( 3 ) 


a* = a cos 3 9 + 3b cos 2 9 sin 9 — 3 a cos 9 sin 2 9 — b sin 3 9 
b* — b cos 3 9 — 3 a cos 2 9 sin 9 — 3 b cos 9 sin 2 9 + a sin 3 9. 


To obtain the desired form (a), we just have to choose 9 so that b* = 0, which 
can be done by choosing 9 so that cot 9 is a solution of the equation 

b(cot 9) } — 3c/ (cot 9) 2 — 3/)(cot 9) + a = 0. 

Now suppose that p is a hyperbolic point. Then /? i j (0, 0) = — /?22 (0-0) = 1 
and // 1 2 ( 0 - 0) = 0. So (*) becomes 

h 122 = h\\\ and h 222 = h\ 12 at (0, 0), 

and S is the graph of a function of the form 

( 4 ) 


(s,t)\-^ -(.v 2 - t 2 ) + -(<:/r 3 + 3 bs 2 t + last 2 + bf). 
2 6 


We might as well assume that a,b f 0. for otherwise we already have the form 
(bl) or (b2). We apply one more special linear transformation 

(5) (a, t, z) (a cosh 11 + r sinh n , a sinh u + x cosh u . z). 

The image of S’ under this map works out to be the graph of 

(sy) ^ -( j 2 - t 2 ) + - (a*.? 3 + 3 b*s 2 t + la* st 1 + b*tf. 

2 6 
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where 

( a* = a cosh 3 u + 3b cosh 2 u sinh u + 3 a cosh u sinh 2 u + h sinh 3 u 

3 2 2 . 3 

h* — b cosh u + 3 a cosh u sinh u + 3b cosh u sinh u + a sinh u. 

To obtain the form (bl), we have to find u so that v — coth u — (cosh w)/(sinh u) 
satisfies the equation 

(7) bv 3 + lav 2 + 2>bv + a = 0. 


Now coth does not take on alt values, for the odd function 

cosh u e u + e~ u e 2u + 1 

cothw = — - — = = — 

sinh u e u — e “ e zu — 1 

is clearly > 1 for u > 0, and hence < — 1 for u < 0. It is easy to see that 
coth actually takes on all values except those in [—1, 1], So we can obtain the 



form (bl) if equation (7) has a real root which is not in [—1, 1], This certainly 
happens if the values of bv 3 + 3 av 2 + 3 bv + « are either both positive or both 
negative at v = 1 and v = — 1. So we can obtain (bl) if 

(8) 4 a + 4 b and 4 a — 4b are both > 0 or both < 0. 


But similarly, we can obtain (b2) if the values of av 3 + 3 bv 2 + 3 av + b are both 
positive or both negative at v = 1 and v = —1, i.e., if 

(9) 4 a + 4b and 4b — 4 a are both > 0 or both < 0. 


Clearlv. either (8) or (9) must hold if a ±b. Thus (bl) or (b‘2) can be obtained 
when a ^ ±/?. We note right away that (b') is obtained from (bl) by considering 
the special linear transformation 


(cr, r,r) 


o + r -(a - t) \ 

~7T' y/2 ’ 


( 10 ) 
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the constant D being —CZl. Similarly, (b') is obtained from (b2) by considering 
the special linear transformation 

( a - t a + t \ 

(11) yr-^T'V’ 

the constant D being A-C\fl. 

When we have a — ±b, then our original function (4) is 

(s,t) i-> Os 2 - t 2 ) + ^(s±t) 3 . 

Z o 

The transformation (11) or (10) will change this to 

a' , 

( s,t ) I St + — s\ 

6 

If a’ — 0, this is a special case of (b'). Otherwise, we can make a' = 1 , and 
thus achieve (c ; ), by a transformation which changes s to s / VcP, and t to VcTt . 
Since we can achieve (c 7 ), we can now achieve (c) by using the inverse of the 
transformation (1 1). *t* 

Notice that in case (a), the cubic part of S' is just (a multiple of) the monkey 
saddle. Implicit in the previous Proposition is a geometric interpretation of 
apolarity when <t> : V — > M corresponds to a positive definite inner product on 
a 2-dimensional vector space V. The cubic form 4* : V — » R is apolar to $ 
when the set v I /-, (0) consists of three lines that make angles of jt/3 with each 
other (in the inner product on V corresponding to 4>). It is clear that if we 
apply a rotation around the z-axis through an angle of 7r/3 or 2 tt/ 3, then /4(S) 
will go into itself, so in case (a) the affine linear map A is not unique. We can 
also change C to — C in (a) by rotation through an angle of n, which changes s 
to — s and t to —t; the same change occurs if we rotate through an angle of 
it + Jt/3 or 7T + 27T/3. If C = 0, then we can apply any rotation around the 
z-axis. However, from equations (3) it is easy to see that this is the only extent 
to which A and C are not unique. 

In the hyperbolic case, if we can obtain (bl) or (b2) with one constant C / 0, 
then we can also achieve this form with — C by applying the rotation (a, r, r ) i — ^ 
(—O',— r, z). On the other hand, it is easy to see that this is the only other 
constant we can obtain, and that there is precisely one A which will make /4(S) 
have each of these forms. When C = 0, then we can always compose A with 
any transformation of the form 

(cr, r, z) i— >■ (±[a cosh u + t sinh «], ±[a sinh u + t cosh i/], z). 



116 


Chapter 2 


Bearing these remarks in mind, we see that Proposition 17 allows ns to define 
a single new' invariant: If p is a point of M for which the osculating cubic: S 
has the form (a), (hi), or (b2) for some number C (unique up to sign), we define 

the Pick invariant ./ at p by 



if the osculating cubic has the form (c), we define J to be 0. 

It would be nice to have a straightforward invariant description of J in terms 
of the forms I, H. and it can be obtained as follows. Given an inner product 
( , ) on a vector space V, we can use it to define an inner product { , ) on the 
vector space of all trilinear maps or : P x V x F — >■ M. Instead of describing 
this completely invariantly, let us consider a basis t>i, . . . , v„ of V and let y ; y = 
( Vj,Vj ). The matrix (y;y) is non-singular, and has an inverse matrix (y' J ). 
Given two trilinear maps ct, /f : V x V x V — > R, let oy-y* = ct ( v,- , uy , u* ) and 
Pijk = P(Vi, G- v k)- Then 

n n 

((X,P)= a ijkPporY ,P Y Ja Y kT ■ 

i,j,k = 1 p.a, r=l 

If Vi, . . . , v„ is orthonormal with respect to ( , ), then we have simply 

n 

(a, (3) = y ' ®ijk fiijk ■ 

i,j,k = 1 


The reader may easily check that this definition does not depend on the choice 
of basis, or else fashion an invariant definition. 


18. PROPOSITION. For a point p of a surface M C H 3 , the Pick invari- 
ant J(p) is 

J(P) = 

where { . ) p is the inner product on all trilinear maps on M p determined by 
the inner product { , ) p on M p . 

If f \ U — > M 3 is an immersion, then 

2 2 

jd i t, C«WVVC 

i.j.k=\ p.o. r=l 
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PROOF. It suffices to consider the case where M = {(.v, /, h(sj))}, the point p is 
Oe I 3 , and the osculating cubic S has one of the forms (a)— (c) in Proposition 17. 
In case (a) we thus have 

/?(0,0) - /i/(0,0) - 0, 
hi j ( 0 , 0 ) = 8jj , 

h\\\ (0,0) = C, 

/?2ii(0,0) = /i,2i(0,0) = /pi2(0,0) = -C, all other /t ,■_,•&( 0,0) = 0, 

with similar equations in cases (bl), (b2), (c). We can compute the g;j{ 0,0) from 
equation (I) on page 90 and the I 1 ijk (0, 0) from equation (3) on page 110. It is 
then a simple calculation to check that we do indeed have 

1 2 

J (P)= 2 X X ( ijkfoif P U JO y kz at (0,0) 

i,),k = 1 

= ] -mp)'Mp)> P . 

Since both sides of our formula have an invariant meaning, the formula must 
be true for any coordinate system. 


Notice also that for a moving frame Aj, W as on page 106 we have 

J = \ 

i,j,k 

in the elliptic case, with a similar formula in the hyperbolic case. 

Now that we have obtained the invariant J. there is an obvious question 
staring us in the face: what are the surfaces with J — 0 everywhere? In ordinary 
surface theory we found that surfaces with k\ = A'2 = 0 everywhere are planes. 
It seems natural to conjecture that the surfaces with J — 0 e\ ervwhere are just 
the surfaces which can be described by quadratic equations. Now this isn't true, 
and the reason is essentially because we have J — 0 in case (c) of Proposition 17. 
In cases (a), (bl), (b2), the vanishing of J(p) implies the vanishing of 2(/0 [as 
is also clear in case (a) from Proposition 18]. Leaving the complexities which 
arise because of case (c) to later Problems (4-14. 15), we restrict our attention to 
surfaces with 2 = 0 everywhere. 
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19. PROPOSITION. If M C M 3 is a connected surface with all points elliptic 
or all points hyperbolic, and H = 0 on M, then M is a quadratic surface, that 
is, M = IT _1 (0) for some IT: M 3 — > R of the form 

IT(x,,a-2,.v 3 ) = J2a ljXtXj + ^biXi+c. 
i,j 

(These surfaces are described in greater detail in the next chapter; at the mo- 
ment it is only necessary to note that the affine linear image of a quadratic- 
surface is also a quadratic surface.) 

Conversely, every non-flat quadratic surface has 2=0 everywhere. 

PROOF. As usual, we consider only the elliptic case. Take a moving frame 
X\ , AS, AS on M as on page 106. If 2=0, then all c i; £ = 0, so equation (1) on 
page 106 shows that 

and in particular 

V; =-'!'!■ 

T his implies that 

d'l'j + A A ^«*)- 

k = l ' k = l 7 

But 

2 

(!) d*j = - J2 w a - Vs a 

k=\ 

2 

= t^^k A 

Ar= 1 


so we obtain 

\j/\ A 6 j = A 9 l ). 

Taking / = /, we see that is a multiple of 8 l . and taking / ^ j we see that 
the multiples are the same for each /, so we have 


( 2 ) 


\fr l 3 = a • 6’ 
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for some function a. Taking d of equation (2) gives 


— ^ \J/‘ k a 1A3 = c/i/^3 = da a 0‘ + a dO l 


k = 1 




— ^ \ff l k A a ■ 6 k = da A 9‘ — a ( ^ fl l k A 0*\ 

Ar = l 'lt=l ' 


and hence 


c/a a 0' = 0. 


Thus da — 0, and a is a constant. We consider two cases. 

Case 1. a = 0. Equation (2) shows that i/^ = 0, so for tangent vectors X on M 
we have 

2 

y'xv = V x X 3 = • Xi = 0, 

1=1 

i.e., V" is constant; we will use it as one of our axes. We also have, by (1), 


k = l 


Since i/rj = o>j , which are the connection forms for the metric { , }, this equa- 
tion shows that { , ^ is flat. So we could have chosen our orthonormal moving 
frame X\,X 2 to be of the form X,- = f\ for some isometry /: U -> M 3 , where 
U C K 2 has the standard Riemannian metric; and with this choice we have 
i/d = ad- = 0. Now we have 


2 

fa = v 7, f = !>*(./;■)■ fk + v7 (.//)■ * 


i=i 

= 0 + 9‘(fj)v = 8 u v. 


So / is of the form 


f(s,t) — c + h\s + b 2 t + q(s 2 + t 2 )v 


for constants b\, b 2 , c. 
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Case 2. ot P 0. Now equation (2) shows that 

2 

V x v = J^aO^X) ■ Xi = ctX. 

/= l 

So for any f : U — > M C M 3 we have 

eV/ = af) =>• = af + P => f = -(=Af - P) 

a 

for some constant vector /3. Hence it suffices to show that v- satishes a quadratic 
equation. 

Let X be the 3x3 matrix 


X = (X u X 2 ,X 3 ) = (X u X 2 ,v) 


where the X\ are considered as column vectors. Then dX is given in terms of 
the 3x3 matrix \ p — (^) as 


( 1 ) 

Since \fr is actually 


dX = X • f. 


r //, 1 ^ a @ ] 


^ = I Vh 2 if\ a ° 2 I. if} — ~i r i - 


e ] e 2 o 


we easily see that if we set 


then 

( 2 ) 

Thus we have 


1 0 0 
A = | 0 1 0 

•0 o -i 


\jr ■ A + A ■ = 0. 


d(X -A-X t ) = dX-A-X t + X-A- dX* 

= X • xjr ■ A ■ X‘ + X ■ A ■ ■ X‘ by (1) 

- 0 by (2). 
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We can assume that X is the identity matrix at some point, so we obtain 

X • A • X 1 = A => (d _1 • X • A) • X 1 = identity 
=> X* • (,4 _1 • X • A) — identity 

/t 0 ° \ 

=* x‘ • A~' ■ X = A~ ] = 0 1 0 . 

\0 0 -a) 

The (3, 3) entry of this equation gives 

v ■ A~ ■ — —or, 

which is a quadratic equation for v. 

It is not hard to show, conversely, that all surfaces of the sort we have obtained 
have H = 0. These are the only non-flat quadrics (see Problem 3-6). 

We proceed in our study of special affine surface theory along the very same 
route followed in ordinary surface theory, by looking for the equations express- 
ing the derivatives of a moving frame X\, X 2 , v in terms of this frame, and by 
looking at the integrability conditions for these equations. We will always work 
only with the elliptic case, leaving the hyperbolic case to the reader. We already 
have the analogue of the Gauss formulas, 

V X Y = V X Y + s(X,Y) + {X,Y)v : 

or in terms of a map f : U —> R 3 , 

f U = ^ fi Jj "k 4 ( fi ’ .fj ) T C J ij E' 

2 2 

= X T u fa + X fa + (j ‘j rN ' : 

k—\ i—\ 

in terms of a moving frame (T], Wj, v) with X \ , W orthonormal for { , } we 
have 

2 

fi = "/ +J2 c ijk o k - fi = of 

k=\ 

The strange way in which the special affine Gauss formulas interchange the 
roles of TW' X Y and -LV^-T. as compared to the ordinary Gauss formulas, will 
be reflected by funny twists throughout the development. 
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The next thing we seek is an analogue of the Weingarten equations. Now we 
know that 

V'x p v € M P , 

so for a map / ' : U — > K 3 we always have 

2 

7 = 1 

for certain functions with 

2 

{ttii fj)~ y 1 ^ { y p j = £>ij , say, 
p= i 

for our moving frame we have 

2 

V x v = V x X^ = Y,^ (X) - Xi ' 

i = 1 

Unlike the situation in ordinary surface theory however, it is not at all clear 
how, or even whether, the hj and -Gy are related to the This is answered 
in a very unexpected way when we look at the integrability conditions for the 
special affine Gauss equations. These can be derived from the formulas for fi j , 
exactly as in the first part of this chapter, or from the formulas for V'x Y, as in 
Chapter 1. But since the computations are quite involved, no matter how one 
does them, it will be easiest to use the moving frame version. We begin with 
the tangential part of these equations, 

2 

(i) H =«/ +^c ijk e k . 

k = 1 

We take d of this equation, remembering that f? — 6‘ . and introducing the 
curvature forms Q- for the a>f , to obtain 

- H A A e ‘ = - J2 A + Q i 

p= i p= i 

2 2 

+ j^ddjkA e k + yrc ijk dd k . 

k = 1 k = \ 


( 2 ) 
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Substituting back from (1) we have 

- D c Pi k ° k } A {"f + 5Z c- 'V>a0* } - ti A 0‘ 

P 1 A- J ' A ’ 

= ~ wj A + F; ^ f ,/A A Q k - ^2 c ijkWp A 

i° A A,,o 

Using a> z P = — a>p and switching dummy indices in the last term, we get 

(3) - £ c P jkc ip iO k A e l - ifi A e l 

p,k,l 

~ £2/ + ^ I dtijk — ^ c pjk^>i ~ Zci'kvJ — 'E'Cij'u' a 6 k . 

A *- P P p - 

To interpret equation (3), we apply it to two vectors, X , Y. The first term 
becomes 

(3a) CjkpCii P d k (Y)d l (X) - CjkiCii P d k (X)9 l (Y) 

p,k,l P,kJ 

= {A(Xi,X),A(Xj,Y» - {6(X h Y),6(Xj,X)>. 

The second term becomes 

(3b) fi(Y)0 i (X) - 1 A 3 (X)9‘ (Y) = <dv(Y), Xj) ■ {X, X t ) 

— {dv(X), Xj) ■ (T, Xi), 

while the first term on the right becomes simply 
(3c) {!R(X, Y)Xi, Xj}, 

where !R is the curvature tensor for ( , ). To interpret the last term, we recall 
that the tensor 

H = £ c ijk9‘ ® 9 j 0 9 k 

has a covariant derivative YH(X, Y , Z, IT) = CVVI[)(T, T, Z), which can be 
written 

Y I = £ c ijk;l 9‘ ® d J ®9 k ®9 l , 

‘J,k.l 


say. 
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Using Corollary 1.6-5 one easily checks (Problem 5) that 

F c ijk;l V 1 = dl'ijk ~ ^ c pjk ^ Qpk 0) j ~ X] ^JP^k' 

I P P P 

So the last term is 

X>«7M 0 ' A 0 "’ 

k,l 

which when applied to Ah Y gives 

(3d) J2 a J k ; io l (X)e k (Y ) - 

k,l *,/ 

= ( V* 2 ) ( Xi , Xj , r ) - ( ■ V Y H ) ( , Xj , X ) . 

Writing (3a) + (3b) = (3c) + (3d), but replacing Xi, Xj by arbitrary tangent 
vectors Z, W, we thus obtain 

(A) {tR(X,Y)Z,W) = (Y Y tL)(W,Z,X)-(Y x TL)(W,Z 1 Y) 

+ {d(W,Y),d(X,Z» - id(W,X),d(Y,Z» 

+ {dv(Y),W) • {X,Z} - {civ(X),W} ■ {Y,Z}. 

In terms of a map / : U — > M 3 this becomes 

'Rjikp — f jik;p — ^ 'M ik^jPP- ~~ ^ ip^ jpk) 

P 

+ Mik^n) ~ yip&kj ■ 

Now what do these equations tell us? In ordinary surface theory we obtained 
the Theorema Egregium, telling us that the intrinsic Gaussian curvature K is 
equal to some expression involving the coefficients of II. But now we don t get 
anything of the sort, because we have the unknown expressions* it v (or &,;)■ 
Instead, equation (A) allows us to solve for {itv(Y). W ) — we just have to choose 
a unit vector Z with Z) = 0, and set X = Z 

* Note also that the terms involving J in equation (A) are the negatives of the corre- 
sponding terms involving .v in the ordinary Gauss equations. 
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An especially nice formula for dv can be obtained with a little more work. 
Recall first of all that for a map / : U — » M 3 we have the apolarity conditions 

0 = T y u tuij ==> Q = y t ni j);k 

i-j ‘j 

= y u lui j;k, by Ricci’s Lemma. 

i,j 

For orthonormal X x , X 2 this means that 

£](V;rl)(A' / ,A' I ,r) = 0. 

i 

[Naturally, this formula can also be derived directly from the apolarity condition 
I (Xj, Xj , Y) = 0, but the coordinate treatment is much easier and quicker.] 
So if X is the intrinsic Gaussian curvature for the metric ] , }, then equation (A) 
gives 

—2X = J2<-‘ R{ Xi,Xj)Xi,Xj} 

i, j 

= £ { £ 1 v * 1 1 < x i • x ‘ • x < ■ ) } - £ { £ 1 1 v * 1 > 1 1 x > • x > ■ x < > } 

j ' i i j 

+ *«-» - X J ] ' d{Xi ’ X J ] > 

i.j ‘J 

+ ^{dv(Xj), Xj) ■ 8 n - Xj) ■ 8jj 

i,j iJ 

= 0 - 0 + ^ CjjkCjjk - T, (C ijk ) 2 

i.j.k i.j.k 

+ 2y^{dv(Xj), Xj) — y^{dv(Xi), Xf 
j i 

= E‘w(E‘«*) - T,( c ‘iX- + 'E<‘ lv,x ’ ) -x,}. 

j. k i i.j.k j 

Now c'ak = 0 bv the apolarity conditions, so we have (see page 1 17) 

-2X = -27 + y{dv(Xj), Xj). 


( 1 ) 
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where J is the Pick invariant. But as another consequence of equation (A), and 
the symmetry properties of X, we also have 

(2) 0 = Y\ + mXi, X)Y, Xi) 

i 

= 0-2^(Y^I[)(A,r,A ( ) 

i 

+ X< rfl 

i i 

+ Y J {dv(X),X i ) ■ {X i ,Y)~Y J {dv{X i ),X i ) ■ {X, Y} 

i i 

= -2 F, Xi) + 2{dv(X), Y ) 

i 

-^{dHXiYXi) ■ {X,Y}. 

i 

To interpret the sum £N( Y Z/ I[)(A, T, A;), we again switch to coordinates for 
simplicity, noting to begin with that the sum is easily shown to be independent 
of the particular orthonormal X\, X 2 chosen. Now this sum is just the value of 

X tt lJ ^ kill ;j = X ^k^;j 

i-j j 

when we happen to have X j- = p ( i = 1,2) and /* = X, = Y. Since 
Ylj ^k/i-j are t * ie components of a tensor, namely the tensor 

MX, Y) = trace(Z (Y Z d)(A, Y)), 

we must, in fact, always have 

J2(Vx i H)(X,Y,X i ) = MX,Y). 

i 

Thus equation (2) can be written 

(3) 2{dv(X),Y) =Y J {dv(X i ),X i ) ■ {X,Y}+2S(X,Y). 


Substituting in from (1) we obtain 

(4) <dv(X), Y) = (J — X) • {A, Y) + MX, Y), 
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the analogue in ordinary surface theory being 

{dv(X), Y) — —K ■ {X, Y). 

We can solve equation (4) for dv( X) explicitly by introducing the tensor 4 of 
type (]) defined by 

<4~(A),T> = 4(T,T). 

Then we have 


(B) dv(X) — (J — X) ■ X + S(X). 

In terms of a map / : U — > M 3 we have 

v = ! 

j 

= 9nk ■ (J ~ X) + Tfik, say; 
in terms of our moving frame we have 

t =(J -.K)d J +J2 c Uk;kO i 

i,k 

= (j -X)d j +J2 C U0 i , say. 

i 

Conversely, it is not hard to see that if we define dv(X) for the ° r the i js{] 
by these formulas, then equation (A) [or the coordinate equation right below it, 
or equation (3) on page 123] is satisfied. 

As one immediate consequence of equation (4) we find that the special affine 
normal v has another property in common with the ordinary normal v: 


20. PROPOSITION. The map dv: M p — > M p is self-adjoint with respect to 
the inner product { , ) p on M p , 

<dv(X p ), Y p ) = {X p ,dv(Y P )) for X p , Y p € M p . 

PROOF. We just need to show that 4 ( X, Y ) = 4( Y. X). This follows from the 
symmetry of s , and the definition of 4 (on page 126). *1* 
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The eigenvectors of —civ: M p — ► M p are naturally called the special affine 
principal directions at p, and the corresponding eigenvalues are the special 
affine principal curvatures k\ and kj. The special affine mean curvature -R 
and special affine (extrinsic) curvature -K ext are then defined by 

.n = i(£, +k 2 ) 

■X ext = h 1 ' k 2 ■ 

If X\, X 2 6 M p are orthonormal, then 

j 2 

X(p) = --J2 J ' dv (Xj),Xj}. 

1 7 = 1 

So equation (1) on page 125 shows that we also have 

M = .K - J. 

We have obtained these results by looking at the integrability conditions for 
the tangential part of the Gauss formulas. Now we will look at the integrability 
conditions for the T component, 

Exterior differentiation gives 

2 

- E *1 A R = d0 ‘ 

k = 1 
or 

-^9‘a^*=529*a r t or Y2R + = 0 . 

k k k 

But these conditions are automatic, for we derived this equation in the proof of 
Proposition 16 (conversely, the equation follows immediately from equation (2) 
on page 106 and symmetry of the Cjjk). 

On the other hand, we still have to look at the conditions which sav that 
.\jj — .Sfjj. In ordinary surface theory they reduced to the Codazzi-Mainardi 
equations: now we will obtain new conditions. The moving frame version of 
the formula for -A/j- is that on page 127. 

H = (J - .K)9 j ■}&■ 



(1) 
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Exterior differentiation gives 

- J2 H A K = d(J — K) a 9 1 + (J - ■K)de i + J2 dQj a 0 l 

p / 

-E c 'v a (E<“» a,,p ) 

i ' P ' 

Substituting in for f k from (1), noting that — -f J p r\9 p — ddf and switching 
dummy indices in the last term on the right, we have 

- J2 Cipfl a O' =d(J ~.K)aO j +J2 dC u A 0 l Cp j A a) i A ° l ■ 

i,p i i,P 

Now writing the f p in terms of the co p we get 

- J2 Cip^i A 9‘ - C ip c jpk 9 k a 9' 

i,P i,P,k 

= d(J - -K)A9 j +J2 dCjj a 0‘ - C pj A of A 9 l . 
i i,p 

Finally, since co J p = —oof w 7 e can write 
(2) - Q p c Jpk 9 k a 9‘ 

i,p,k 

= d(J - X) A 9 J + ^ c/C,y - ^ Cpj A wf - y; CipCOj A 0' . 

i L P P J 

To interpret this equation, we first apply it to (A', Ay). The left side gives 
(2a) E < «.',V.«'.AI - E C *0<*»*<Jf>. 

CP P,& 

The first term on the right side gives 

(2b) T(7 — -X) - Ay (7 — -X) ■ OfX). 

For the other term on the right side we note, as on page 123, that the tensor 
$ ~ j Cij9‘ ® 9^ has a covariant derivative 

V4 - C ij;k 9 l ®9 j ®9 k , 

ijd 
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where (Problem 5) 

E C >i^ k = rfCy - E C„ 0,f - £ Cfcttf 

£ P P 

So the second term on the right side of (2) is 

J2 C U;k0 k A0‘, 

i,k 

which when applied to (X, Xj) gives 
(2c) X) C ij;kO k iX) - 

k i 

We now take the equations (2a) = (2b) + (2c) and add them for j = 1,2 [the 
resultant equation is equivalent to the individual equations, for if a 2-form a 
satisfies Y^j=\ a (X, Xj) = 0, then also a(Xi, Xj) = 0 for i = 1,2], obtaining 

(3) 9‘(X) — ^ f F. CjpCjpk \o k (X) 

i,p ^ j 2 £ Vy )(0 2 

= 2X(J -X)- X(J - X) 

+ E(E c ^*) e *< Jf ) - E(E c «.->) 9 '< a ')- 

Now we have 

(3a) = ° 

up ^ j ^ 

by the apolarity conditions Ylj c jjp = 0. In order to interpret the term involving 
Ylj, p Cjp c jpk we introduce the tensor $ * I of type Q defined by 

2 

* * aw = S(Xi ' -aw x t , Xj), 

i,j = 1 

where W . Tj is any orthonormal basis; it is easily checked that this definition 
is independent of the choice of such basis. [This is the simplest description 
of & * 2 — a completely invariant definition requires an orgy' of linear algebra. 
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Classically, S * I is simply described in terms of its components, which are given 
by the 4-fold contraction 

E a^ 1 a pa I I 

where £, 0 i are the components of £.] Now we clearly have 
(3b) -E(E C JP c j P k)o k (X) = -S*MX). 

k ^ j,p ' 


To deal with the term Cjj ; k it is again simplest to switch to coordinates. We 
have the apolarity conditions 

0 — ^ % ' lijp 


‘,j 


ij 


i,j,P i,j 

o = E (y lJ£ !jhv = E W Ricci ’ s Lemma 

i,j,n 

= E»"(E < S>) = E» u - £ « 

i,j v n- ' i,j 

0 = E^ <7 £ u);k = E y‘ J Xi i;k, a g ain b Y Ricci ’ s Lemma. 




i,j 


This tells us that 
(3c) 


E c jw = 0 =*• E(E c .«.-*) 9 ‘<*>=o 


k v j 


[which can also be obtained, with some pain, directly from the apolarity con- 
ditions Cjjic — 0], Finally, we note that 

(3d) - E(E Covde'OT) = - E < v */ *><*■ xp 

‘ ' j 7 j 

= -trace(Z (V z i)(T)), 

by the very same argument that was used on page 126. Now the equation 
(3a) + (3b) = X(J - X) + (3c) + (3d) 
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yields 

I he Special Affine Codazzi-Mainardi Equations: 
X(J - JC) = trac e(Z {Y Z $){X)) - S * 1(A). 

In terms of a map / : U —> R 3 we have 

(j -X)j = '£»*' E 

AM /,/x,/0,a 

Finally, we are ready to state 


21. FUNDAMENTAL THEOREM OF SPECIAL AFFINE SURFACE 
THEORY (RADON; 1918). 

(1) Let M,M C R 3 be two connected surfaces in R 3 , both consisting entirely 
of elliptic points or both consisting entirely of hyperbolic points; in the former 
case give both surfaces the usual orientation, and in the latter case, suppose that 
each surface is also oriented. Let v. M — ► R 3 and v: M -» R 3 be the affine 
normal vector fields (determined by the orientations), and let I, I and 1,5 be 
the first and second affine fundamental forms for M and M, respectively. Let 
<p : M -> M be an orientation preserving diffeomorphism such that 

0*1 = I and 0*H = I. 

Then there is a special linear affine motion A : R 3 — >• M 3 such that <j> = A\M 
and A*v = v. 

(2) Let M be an oriented 2-manifold with a (not necessarily positive definite) 
metric (( , )) having co\-ariant derivative V, curvature tensor !R , and cuiva- 
ture -K. Let S be a symmetric tensor on M of order 3. Define 

where {{ , )) is the inner product on tri-linear maps determined bv the inner 
product (( , )), and define S by 

{{6(X.Y),Z»=S(X,Y,Z) 

4(A, Y) = trace{Z t-> (V Z J)(A, E)) 

«!(*), = s(x,Y). 
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Suppose that S satisfies 

(1) The Apolarity Conditions: 

trace(T m- s(X, T)) = 0 

(2) The Special Affine Codazzi-Mainardi Equations: 

X(J - X) — trace (Z h* (Vz^)(T)) - S * S(X). 


Then for any point p € M there is a neighborhood U of p and an immersion 
f : U — > 1R 3 such that 


« ,» = r i 

S = f* It, 

where X and I are the affine first and second fundamental forms on f(U) 
determined by the orientation f(U) gets from the orientation on U C M. 

This can be proved in the same way that we proved Theorem 3, using the 
classical integrability theorem (1.6-1). Or the Frobenius form of the integrability 
conditions can be used (see the treatment for ordinary surface theory in Chap- 
ter 7). One can also reduce the theorem to Theorems 1.10-17 and 1.10-18; our 
integrability conditions reduce to the equations of structure of SL(3,M). 
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PROBLEMS 


1. Consider the Codazzi-Mainardi equations in Corollary 1-12, but write 
(V*-II)(K,Z) = X(ll (Y,Z)) - II(V*T,Z) - IlfRV^Z), and similarly for 
(V r II ){X,Z). Choose X = f\, Y = / 2 , and then Z = f\ or f 2 , to obtain 
equations (B') on page 56. 

2. From equation (**) on page 53 show that 

N,J = - ZUj + E'fdy)/* 

h ' P ' h,p 


Conclude that the equation Njj = Njj is equivalent to 


'u + E'fdy = '5 + E'/ r , 


h 

P‘‘ 


Write /* = Xjt S hk hi , and similarly for /*, and expand. Multiply by X!/! 
and then use gzhg hk j =~T,h gth,jg hk ■ Show that the resulting equation 
is equivalent to the Codazzi-Mainardi equations, by making use of the identity 

gikj = [U,k] + [jk,i]. 

3. Use the method of Problem 1-5 to prove that we can take U to be all of M 
in Corollary 5 when M is simply-connected. 

4 . (a) Find a continuous map / : M — > S' 1 which is onto and locally one-one, 

but not a covering map. Hint : Take part of the universal covering space of S 1 . 
(b) Let / : X Y be a continuous map which is onto and locally a homeo- 
morphism, and let X be compact. Then for every y e Y, the set C X 

is finite, say / _1 (>’) — {jci, Choose disjoint open sets {/, 9 X; such 

that / is a homeomorphism on each Uj, and let U = fj; /(U,). Using com- 
pactness of X, show that there is a compact neighborhood K C U of y such 
that f~\K) C U/ Conclude that / is a covering map. 

5. Let X \, . . . , X„ be a moving frame on a manifold with a connection V. Let 

A = ^a h .,. ik Q ix 


be a tensor field of type ( k Q ), and let 

Vd = 0 • • • ® 0‘« g> e 1 . 

Use Problem 1-1 to check that 

=da tx ..A k - J^ a pi2...i k o>i l 

/ p p 
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A COMPENDIUM OF SURFACES 


I n the following chapters it will often be quite useful to have a detailed knowl- 
edge of the classical surfaces. In this chapter we will list all the important 
ones systematically, together with many of their properties; other properties will 
be mentioned in later chapters, when we have the theorems necessary to derive 
them. A brief survey of the initial pages may prove quite discouraging, but the 
reader can be assured that after the basic formulas have been derived once and 
for all, the reading becomes a lot more pleasant— there are pretty pictures to 
draw, and interesting points to be made. 

Usually we will represent a surface locally as the image of an immersion 
/ : U -> M 3 . We collect here the formulas from the previous chapters, with a 
few additions which are used for actual calculations. 



(Here we have made a specific choice of N, which will influence the sign of 
various quantities to be computed later on.) We also recall that 

( matrix of —d v : M p — > M p \ , 

■l , r V / r N ) = (Sij) (hj) 

with respect to ( J\) p ,(ji) p / 

1 ( G ~ F \( 1 
~ EG - F 2 \~F E ) Vm n ) 

[ fi , gi j , In evaluated at (s,t)\ where p = f(s,t)]. 


1 
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The principal curvatures Ai,A '2 are the eigenvalues of this matrix, and the 
Gaussian curvature K is k\ ■ k 2 , while the mean curvature H is (Ai + k 2 )/2. 
So K and H are the determinant and half the trace, respectively, of this matrix. 
This gives us 


(The sign of II depends 
on the choice of N, but 
the sign of K does not.) 


(B) 


K 

H 


In — m 2 
EG - F 2 
En — 2 Em + Gl 
2 (EG - F 2 ) 


In equation (B), the left sides H and K must be evaluated at p = f{s,t) when 
the right sides are evaluated at (sj); similar conventions will be used in the 
remaining equations. We remind the reader that it is also possible, in principal 
at least, to compute K directly from E , F. G. Since k\,k 2 are the roots of the 
equation A 2 — 2 HX + K = 0, we have 

(The signs of k\,k 2 
both change when 
N is changed.) 


(G) 


k u k 2 = H±VH 2 - K. 


It is, as usual, rather more difficult to find the principal directions, that is, the 
eigenvectors of — dv. We leave it to the reader (Problem 1) to show that 


«i/i F a 2 f 2 

is a principal 

vector if and only if 


(a 2 U\U 2 

“> 2 \ 

det 

E 

F 

o 

II 

<3 


K 1 

m 

n / 


We have already pointed out that at an umbilic point we have the necessary 
and sufficient condition 

(The sign of k 
depends on N.) 


(E) 


l — k E, 


m 


k F. n = kG 


at an umbilic point, 
with A'i = A 2 = A. 


This condition can also be derived from (D), since the determinant must be 0 
for all choices of a\ and a 2 . It is also clear that 


(F) 


a i /i + a 2 f 2 is an asymptotic vector if and only if 
la 2 + lnui\a 2 + na 2 2 — 0. 
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Finally, it is easy to see that 


(G) 


If F — m = 0 at a point, then f\ and fa 
are principal vectors there, and 

-dv(f) = l —f u -dv(fa) = ^fa. 


When our surface is actually the graph of a function h : M 2 — > M, so that we 
can choose 

f(s,t) = ( s,t,h(s,t )) 
f\ = ( 1 , 0, /? i (s, t )) 

fa = (0, l,h 2 {s,t)) fij = (0,0, hjj), 
we obtain the following formulas: 


E — 1 + // , 2 

i 7 = h\h 2 

G = 1 + /t 2 2 


AT (-/»i, -/t 2 , 1) 



V / l+/ 2 , 2 +/t 2 2 


/- /2n 

h\ 2 

w. — 

h 2 2 

x/l +/p 2 + /t 2 2 

>/l +/ll 2 + *2 2 

f \ + h\ 2 + h 2 2 


(B') 


(CO 


(DO 


Il\\lt22 - h\2 2 
[1 + h\ 2 + /?2 2 ] 2 

(1 +/ti 2 )/j22 + (l +/j 2 2 )/2ii — 2h \ h 2 h 1 2 
2[1 + h\ 2 + /t 2 2 ] 3/2 


k\,k 2 — H ± ij H 2 — K. 


u\j\ + ^ 2/2 = 

+ ^ 2 / 12 ) is a 

principal vector if and only if 

/ «2 2 

-«i«2 «i 2 \ 

det 1 1 + h 1 2 

h\h 2 1 + /?2 2 I = 0. 

\ /lit 

h\2 h 22 ) 
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h\\ — A'(l + h\ 2 ), h\2 — kh\h2, A 22 = A(1 + //2 2 ) 

at an umbilic point, with k\ = A 2 = k*J\ + h\ 2 + 2 2 - 


(F) 


a\f\ +a 2 f 2 = (a\,a 2 ,a\h\ +a 2 h 2 ) is an 
asymptotic vector if and only if 

h\\a \ 2 + 2h 1 2^1 ^2 + /*22^2 2 = 0. 


It is also quite useful to be able to compute K and H for surfaces 

M = {p e M 2 : W(p) = 0}, 

where W : M 3 — > 3R. Recall (pg. II. 113) that we can choose 


v = — for Z - (W x ,W 2 ,Wi). 
I ^ I 


If X = ( a\,ct 2 ,a 3 )p , then 


■MX) = -^X = -±v x z -x(±-^ z 

= - u, Ei<*iW2i, E,««-^3i) - x z , 


normal to M 


SO 

(-dv(X), X) = - — E/,; a i a i W H [Wjj evaluated at p]. 

This means that the principal curvatures Aq,A '2 at p are — 1/|Z| times the max- 
imum and minimum of 


E,j aiaj Wij on S = {(ai , a 2 ,a 3 ) : Ei a i 2 = 1 and Ei a i w i = °} 

[Wi, Wij evaluated at p]. 

Using Lagrangian multipliers (see Problem 3, if you have forgotten them), these 
extrema occur at (a\,a 2 ,ai) G S if and only if there are k,fi such that 

Dj (Ei a t a k W ik ) = XDj (Ei a i 2 ) + t x D i (Li *« W ‘) for al! J- 
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Using Wjk = Wki, we find that 

L for some X, ji. 

£,V = i, Zi<*iWi= o 

Since we then have £ /; - ajOjWij = X, this shows that the desired maximum 
and minimum values of J^ij a i a j W ij are precisely the numbers X for which 
we have 

f E l o,W u =Xaj + ^Wj 

{ 2 for some (a 02,03) f 0 , and some /i. 

{ £,- a i W = 0 

We can also write this as 



for some (01,02,03) f 0 , 
and some /i. 


Now, since 



we see that (*) holds precisely when there exists (01,02,03,?) # 0 so that the 
right side of the above equation is the 0 column vector. Thus the desired a’s 
are those for which the left-hand 4 x 4 matrix has determinant 0: 
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Consequently 



In particular, to anticipate the case of greatest interest for us, we find: 



[In all the formulas given so far, the sign of A: i , A' 2 and of H depends on the 
choice of N as the normalized vector (W\, W2, W3).] 

Since X is a principal vector if and only if (clv(X) x X, v) — 0 , we also see 
that 



There does not seem to be any especially simple condition for an umbilie, but 
we do know that p is an umbilie if and only it the determinant in ( D ") is 0 
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for all ( a\,a 2 ,a 3) with «; W/ = 0. Finally, we have 


X = (ai,a2,a 3 ) p is an asymptotic vector if and only if 
E/ ataj Wtj = 0 and E; c// IF/ = 0. 


We are now ready to begin our systematic list of surfaces. They come under 
five headings. 

I. THE CLASSICAL FLAT SURFACES 

1 . Plane 

For any plane, the normal map v is constant, so dv = 0. Thus all points are 
umbilics with k\ = A'2 — 0 , and K = H = 0 . All vectors are also asymptotic. 
The plane is actually a special case of 

2 . Generalized Cylinder 

Here our surface is M = {(x, y,z) : (x,y) = c(s) for some s}, where c is an 
immersed curve in M 2 , which we assume parameterized by arclength. 



The normal map v is always parallel to the (.v, y) plane. One principal 
direction at any point is ( 0 . 0 , 1), with k\ — 0. The other principal direction 
at (c(i),r) is (c r , 0) = (n,0), with U = k(s ), the curvature of c at s (here we 
choose the normal map v to be (n,0), where the normal n for c is picked as 
on pg. II. 6 ; recall that n'(s) = -k(s) ■ c'(s), while k 2 is an eigenvalue of — dv). 
Hence K = 0 and H = jK(s). 

The only asymptotic direction is (0,0, 1), unless k(s) = 0. in which case all 
directions are asymptotic. 
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3. Generalized Cone 

Our surface is parameterized by 

/CM) - V +?[c(s) - V], 

where V e M 3 is the vertex , and c is an immersed curve in M 3 . For / to be an 
immersion, the vectors 

f\ = tc' and f 2 = c —V 

must be linearly independent, so we must have t / 0 {V cannot be in the surface) 
and c'O) linearly independent of c(s) — V. 



Since the tangent space at f (s,t) is spanned by c'O) and c(s) — V, the normal 
map is constant along the straight lines obtained by keeping 5 fixed. Conse- 
quently, the vectors fz(s,t) — cO) — V are principal vectors, with k\ = 0. 
Therefore K = 0. Once again, these vectors are also asymptotic, and there are 
no others, except at points where H = k^/l happens to be 0, in which case all 
vectors are asymptotic. 

4. Tangent Developable 

This surface consists of the tangents to a curve c in M 3 (parameterized by 
arclength as usual). It can therefore be parameterized by 

/(M ) = c(s)+tc'(s). 


We have 


f\ — c' + tc — c + 1 k n, 

h =c'; 


where n is the normal vector 
of c, and k is the curvature 


so / is regular if t / 0 and k / 0. Thus this parameterization does not allow 
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the curve itself to be part of the surface. In fact, the surface consists of two 
sheets which meet along the curve in a sharp edge (the edge of regression or 



cuspidal edge); at any point of the curv e, the normal plane intersects the surface 
in a curve y with a cusp. This is shown below for our “standard curve” of 
pp. II. 30, 31. 



'*•*. c (below the (t,n)-plane) 


Actually, the assertion we have just made requires some careful interpretation, 
as can be seen by considering the case where c lies in a plane. The two sheets 
of the tangent developable are then the same portion of this plane, and their 
intersection with a normal plane is just a ray. In general, we can analyze the 


normal plane 
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intersection of the tangent developable and a normal plane to c as follows. For 
convenience, we consider the point 5=0, and assume c(0) = 0 and that t, n, b 
lie along the three coordinate axes. For small 5^0, the vector c'(s), being close 
to t = c'(0), does not lie in the (n, b)-plane; moreover, c(s) also does not lie in 
the (n. b)-plane. Now we can write (using the Serret-Frenet formulas) 

S 2 5 3 

C(s) = c( 0) + 5c'(0) + — c"(0) + -r"'(0) + o(s 3 ) 

2 6 

= (0,0,0) + 5(1, 0,0) + -(0,k,0) + -(-k 2 ,k\kz)+0(s 3 )- 

2 o 

here k = k( 0) and r = r(0), and o(5 3 ) is a function with the property that 
o(5 3 )/5 3 —*■ 0 as 5 — > 0. Similarly, we have 

5 2 

c'(s) = c'(0) + 5C"(0) + —c'"( 0) + 0(5 2 ) 

5 2 

= (1,0,0) +5(0, K,0) + -(-k 2 ,k',kt) +0(5 2 ). 


Combining, we have 


(*) f(s,t)=c(s) + tc'(s) 


5 2 5 3 

= (0,0,0) +5(1, 0,0) + — (0, K, 0) + — (-k 2 ,k',kt) +o(5 3 ) 

2 6 


+ t 


(1, 0, 0) + 5(0, K, 0) + -(-K 2 ,k\kt) +u(5 2 ) 


For each 5 there is t(s) for which / ( 5 , t(s)) lies in the (n, b)-plane, which means 
that the first component of f(s,t(s)) equals zero: 


5 5 3 + u(5 3 ) + t(s) 

6 


1 — — 5 2 + o(s z ) 


Di\ iding through, and giving just a little thought to the meaning of what we 
are doing, we find that 

K 2 

t{s) = -5 - y5 2 + 0(5 3 ). 
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[Here, and below, o(s^) represents some new function with the property that 
o(s i )/s 3 — »• 0 as 0 -> 0.] Substituting back into (*), we find that 


2 nd component of f(s,t(s)) = '-^s 2 + o(s z ) + t(s){ies + 0 ( 5 )} 

K 


= - -s 2 +o(s 2 ), 


3 rd component of f(s,t(s )) = — s 3 + °(^ 3 ) + { (s) j — s 2 + o(s 2 )j 


K T 


= — S + 0(5 ). 


Thus, in the (n, b)-plane, or, in other words, in the (>’, z)-plane, the intersection 
is described up to first order as the curve 

/ k 7 KT 

m (--s , — js J = (y(s),z(5)); 
the image is the graph of 


z 


2 



n 

-*• 



This analysis leads one to suspect that a single branch of the tangent devel- 
opable can be extended so as to include the original curve, though, to be sure, 
a different parameterization is required. This is most obvious for a plane curve; 
one obtains an immediate extension if one uses lines perpendicular to the curve 
as /-parameter lines. Presumably in the general case we obtain a nice param- 




eterization of { 0 ( 5 ) + tc'O : / > 0} when we choose as one set of parameter 
lines the intersection of the surface with normal planes to the curve. 
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Since the tangent space at f(s, t) is spanned by c'(s ) and n(s), it is the same 
along the straight lines obtained by keeping s fixed. So the normal map is 
constant along these lines, and the vectors f 2 (s,t) = c'(s ) are principal vectors, 
with k i=0. Once again, K = 0. 

Since all the surfaces in our first category are flat, they are all locally isometric 
to the plane (that is the reason for the name “tangent developable” — a “devel- 
opment” of one surface on another is the very classical name for an isometry). 
The reader may easily construct isometries between the plane and generalized 
cylinders or cones. To map the tangent developable of c isometrically on the 
plane, we note that j \ , f 2 , and consequently E, F, G , depend only on the curva- 
ture k of c, not on its torsion. So if C] is a plane curve with the same curvature as c, 
then our original surface is isometric to the tangent developable of c i, which is 
a subset of the plane. As an application of this fact, we note that the tangent 
developable of a helix (which has constant curvature) can be constructed from 
a piece of paper by cutting a circle out, and twisting the remaining portion 
around a cylinder. 




All the surfaces in our first category are special cases of the surfaces in our 
second. 


II. RULED SURFACES 

These are the surfaces which can be parameterized as 

/(•M) = c(s) + t8(s) 

for two curves c, 8. Since 

f\ = c' + t8' and f 2 = 8, 

the map / is an immersion when 8 and c' + t8' are linearly independent. In 




A Compendium of Surfaces 


147 


particular, if 8 and c' are linearly independent, this certainly happens for suffi- 
ciently small t. For fixed s, we obtain straight lines [or segments] through c(s); 
these straight lines are called the rulings of the surface. The ruled surfaces which 
are not generalized cones or cylinders, or tangent developables, are sometimes 
called scrolls. 



—m 2 — (c',8x8') 2 

EG - F 2 = \(c' + tV) x <5 1 2 ' 


A more reasonable formula for K is obtained when we choose our parame- 
terization more carefully. Note first that we might as well choose 8 to be a curve 
with | <$(•?) I = 1 (and consequently (8(s),8'(s)) = 0); it is then called the directrix 
of the surface. Next note that if c is replaced by any curve which intersects each 
ruling only once, and the directrix is kept the same, then we obtain the same 



surface. Let us assume that we always have 8'(s) f 0 (“the directions of the 
rulings are always changing”). Then the ruling L s through c(s) is not parallel 
to the ruling L s + E for small s, so there is a unique point P(s) on L s closest to 
L s+e . One can show (Problem 5) that as s —*■ 0, the point P(e) approaches the 
point 


< t ( s ) = c(s) - 


(c'(s),8'(s)j 

(S'(s),8'(s)) 


■ S(s) 


on L s . 


We easily find from this that (o'(s:), 8'(s)) — 0. This is the only curve o that 
can have this property: the point erfs) is simply the unique point on L s where 
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the tangent plane of the surface contains a vector perpendicular to <5 '(s). The 
curve a is called the striction curve of the surface, and clearly depends only 
on the surface, not on the original parameterization. One further alteration 
eliminates all trace of the original parameterization— we might as well change 5 
so that it is the arclength of 8. We thus have the “standard parameterization” 

f(s,t) = a(s) + t8(s) 

\8\ = \8'\ = \, (o', 8')= 0 

\8,o' linearly independent], 

[The only thing that might go wrong in all this is that cr(s) might be a point 
where the original, and hence the new, f is not an immersion. As a matter oi 
fact (Problem 5), for the tangent developable of c, the striction curve is just c 
itself.] It now turns out (Problem 4) that 

K- P ( S \- r for p = (o'(s),8(s) x <5'(s)). 

(p 1 2 (s) + t 2 ) 2 

The function p is called the distribution parameter. Since p depends only on s, 
we see that K — > 0 as we go out along any ruling. 

In addition to these general results, which we will put to use somewhat later, 
there are a few ruled surfaces of particular interest, two of which we will mention 
here, and tw o of which occur in our next category. 

1. Alnbius Strip 

Our first example of a ruled surface is the “standard” Mobius strip, a slight 
modification of the one given on pg. 1. 10, 

/ 5 . s . . s\ 

f(s,t) = ^cos s + t cos - cos s, sms + / cos - sin s, t sm - j 



Computing directly from formulas (A) we find that 

E = j + [l +tcos0] 2 F = 0 G = 1 
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(the values of F and G should be obvious!). Notice that this surface is not flat, 
so it is not the Mobius strip that one makes out of a strip of paper. 



A C°° flat surface homeomorphic to the Mobius strip can be constructed as 
follows. We start with a curve c like the one shown in (he first figure below. 



The tangent vectors at A and B are negatives of each other, and the plane P 
in which they lie is the osculating plane of c at these points, so that c" lies 
in P at A and B. We then consider the portion of the tangent developable 
ot c which is formed by the positive multiples of the tangent vectors. From this 
surface we can cut out a strip, as shown in the second part of the figure, which is 
homeomorphic to the Mobius strip. If we choose c so that all c {k \ k > 2 vanish 
at A and 5, then this surface will be C°°. Notice that the resulting picture is a 
“back-view” of the Mobius strip shown above. 

In Chapter 5 we will mention a way of constructing an analytic flat Mobius 
strip. 
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2. (Right) Helicoid 

This surface is generated by a line which moves along the z-axis in such a 
way that it remains parallel to the (x, y)-plane, and passes through the points of 
a circular helix (in other words, the surface is generated by a line perpendicular 
to the z-axis under a “screw” motion). It is thus given by 

f(s,t) = (t coss,t sins,bs), b ^ 0. 



The lines t = constant are helices (compare pg. 11.32). Computing from (A) 
and (B), we find that 


fi(s,t) = (-t sms,t coss,b) 
f\\(s,t) = (-t cos s, -t sin s, 0) 
f\i(s,t) = (— sin 5, cos 5, 0) 

E = b 2 + r, F —0, G = 1; 


f 2 (s,t) = (cos 5, sin 5,0) 
f 22 (s,t) = (0,0,0) 


JEG - F 2 = Jb 2 + t 2 


l = n —0, 


b 

Tb^+C 


K — - 


b 2 

(, b 2 + t 2 ) 2 ’ 


H = 0. 


The helices t = constant intersect the rulings 5 = constant in right angles 
(F = 0). They also point in the asymptotic directions (l = n = 0), so H must 
be 0. 
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III. QUADRIC SURFACES 

These are the surfaces of the form VF _1 (0), where 

W{x i,x 2 ,x 3 ) = 'Y^dijXiXj + ^ bjXj +c. 

Standard arguments (Problem 6) show that, aside from trivial cases, they are 
all one of the following (up to rotations and translations); some of them are old 
friends of ours. 

0. Sphere 

This is a special case of the surfaces of the first group, but it surely deserves 
special mention. As we know, for the sphere of radius R, the normal map v 
is just -1 /R times the identity (choosing the inward pointing normal, as on 
pg. 11.52); every point is umbilic, the principal curvatures are 1 / R, and K = 
\/R l ,H=\/2R. 



1. Ellipsoid 

This surface has the equation 


* 2 >> 2 z 2 
u i 1 

a 2 b 2 c 2 


= 1 . 


The planes perpendicular to an axis intersect the surface in a family of similar 
ellipses. 



Choosing 


1 ( x 2 y 2 z 1 \ 


Wi(x,y,z) = 


VU 2 (-v, r) = 


W 3 (x,y,z) = 
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/ 1/a 2 0 0 \ 

(W u ) = I 0 \/b 2 0 

V 0 0 1/c 2 / 

and applying (***) on page 140, vve have 

1 (x 2 y 2 z 2 \ 

K = o 2 /^ 2 ' W + M + ^J 


Problem 7 casts this into a more useful form, which among other things allows 
us to see immediately that the maximum and minimum Gaussian curvatures 
occur at the expected places. 

Using (D"), we find that (x, y,z ) is an umbilic if and only if 


/ x/a 2 

ax/a 2 

a\ 

det I y/b 2 

ai/b 2 

a 2 

V :/c 2 

a s/c 2 

a 3 


a\X a 2 y a 3 z 

= 0 for all a \ , a 2 , a 3 with — r- + —ry H t = 

a z b l c z 


If a > b > c > 0, then there turn out to be exactly four umbilics on M 
(Problem 9). If, on the other hand, we are dealing with an ellipse ol rotation, 
then there will be two whole circles of umbilics. 


2. Elliptic Hyperboloid (of one sheet) 
The equation now is 


Planes perpendicular to the z-axis intersect the surface in similar ellipses, while 
planes perpendicular to the other axes intersect it in hyperbolas. When a = b, 
it may be obtained by revolving a hyperbola around the r-axis (hyperboloid ol 
revolution). 
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This surface is a ruled surface] In fact, it is doubly ruled: it may be parameter- 
ized as 

f(s,t) = (a cos s, b sin 5,0) +t{-a sins, b cos.?, c) 

' n /(•*, t) = (a cos s, b sin s, 0 ) + t(a sin s, -b cos s, c). 

In each case the rulings pass through the ellipse x 2 /a 2 + v 2 /b 2 = 1, z — 0 
and are perpendicular to the radius vector to that point. For a hyperboloid of 




revolution, it is possible to demonstrate this ruling dramatically with apparatus 
like that pictured below. (The general elliptic hyperboloid must then also be 
ruled, since it is the image of an hyperboloid of revolution under a linear map 
(x, y,z) m>- (ax,Py,z).) 





To compute K, we choose a W similar to that for the ellipsoid, and obtain 

y 


W\ = 


W-> = 


Wt, = 


(W u ) = 

1 hen K turns out to be precisely 

-1 



K = 


(x 2 ^ ^^-2 

■ 2 U 4 + b 4 + C 4 ) 


a 2 b 2 , 

Since K is negative, there are, of course, no umbilics. 
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3. Elliptic Hyperboloid (of two sheets) 

The equation is 

x 2 y 2 z 2 _ _ 

a 2 h 2 c 2 

It is still true that planes perpendicular to the z-axis intersect the surface in 
ellipses (when they intersect it at all), while planes perpendicular to the other 
axes intersect it in hyperbolas. However, the surface looks quite different. 



To compute K we choose a W which differs only by a constant from the W 
for the elliptic hyperboloid of one sheet. The computations are then precisely 
the same, except that the factor x 2 /a~ + y 2 /b 2 — z 2 /c 2 which appears is now 
equal to — 1. So we get 

x-— f- + - + -V 2 

a 2 b 2 c 2 V« 4 b 4 c 4 ) 


Again there are four umbilics (Problem 9). 


4. Elliptic Paraboloid 
The equation is simply 


x 2 y 2 

Z = —r + TX- 




b 2 


Planes perpendicular to the z-axis intersect the surface in similar ellipses. Planes 
perpendicular to the other axes intersect it in parabolas. When a — b we have 
a paraboloid of revolution. 
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Computations are especially simple: 


W{x,y,z) 






Wj = — 


1 

2 


/1/a 2 0 0\ 

Wj)= I 0 \/b 2 0 

V o oo/ 


K = 


1 

4 a 2 b 2 


x 2 y 2 


b 4 



There are two umbilics (Problem 10). 


5. Hyperbolic Paraboloid 
Here the equation is 


z = 



y 


2 


b 2 ' 


Planes perpendicular to the y-axis intersect the surface in parabolas, and planes 
perpendicular to the x-axis intersect the surface in parabolas pointing the other 
way. Planes perpendicular to the z-axis intersect the surface in hyperbolas point- 
ing in one direction when the plane lies above the (x, y)-pl ane > and in the other 
direction when the plane lies below the (x, >’)-phi ne ; the (x,>’)-plane itself in- 
tersects the surface in two intersecting straight lines. 




This surface is also doubly ruled. It may be parameterized as 

f{s,t) = (as,0,s 2 ) + t(a,b,2s) or f(s,t) = {as,0,s 2 ) + t(a,—b,2s). 

[It is a classical result that all doubly ruled surfaces with K < 0 are quadratic. 
An elementary, somewhat unsatisfying proof is given in Problem 1 1; a nice proof 
can be given (Problem 4-16) by means of affine surface theory, which shouldn’t 
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be too surprising, since the property of being doubly ruled is invariant under 
affine maps.] 

For computations we choose 


1 f x 2 y 2 \ 
= J2 -J2 -*) 



IV SURFACES OF REVOLUTION 

These are the surfaces obtained by starting with a curve (the profile curve), 
lying in the right half of the (x,z)-plane, and revolving it about the z-axis. If 



the curve intersects the z-axis, it must do so at a right angle. As illustrated in 
the figure at the top of the next page, the surface is parameterized by 

f(sj) = (cj (s ) cos /, cm U) sin/, C 2 (■?))■ 

The curves 5 = constant are called parallels and the curves t = constant are 
called meridians. 
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By (A) we compute 


( 1 ) 


Since F — m = 0, the tangent vectors of parallels and meridians point in the 
directions of the principal curvatures; we can use equations (G) to find directly 
that the principal curvatures are 
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It will be useful for us to consider the special case where c(i') — (gU),.?). Then 
we find that 




c(s) = (g(s),s) 
(The profile curve 
is the graph of a 
function of 2 in 
the (z, x) -plane.) 


It is also useful to consider the canonical parameterization, where \c'\ 2 = (ci') 2 + 
(c 2 ') 2 = 1. Then also C\C\" + c{c 2 = 0, so we find 



It is interesting to note that we can obtain all these results in a purely geo- 
metric way without any calculations. We first observe that the normals to 
the surface along the profile curve c lie in the (x,z)-plane. This means that 



the derivative of v along the profile curve also lies in the (x,z)-plane. Since 
it must also be tangent to the surface, it is a multiple of c'. Thus c' is one 
eigenvector for — dv. The corresponding eigenvalue is also easy to find. We 
notice first that our choice of N as ( f\ x fO!\f\ x ./ 2 I makes v inward pointing; 
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so along c, the vector v is just the normal n of c. Therefore — dv(c') — — n' = 
k ■ c' (from the Serret-Frenet formulas for plane curves), and the eigenvalue is 
just the curvature of c. Comparing the formula for A me ridian i n (2) with the 
formula on pg. 11.8, we see that this is precisely what we have obtained in the 
calculations. 

We next consider the outward pointing normal — v along a parallel. This 
makes a constant angle 6 with the z-axis, so in S 1 2 it traces out a circle, of radius 



will be a vector with 3 rd component 0, and perpendicular to the radius vector. 
It is therefore a multiple of the tangent vector of the parallel. If we parameterize 
our parallel so that we go once around in time 2 ji, then its tangent vector has 
length a = radius of the parallel. In the same time, the vector — v goes once 
around a circle of radius sin 0, so its tangent vector has length sin 6. This shows 
that the corresponding eigenvalue is A sin 6, which is precisely what the formula 
for A' p ara iiei in (2) gives. 

Now let us take some particular cases. We begin with the most familiar 
example (after cylinders, cones, and spheres). 

1 . Torus 

We rotate a circle of radius r around the z-axis so that its center traces out 
a circle of radius R. Measuring angles 6 around the little circle clockwise from 
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the z-axis, we see that the principal curvatures are: 


- = curvature of circle of radius r 
r 

sin 9 . . 

— ; , since a = /< + r sin d. 

R + r sin 0 

In particular, as suspected, K > 0 on the outer half of the torus, and K < 0 on 



the inner half. Notice that the principal curvatures can never be equal, so there 
are no umbilics. 

2 . Catenoid 

This surface, which we have already met in Volume I, Chapter 9, but not yet 
been formally introduced to, is obtained by revolving a catenary, with equation 
jc = a cosh(z/o) = g(z), around the z-axis. 



Since 


cosh' z — 


e z — e 1 


1 + (cosh' z) 2 = 1 + 


e + e 

— sinh z, cosh z = = cosh z 

2 

e 2z — 2 + e 2z 1 e 2z , , . 7 


= j + ~Y = (cosh r) ’ 
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formulas (3) give us 


— cosh - 
a a 


-1 


1 meridian — 


cosh 


2 Z 


n3 /2 2 Z 

a cosh - 
a 

1 


1 


■ parallel 


a cosh — 

a L 


cosh" - 


l’/ 2 ,2 Z 

a cosh - 
a 


H = 0, 


K 


-1 


a 1 cosh 4 - 
a 


Clearly -\/a 2 < K < 0, with K = -1/a 2 on the inner circle z = 0, and K 0 
as z — » ±oo. 

It is also useful to find the canonical parameterization for the catenoid; we 
take the case a = 1. For c(u) — (coshw, u), we have 


length of c from 0 to u 



1 + (cosh' v ) 2 dv = 



cosh v dv = sinh u, 


so we want to take the curve 

y(s) = c(sinh _1 ( 5 )) = (cosh(sinh _l ( 5 )), sinh -1 (s)) 

= (\/l + s 2 , sinh _, (5)) [see Problem 1. 9-20 (d)]. 

We then have, by formulas (4), 

E = 1 F = 0 G = \ +s 2 

-1 

K= (1+s 2 ) 2 ' 


3. Rotation Surfaces of Constant Curvature 
We consider surfaces of revolution with canonical parameterization 

f(s,t) - (g(s)cost, g(s)smt, h(s)), (g') 2 + Ui') 2 = F 

and among these seek the ones with constant K. According to equations (4) we 
have 




162 


Chapter 3 


Case 1 . K — 0 

Then g(s) = as + h. If a ^ 0, then we can assume that h = 0, since this 
merely amounts to renaming the parameter s. To have ( g ') 2 + (h') 2 — 1 we 
take 


g(s) - as 

rS 

h(s) = I \/ 1 — a 2 dt — ±5 \/ 1 - a 1 

Jo 


| g(.v) = 0 ■ s + b 
| h(s) — s 


(changing h by a constant merely amounts to translating the profile curve along 
the z-axis); clearly we must have |a| < 1. For a = 0 we obtain a cylinder, for 
\a\ = 1 a plane, and for 0 < \a\ < 1 a cone. 



\/l - a 2 


a 


Case 2. K > 0 

For simplicity, we take the case K = 1 . We have to find g satisfying = 0. 

The general solution, g(s) = a\ cos s + ai sin s, can also be written 

g(s) = a cos(s + b). 

We can always assume b = 0, and we take 
g(s) = a cos s 

rS rS 

h(s) = ± / y / 1 — g'(t) 2 dt = ± / v^l — a 2 sin 2 t dt. 

Jo ' Jo 

For a = 1 w r e obtain the sphere of radius 1 . 

For a < 1, the integrand in the expression for h is always real, and the only 
restriction on our formulas is that g(s ) must be > 0. We can take 0 < s < jt/2; 
the resulting profile curve can be expressed in terms of elliptic integrals. 
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For a > 1, we must restrict s to 0 < s < arcsin l /a for the integrand to be 
real. At the endpoint of the interval, h' is 0, so the profile curve has horizontal 
tangents; once again, elliptic integrals are involved. 



Case 3. K < 0 

We take the case K = — 1. The general solution of g" — g — 0 is 

g(s) = ae s + be~ s . 

Suppose first that one of a, b is 0. We can assume that b = 0, since chang- 
ing s to —s interchanges a and b. We might as well assume a > 0, since 
changing a to —a just changes the profile curve to its mirror image. Finally, we 
can assume a = 1, since changing s to s + Sq multiplies a by e s °. So we take 

g(s) = e s 

h(s) = ± f 
Jo 

we clearly need e ls < 1, and therefore g(s) < 1. The resulting surface is called 
a pseudosphere. Its profile curve was known to mathematicians long before the 
advent of differential geometry. Since s is the parameterization by arclength, 
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the angle <p in the picture below satisfies 

• , „ g'is) 


sin <p = cos 9 = 


/ l?'('0] 2 + Wuyp- 


= g'(s) = e s . 



So AB has constant length 

~AB 


g(s) 

sin 0 



If one started at (0, 0) and walked along the ^-axis pulling a wagon that started 
at (1,0) and had a handle oflength 1, then the wagon would follow this curve, 
which is therefore called a tractrix (Latin: trahere, tractum to draw). The upper 
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half of the tractrix is the graph of the function 


fix) = 



1 — e 2t dt 



— du 
u 


= \J\ — x 2 — cosh 1 


1 

.X 


Now suppose that a,b f 0. Since changing s to s + so multiplies a and b by 
different constants, we can assume that either a — — b or a — b. 

In the case a = —b we can assume a > 0 (by changing s to —s and thereby 
interchanging a and b ). So we take 

gds) = a(e s — e~ s ) = 2 a sinhs 

ps 

h(s) = ± / \/ 1 — 4 a 2 cosh 2 t dt : 

Jo 

we need 0 < 2a < 1 and 1 < cosh s < 1/2 a, so that 0 < s < cosh -1 l/2a and 
0 < g(s) < yj 1 — 4a 2 . These functions can also be expressed in terms of elliptic 
integrals. 




In case a = b, we can assume both are positive, since changing the sign of 
both changes the profile curve to its mirror image. So we take 

g(s) — 2a cosh s 

h(s) = ± f \/l — 4c/ 2 sinh 2 t dt; 

Jo 
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These results about surfaces of revolution may be compared with the remarks 
made by Riemann in section 11.5 of his Inaugural Lecture (pg. 11.159). 

4. A Classical Counterexample 

Consider the surface of revolution 

f (s,t) — (s sin /, s cos t, log s). 



Formulas (1) and (2) give 





-1 

(1 +s 2 ) 2 ' 
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On the other hand, interchanging the role of s and t in the parameterization 
of the helicoid (page 150), we see that g(s,t) = (scost, ssinf, t) has 

E = 1 F = 0 G = 1 + U 


i v — _ _ . 

( 1 + 52)2 

Consequently, the map f{s,t) i->- g(s,t ) preserves K, but is not an isometry; 
in fact, there is clearly no local isometry between the two surfaces, since the 
s -parameters would have to correspond to preserve K, and then E would not 
be preserved. 


V MINIMAL SURFACES 

A whole branch of mathematics is devoted to the study of surfaces with mean 
curvature H = 0. As we shall show in Chapter 9, this condition is precisely the 
one which must be satisfied by a surface which is a critical point for the area 
function among all surfaces with the same boundary curve c. In particular, if a 



surface has minimum area among those with c as boundary, then it must satisfy 
the condition H — 0. For this reason, surfaces with mean curvature H = 0 are 
called minimal. 

We have already met two minimal surfaces in our survey, the helicoid and the 
catenoid. They, in fact, were the first two non-planar minimal surfaces to be 
discovered (by Meusnier), and we are led to them directly if we seek minimal 
surfaces among other known classes of surfaces. 
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Let us consider first the surfaces of revolution. If our profile curve is a straight 
line perpendicular to the r-axis, we obtain a plane. Otherwise, some portion 
of the curve can be represented by c(.t) = (g(s),s). Using formulas (3) on 



page 158, we find that H = 0 when 

1 + ( h') 2 - hh" = 0 . 

This is precisely the equation we obtained on pg. 1.321, when we were actually 
finding the minimum area of a surface of revolution. We found there that the 
solutions are 

z + b 

g(z) = a cosh — . 

a 

This result applies only to a portion of the surface, but a simple least upper 
bound argument shows that if a connected profile curve has this form some- 
where, then it must have it everywhere (and in particular cannot also contain 
part of a line perpendicular to the z-axis). We have thus shown that: 

Any connected minimal surface of revolution is part of a plane or a catenoid. 


We consider next the ruled surface 


/CM) = <J(s) + t&(s) 

|S| = ia'l = i, (o\V) = o 

[6, o' linearly independent]. 

Then we have 

/, = a ' + (S' h = S 
fll — o" + t8" / 22 = 0 

fn = S' 

F = (6, o') G = 1; let W = JEG - F 2 


l = -det \ o' + t8' 


m = — det o' + (S’ 

w l s 


n = 0. 
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So equations (B) show that H = 0 when 

8 ' 


' a" + t8 h 


0 = —2(8, a') det I o' + t8' + det o' + t8' I . 


8 


8 


Using multilinearity of det as a function of its rows, and noting that the coeffi- 
cient of each power of t must vanish, we obtain 

'«T 

(1) (8, o') det I o' I = 0 (2) det I 8' 1 + det I o' I = 0 (3) det I 8’ 1 = 0. 


Equation (3) shows that 8" is a linear combination of 5 and 8'. But we also have 
(8', S') = 1 =► (S', 8") =0 

(f8) = 1 =► (8, S') = 0 =► <«',«') + <M"> = 0 =► («,«") = -l, 

which shows that 

8 " = - 8 . 


This means that —8 is the normal n of the curve 8, and that the curvature of 5 
is k = 1. Also, b = txn = <$'x —8, so 

b' = -($' x 8)' = ~(8' x 5') - (8" x 8) = 0. 

Thus t = 0, and 8 is a plane curve. Since it lies in S 2 , and has curvature 1, it 
must be a circle of radius 1. We can assume therefore that 

5(5) = (cos s, sin ^,0). 

Now in equation (2), the second determinant is already 0, so we find that o" 
is a linear combination of 8,8’, which means that a" lies in the (x, >’)-plane. 
So a must be of the form 

o(s) = (a(s)f(s),bs + a) =>• a'(s) = (a'(s),fi'(s),b). 

We might as well assume that a = 0, since this just amounts to a translation 
along the z-axis. 

Now consider equation (1), which says that a certain product is 0. If the second 
factor is 0 for some so, then a'Uo) must be a linear combination of <S(so), T(so), 
so b = 0. In this case, all rulings a(s) + t8(s) lie in a plane, and our surface is 
just the plane. If b f 0, then for all s we must have 

0 = (S(s),a'(5)) = a'Ujcoss + f(s)sins 
0 = {(^(s), cd(s)) = — ot'(s) sin s + P'(s) coss. 

So a' = = 0, i.e., a and ft are constants, and our surface is given by 

f(s,t) = (a + t cos s, + t sins, bs). 

A translation in the (.v, y) - pl an e changes a and ft to 0, and we obtain the 
helicoid. 
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Our analysis has left a few points in doubt, because the standard parameter- 
ization with which we began is possible only when the directions of the rulings 
of our ruled surface are always changing. When the directions of the rulings are 
never changing we obtain a generalized cylinder, which is minimal only if it is a 
plane. As before, a least upper bound argument shows that if S' f 0 on some 
interval, so that we do have a helicoid on this interval, then S' f 0 everywhere. 
We have thus shown that: 

Any connected minimal ruled surface is part of a plane or a helicoid. 

It is, of course, not particularly surprising that each of these families of surfaces 
contains only one non-planar minimal surface. But it is rather surprising that 
these two surfaces, the catenoid and the helicoid , are locally isometric. To prove this, 
we merely recall (page 167) that 

the helicoid f(s,t) = (scost, s sin t,t) has E = 1 F = 0 G = 1 + s 2 , 
while (page 161) 

the catenoid g(s, t) = (i/l + s 2 cost, \/ 1 + s 2 sint, sinh -1 ^)) also has 
E = 1 F - 0 G = 1 +s 2 . 

The isometry, taking f(s,t ) to g(s, t), carries 

rulings of the helicoid to meridians of the catenoid ( t constant) 
helices of the helicoid to parallels of the catenoid (s f 0 constant) 
z-axis of the helicoid to center circle of the catenoid ( s = 0). 
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Actually, we can do a lot better than this: it is possible to deform one of these 
surfaces into the other by means of a 1 -parameter family of isometric surfaces: 








Although we could write down an explicit formula for this 1 -parameter family, 
it will come out very naturally in Chapter 9. 

The example of the helicoid and catenoid also shows that two immersions, 
/, / : M 2 — >■ M 3 with the same gjj (and therefore also the same K) as well as the 
same H need not differ by a Euclidean motion of M 3 — one needs to know the 
lij themselves, not just trace(/,y) and det(/,y) [or equivalently the eigenvalues of 
(///)], in order to determine the surface. 

The first minimal surface to be discovered after the catenoid and helicoid was 

1. Scherk's Minimal Surface 
This is the surface M defined by 


e cos.y = cosj\ 
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If we define W : R 3 — > E by 

W{x,y,z) — e z cosx — cosj, 


then the three vectors 

W\(x,y,z) = — e z sinx W 2 &, y,z) = sin y Wi(x,y,z) = e z cosx 

are never all 0, so VK — 1 (0) is a surface, which is orientable since it has a well- 
defined normal, as on page 138. The lines x = n/2 + mn and y = n/2 + mn , 
for me Z, divide K 2 into squares, and those where cos x cos y > 0 form a 
checkerboard pattern. Since e z > 0, there are clearly no points of M over the 


1. P-Q4, N-KB3 

2. N-Q2, P-K4 

3. PxP, N-N5 

4. P-KR3, N-K6 

5. Resign 

_ _ ZL ZL — — ZZL iZL 

2 2 2 2 2 2 2 

“white” squares. Over the vertices of the squares, where cosx = cos y = 0, we 
have perpendicular lines, since 2 can have any value. Over the “black” squares, 
we can solve explicitly for z, 
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The surface is made up of infinitely many of these structural units. 



U 



The small portion of the surface pictured above is simply homeomorphic 
to a cylinder (with a very floppy side), and there is an obvious closed curve c 
connecting the four saddle points which represents a non-trivial element of the 
fundamental group. Moreover, this curve c does not disconnect the (complete) 
surface. To see this, note that just as the vertical line L\ can be connected to 
the line L 2 by a curve lying in the two adjacent units which share the common 
edge L ', so lines L 3 and L 4 can be connected by a curve lying in two adjacent 
units (not drawn in the picture). But L 3 and L 4 can be connected to points 
which lie on (apparently) opposite sides of the curv e c. 

Similarly, we easily see that the surface actually has “infinite genus (infinitely 
many closed curves may be removed from it without disconnecting it). It also 
has only one end. But it is known that two orientable surfaces with the same 
genus and the same space of ends are homeomorphic, so our surface must be 
homeomorphic to surface (A) in Problem 1. 1-20. 
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2. Enneper’s Minimal Surface 
This surface is parameterized by 


/(«, v) 



3 2 

U U V 



3 2 

l> V U L V 
2 + ~6 - ~ 2 ~’ 



A computation from equations (A) and (B) shows that H = 0. Of course, at 
present it is pretty hard to see how any one ever thought of this example, but in 
Chapter 9 we will see that in a certain sense it is the simplest minimal surface. 

In the figure below, showing the image of / on [—2.5, 2.5] x [—2.5, 2.5], the 
top portion is seen almost completely from the side, while the bottom portion 



is seen almost head on. The surface is taken into itself by the map 

(v, v,r) ( v,.y, -z), 

with the line AB corresponding to the line CD. 

Since the surface is the graph of a function, it is merely an immersed plane, 
and its structure can perhaps be better understood from the series of pictures 
on the next page, which show a saddle surface being deformed into a surface 
of the same type as Enneper’s surface. 
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ADDENDUM 

ENVELOPES OF 1 -PARAMETER FAMILIES OF PLANES 


In classical differential geometry, a central role was played by the notion 
of the envelope of a family of curves or surfaces. A careful treatment of this 
topic involves many delicate points, which to be sure were rather indelicately 
handled by classical geometers. However, the study of envelopes played such an 
important role in the evolution of the concept of a connection that a sketch of 
its essential features seems in order; the ideas developed here will also be used 
on a couple of later occasions. 

Consider first a 1-parameter family a of curves in the plane, given by a(u) = 
t a(u,t ) for some C°° function a: [0, 1] x [0, 1] — > M 2 . An envelope of this 
family is defined to be a curve c which is not a member of this family but which 
is tangent to some member of the family at every point. Unfortunately, it often 



turns out that the envelope of a perfectly nice family of curves has a cusp or 
something worse; but for the time being we won't worry too much about this. 
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The classical way of finding the envelope of a was very geometric. For each u, 
we let c(u ) be the limit, as s —*■ 0, of the intersection of a(u ) and a(u + e): the 



envelope consists of the “intersections of members of the family with another 
member infinitely close to it”. The picture below shows that this idea can run 
into some serious difficulties. Nevertheless, it often works out rather well in 



particular cases, and even in the general case it leads us to the proper analytic 
condition, when we argue as follows. 

Let us consider first the case where our curves a(u) are all expressed as the 
graphs of functions; thus there is a function (u, x) i— »• f(u,x) such that ot(u, t) = 
(t, f(u, t)). Suppose that the curve ot(u) intersects the curve a(u+h) at the point 
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(x h ,f{u,x h )) = (x h ,f(u + /i,x h )). 

Then we have 

Q _ f{u + h,x h ) ~ f(u,Xh) 

h 

Assuming that Xh approaches a number x(u) as h — »• 0, we find that x(u) must 
be a point for which 

(*) D\f(u,x(u)) — 0. 

If we find the points x(u ) for all u, then the envelope should be the curve 
consisting of all points (x(u), f(u, x(u))). 

If we are given a general family a , not necessarily expressed as graphs of 
functions, then we can introduce the function / in two steps. We first determine 
t{u, x) so that 

(1) a x (u, t(u,x)) = x, 
and then define 

(2) f(u,x)=a 2 (u,t(u,x)). 

Then equation (*) becomes 

(3) 0 = D t a 2 (u,t(u,x)) + D 2 a 2 (u,t(u,x)) ■ D\t(u,x), 
while equation (1) gives 

D\a x {u,t{u,x)) + D 2 a' (u,t(u,x)) ■ D\t(u,x) = 0, 

D\a x 

D x t(u,x) = — r(u,t(u,x)). 

D 2 a' 

Substituting this into (3), we obtain 

[ D\a 2 ■ D 2 a x — D\a x ■ D 2 a 2 ](u,t(u,x)) = 0. 

Thus we find that the envelope should consist of points a(u,t ) where ( uj ) 
satisfies (**) 

(**) 


det(Z),Qd («,/)) = 0. 
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Now even without resorting to the motivating geometric construction, it is 
clear that if there is an envelope of the family a, then it must be a subset of the 
points a(u, t) for which (u, t) satisfies (**). For, if the determinant in (**) is non- 
zero, then a is an immersion at («,?), and the curves a(u ) form a foliation of 
a neighborhood of a(u,t)\ consequently, the only curve through a(u,t) which 



is tangent to some curve of the family at each point is a(u) itself, which means 
that a(u,t) cannot be a point of an envelope. 

Similar considerations will apply to 1 -parameter families of surfaces in space. 
In particular, the geometric construction will be found quite useful when we 
consider 1-parameter families of planes. A plane P can be described as 

{x g M 3 : a\ x\ + 02*2 + 03*3 = («, x) — d) 

for some number d, and some {a\ , 02 , # 3 ) f 0, which we might as well assume is 
a unit vector. (Choosing the point (xj , X 2 , xj ) € P closest to 0, and noting that it 
must be a multiple of a, we see that d is just the distance from 0 to P, provided 
that a is picked so that it points in the direction of points further from 0). 
So a 1-parameter family of planes amounts to two functions a : M -> S~ and 
d : M — »• R. Obviously if a' = 0, so that a is constant, then we obtain a family 
of parallel planes, and there is no envelope. Let us assume that, in fact, a' is 
never 0. Then any two nearby planes, corresponding to u < v, must intersect in 
a straight line, and all x on this line satisfy 

YaiWxt ~ d(u) = YatWx, — d(v) = 0. 

/ i 

Applying Rolle’s Theorem to 

s i-» + s[v — u])Xj — d(u + ,v[c — m]) on [0, 1], 

i 

we find that 


J2a i '(l;)x i -d\i;)=0 

i 

for some f (depending on x) between u and v. 


( 1 ) 
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It follows that as v — > u, this line approaches the line satisfying 

j (a(u),x) = d{u) 

I (a'(u),x) = d'(u) 

(note that a e S 2 implies that a' is perpendicular to a, so the planes given by 
these two equations are not parallel). 

The line determined by (*) is called the characteristic line of the plane deter- 
mined by m; its direction is a(u) x a'(u). If ( a x a')' = 0, so that all characteristic 
lines are parallel, then the envelope will be the generalized cylinder formed by 
all these characteristic lines, provided this actually exists (it could happen, for 
example, that all characteristic lines are the same, in which case no envelope 
would exist). Let us assume that, in fact, (a x a')' is never 0. Then any three 
nearby planes, corresponding to u < v < w, must have linearly independent 
a (m ) , a ( v ) , a ( w ) , so the planes corresponding to u,v,w must intersect at a point 
(*1 j* 2 5 *3)- This point must satisfy (1) and an analogous condition for v,w: 

- d'(l) = 0 

i 

for some £ between v and w. 

Arguing as before, we see that 

^ a"{r})Xi - d"(rj) = 0 
i 

for some i] between £ and £. 

It follows that as v,w — > u, this point approaches the point c(u ) satisfying 

( (a(u),c(u)) = d(u) 

(**) | (a'(u),c{u)) = d'(u) 

| (a"(u),c(u)) - d"(u). 

The point c(u) determined by (**) is called the characteristic point of the 
plane determined bv u. and lies on its characteristic line. It is possible that 
c' = 0. so that c is a point. In this case, the envelope is the generalized cone 
formed bv all the characteristic lines with c as vertex. Let us assume that, in 
fact. <■’ exists and is never 0. Differentiating the first two equations of (**) gives 

{a\u). c(u)) + («(?/), c'(t/)) = r/'fiO, hence (2) (a(u).c'(u)) = 0 

(a"(u), c(u)) + {«'(//). c'(u)) = d"(u), hence (3) (a'(u).c'(u)) = 0. 
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Differentiating (2) then gives 

(a'(u), c\u)) + {a(u),c"(u)) = 0, 
which together with (3) gives 
(4) (a(u), c"(u)) = 0. 


We thus have: 

c(u) is the characteristic point of the plane determined by u 
c'(u) has the same direction as the characteristic line (*) 

[by (2) and (3)] 

c"(u) is in a plane parallel to the plane determined by u 
[by (4)]. 

So the plane determined by u is the osculating plane of c, and the tangent developable of c 
is the envelope of the family. Each plane of the family is tangent to this developable 
along the points where it intersects it, namely along its characteristic line. (For 
all this to work, of course, we need c" to be non-zero.) 

To sum things up, a 1 -parameter family of planes “in general” has an enve- 
lope, which is either a generalized cylinder, a generalized cone, or the tangent 
developable of a curve. This well-known fact from classical differential geome- 
try was precisely what gave Levi-Civita the clue for defining parallel translation 
in a Riemannian-manifold. He first observed that since generalized cylinders, 
generalized cones, and tangent developables are locally isometric to the plane, 
it makes sense to talk about parallel vector fields in these surfaces— they are just 
the images, under the local isometry, of parallel vector fields in the plane. 

Now suppose that we are given a curve c on an arbitrary surface M. Consider 
the 1 -parameter family of planes formed by the tangent planes M c ( u ). This 
family “generally speaking” has an envelope N, which is a generalized cylinder 
or cone, or the tangent developable to some (other) curve; and the tangent space 
of N is the same as that of M all along the curve c. So we can define a vector 
field V u to be parallel along c in M if it is parallel along c in N. Once Levi- 
Civita had this definition of parallel vector fields along a curve c in M it was 
not hard to derive the usual equation for it, in terms of the Christoffel symbols. 
This equation shows that parallelism does not depend on the imbedding, and 
can be used to define parallel vector fields along a curve in any Riemannian 
manifold, of any dimension. 
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PROBLEMS 

1. If a\f\ +6(2/2 is a principal vector, then 

(i ■/)(: :)(::)-+) 

for some A.. Write the two equations which this gives, and divide by a\ and a 2 , 
respectively, to obtain two expressions for A.. From this derive equation (D) (and 
then check that it holds also for ci\ or 6(2 = 0). 

2. Let / : V — »■ M be a linear function on a (possibly infinite-dimensional) 
vector space V. 

(a) If ui,t>2 e V, then /( iqftq — f{vi)v\ e ker /. 

(b) We can write V = ker / © VF, where VF is 1 -dimensional. 

(c) If g : F -* M is a linear function with ker / C ker g, then g = Xf for some 
let. 

(d) If g, f \, . . . , fk : F -* M and f)/ ker /• C ker g, then g = J2i hfi for some 
Xt e M. 

3. Let the Jacobian of f : W 1 —>■ R k have rank k on / -l (0), so that M = 
/“’( 0) is a submanifold of M" of dimension n — k. Let g: M — > M be differ- 
entiable, and suppose that g has a maximum at p e M. 

(a) M p = Hti ker df l , where df l : -> M. 

(b) If X p e M p then dg(X p ) = 0. Hint : X p = c/0) for some curve c in M. 

(c) Use Problem 2 to conclude that there are A.), . . . , X^ with 

k 

Djg = ^XiDjf' for y = 1 . 

1=1 

4. (a) For the ruled surface f(s, t) — c(s) + (8(s), show that m — (c',8 x S'), 
and 

EG - F 2 = {8,8) ■ (c' + tS',c' + t8') - {c' + (8',8) 2 . 

(b) If 9 is the angle between 8 and c' + t8', then 

(8, 8) ■ (c' + (S', c' + 18 ') ■ cos 2 9 = { 8 , c' + tS') 2 . 

So EG - F 2 = EG sin 2 9 = \(c' + t8') x <5| 2 . 

(c) For the standard parameterization, show that 

a' x 8 = (a', 8x8')- S', 
and deduce the formula for K on page 148. 
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5. (a) Let a,b € R 2 and let v, w e M 3 be non-parallel vectors. If a + tov and 
b + Uw are the points on the lines {a + tv) and {b + tw) which are closest to 
each other, then the line from a + tov to b + t\ w must be perpendicular to both v 
and w. Conclude that 

fo _ w ) ~ ( a ~b,v) - (w, v) ■ (a - b, w) 

(v,w ) 2 - (w, w) ■ ( v , v) 

(b) Consider the ruled surface c(s) + t8(s) with |£| = 1. If the point P(e) on 

page 147 is e(5) + f( £ )^(i), then 

/( e ) _ ( f (^) ~ c(s + s),8(s)) - +e)) • (c(s) - c(s + e),8(s + e)) 

(S(s),S(s +g)) 2 - l ~ • 

Use L’Hopital’s rule to show that 


lim t(e) 




(c) The striction curve of the tangent developable of c is c. 

(d) The striction curve of the hyperboloid of revolution 



is the central circle. (Notice that in each case the tangent vector of the striction 
curve at a point is not perpendicular to the generator through that point, even 
though the striction curve is the limit of common perpendiculars to generators.) 

6. (a) Modify Proposition II. 4-1 4 as follows: If ( , ) is any (possibly degenerate) 
inner product on M”, then there is a basis of K" which is orthogonal for ( , ) 
and orthonormal with respect to the usual inner product. 

(b) Consider a quadric {(*,, .v 2 ,v 3 ) : £,y a ijXi Xj + £ ( . b iXi +c = 0}. Show 
that some rotation of R 3 takes this into a set of the form 

{(■Xi,-V2,* 3 ) : 011 x ‘ 2 + 12 i P>' Xi + Y = o}. 

(c) Show that a translation can be used to make /}; = 0 if a,- ^ 0. Conclude 
that the quadric is an ellipsoid or hyperboloid of one or two sheets (or 0), if all 

^ °; and k is an elliptic or hyperbolic paraboloid if just one a, = 0. Show 
that all other cases are lines, planes, or cylinders over parabolas, ellipses and 
hyperbolas. 
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7. Let M C l 3 be a surface with unit normal v : M 

support function h of M by 

h(p) = ~{p,v(p))- 


£ 3 . We define the 


(a) Show that \h(p)\ = distance from 0 to M p , and that h(p) > 0 if and only if 
v(p) points toward the side of M p which contains 0. 

(b) For the ellipsoid W -1 (0), where W(x,y,z) = \{x 2 /a 2 +y 2 /b 2 +z 2 /c 2 - 1), 
show that 

h(x,y,z) = — for Z = (W\, W 2 , Wi)(x,y,z). 


Conclude that 


K = 


h 4 


a 2 b 2 c 2 ’ 

and locate the points of maximum and minimum curvature. 

(c) For the elliptic hyperboloids of one and two sheets, show that 

— h 4 . „ h 4 . , 

respectively. 


K = 


and 


K 


a 2 b 2 c 2 " a 2 b 2 c 2 ' 

8. Let M C M 3 be an imbedded surface such that v : M — > S' 2 is one-one. For 
£ e S 2 , let 

/?(§) = /t(v _1 (§)), 

where h is the support function of M. 

(a) The tangent plane at v _l (§) is 


so 


{*eR 3 :£sV = />(£)}, 

' 7 = 1 


=P&- 

7=1 


(b) For ,y e IR 3 — {0}, let 


P(x) = |.Y | ■ p 


Then 


= [V 1 (— Yf + yy . 

dx 1 L V I -v | / J 


(h) 

HS)!' 


dx' 


■in) 


The vanishing of the second term is equivalent to the assertion that 
3[v _1 (.y/|.y|)]/3.y' is tangent to M at v _1 (.y/|a'|). Note that v _1 (.y/|.y|) e M 
for all .Y. 
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9 . (a) The determinant on page 152 equals 

xa 2 a->,{c 2 — b 2 ) + ya\as(a 2 - c 2 ) + :a\a 2 (b 2 — a 2 ). 

By sign considerations, show that for a > b > c > 0 there is no umbilic with 
y f 0. Then show that there are four umbilics, with coordinates 



(b) Similarly, find the four umbilics on the elliptic hyperboloid of two sheets. 

10 . Find the umbilics on the elliptic paraboloid by using formulas (E'). [There 
are two if a f b, and one if a = b .] 

11. (a) Let M be a doubly ruled non-flat surface, and choose three mutually 
skew straight lines L\, L 2 , Lt, from the first family of rulings. Show that there 
is a unique family of straight lines which intersect all three of L\, L 2 , L 3. 

(b) Show that three mutually skew lines L\,L 2 ,Li lie on some quadric, and 
conclude that M is this quadric. 

12 . Let M C R 3 be a surface with normal map v. Then {p + ev{p) : p e M} 
is called a parallel surface M of M. We have a map / : M —* M given by 
fip) = p + sv(p). 

(a) If X is a tangent vector of M, then fX = X +edv{X) [identifying tangent 
vectors with elements of R 3 as usual]. Hence / is an immersion if e f 1 /Ay 
for either principal curvature kj at any point p of M. In particular, if M is 
compact, then M is a surface for small enough s. (One could also use Theorem 
1.9-20.) 

(b) The normal v at p+ev(p ) is just v(p). (One could also use a generalization 
of Problem 1.9-28.) 

(c) The principal curvatures of M are 

kj 

1 + ekj ’ 


so the Gaussian and mean curvatures of M are 


K = 


K 

1 + sH + e 2 K 


H - 


H + 2sK 
1 +sH + e 2 K' 


(d) If M has constant Gaussian curvature K > 0, then some parallel surface 
has constant mean curvature, and if M has constant mean curvature H f 0, 
then some parallel surface has constant Gaussian curv ature (Bonnet). 
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(e) The volume element dA of M is related to the volume element dA of M 

by 

f*(dA) = (1+2 sH + s 2 K)dA. 

(f) If M has mean curvature H = 0, and M is not part of a plane, then the 
area of M is smaller than the area of M (Steiner). 

13. Let c be an arclength parameterized curve. Recall that the “rectifying 
plane” of c is spanned by the tangent t and binomial b. Suppose that the 
family of rectifying planes has an envelope M. Show that c is a geodesic on M. 
(This is the reason for the word rectifying— the curve c is “made straight” or 
“rectified” on M) 
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CURVES ON SURFACES 


I n classical surface theory, a great deal of emphasis was placed on special 
curves lying within a surface. In addition, several new invariants can be 
defined for a curve c on a surface, apart from the curvature k and torsion r 
which c has as a curve in R 3 . The total corpus of accumulated results exhibits — 
to me at least— the unappealing weightiness of a massive treatise on the conic 
sections. So in this chapter we will give the definitions and then explore only 
a few of the pertinent results, concentrating on those which are of importance 
later on. 

Let M C M 3 be an oriented surface with corresponding unit normal field v, 
and let c be an arclength parameterized curve in M. Then we can consider the 
normal and tangential components of c"(s), 

_|_c"(s) = (c”(s), v(c(s))) • v(c(s)), 

Tc"(s) = —c'(s), by Corollary 1-2. 
as 

The normal component JLc"(.s) is sometimes called the normal curvature vector 
of c at 5, and 

(1) k„(s) = (c"(s),v(c(s))) 

is called the normal curvature of c at s; it is the signed length of the normal 
curvature vector. As we mentioned in Chapter 1, the tangential component 
Tc"(s) is called the geodesic curvature vector. Using the orientation of M we 
can assign a sign to the length of this vector. To do this, we first choose the unit 
vector u(s) e M c ( s ) perpendicular to c'(s ) for which (c'(s), u(s)) is positively 
oriented, so that 

c'fis) x u(s) = u(c(.s)). 

Then we note that 

(c'(s),c'(s)> - 1 => l~c' 

so that Tc"(s) = D/ds(c'(s)) must be a multiple of u(s). So we can define the 
geodesic curvature K g (s) of c at s by 

(2) Tr"(s) = K g (s) ■ u(.t) 

= *g(s) ■ V(C(J)) X C'(S). 
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Thus K g is the signed length of T c” . Obviously we have 

(3) K = \/k „ 2 + Kg 2 . 

We will see that k„ and K g have quite different properties. 

We begin by recalling a few facts from Chapter II. 3B. The equation 0 = 
(c'(s), v(c(s))} implies that 

(4) k„(s) = (c"(s),v(c(s))) = C '( S )J = ~(dv(c'(s)),c'(s)) 

= II (c'(s),c'(s)). 

Thus k„(s) depends only on the direction ( c'{s ) or -c'(s)) of c at 5, and otherwise 
not on the curve c itself, so we can write k„(X) for a unit vector X. Now 
for a given unit vector X e M p , there is a natural choice for a curve c in M 
with c'(0) = X, namely the arclength parameterized curve which is cut out 
on M by the plane P containing v(p) and X. Then ll{X,X) = k„(X) is 



the signed curvature of this curve, when (X, v(p)) is chosen as the positive 
orientation for P. If kj = K n (Xj) are the minimum and maximum of these 
signed curvatures, so that X ) are eigenvectors of —dv, with eigenvalues kj, then 
X\ and A% are orthogonal, and if X — (cosd)W + (sin 9)Xi is any unit vector, 
then (Euler's Theorem) 

(5) k„(X) = k\ cos 2 9 + A '2 sin 2 9. 

Equation (4) can just as well be used to relate K n and k for any curv e c in M. 
Note that the normal n(s) of c at s is in the plane spanned by u(s) and y(c(5 1 )). 
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Choosing (u(s), v(c(s))) as the positive orientation of this plane, we define pis) 



to be the oriented angle from 11 ( 5 ) to v(r(s)), so that 

(6) n(s) = sin0(s) • u(,s) + cos pis) ■ v(r ( 5 )). 

Then equation (4) implies that 

(7) K n (s) = II(c'(s),c'(s)) = k(s) -cos (pis), 

where k (> 0) is the curvature of c. (If k(s) = 0, then 11 ( 5 ) is undefined, so 
(pis) is also; but equation (7) then holds with any choice of pis).) In particular, 
suppose that Q is any plane containing a unit vector X e M p . Let X e M p be 
the unit vector perpendicular to X for which iX ,X) is positively oriented, and 



let N € R 3 /, be a unit vector in Q which is perpendicular to X. Choose iX, N) 
as the positive orientation for Q , and let p be the oriented angle from N to vip) 
when iX , r(p)) is chosen as the positive orientation for the plane perpendicular 
to X (changing N to — N reverses the orientation of Q , and changes p to 
p — n). If c,)) is the arclength parameterized curve cut out on M by Q, then its 
curvature is given by 

(7') K# ■ cosp = KiX). 

Equation (7) or (7') is known as Meusnier's Theorem ; another formulation of this 
theorem appears in Problem 1. 
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We can already state a result which is trivial, but which we will need to refer 
to later on. 


1. PROPOSITION. Let c be an arclength parameterized curve in a surface 
M c M 3 , with c(0) = p, and c'( 0) = X € M p . 

(1) If X is an asymptotic vector, then either k( 0) = 0 or n(0) is perpendicular 
to v(p). 

(2) If X is not an asymptotic vector, then c cannot have curvature 0 at p , nor 
can n(0) be perpendicular to v(/?); if k„(X) > 0, then the angle between n(0) 
and v(p) is acute, and if K„(X) < 0 it is obtuse (in the picture on page 188 the 
angle is 0). 

PROOF. Everything follows from equation (4). 


Note, finally, that if c is not parameterized by arclength, then 


( 8 ) 


MO - 


11 ( 0 ( 0 , 0 ( 0 ) 

| C '(0I 2 ’ 


since both numerator and denominator are multiplied by the same number 
under change of parameter. 

Now consider the geodesic curvature K g (s) of c at s, given by equation (2), 

Tc"(0 = Kg(s) ■ u(s). 


Since we also have 

c" — k ■ n, 

equation (6) immediately implies that 

(9) K g = K ■ SllUp. 

(Again, this equation holds for any choice of 0 when k = 0.) Unlike K„, the 
quantity k s = signed length of D/ds(c'(s)) is intrinsic — it can be calculated 
directly from E,F,G using the formula on pg. 11.232; one has to be careful 
to parameterize by arclength. On the other hand. K g (s) does not depend only 
on c'. Indeed. K g is identically zero if c is a geodesic, and there are geodesics 
with arbitrary unit tangent vectors at any point. 

Moving frame freaks will be happy to learn that K n and K g arise naturally 
when one chooses the appropriate moving frame along c. In fact, the original 
use of the moving frame was by Darboux, whose monumental 4 volume work on 
surfaces includes incredibly detailed investigations of curves on surfaces. Given 
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an arclength parameterized curve c in M C M 3 , we define the Darboux frame 
of c on M to be the moving frame 

t(s) = c'(s), u(s), v(s) = t(s)xu(s) = vHi)), 

as opposed to the Frenet frame t, n, b. The Darboux frame is defined at all points 
of c even those where k = 0. Since the Darboux frame is also orthonormal, 
the expression for (t,u,v) 7 is given by a skew-symmetric matrix times (t,u,v): 

t' = K g U + K„\ 

(10) »' = - K s i + T ? v 

V' = -K „ t - T g U 

From the moving frame point of view, the functions K g ,K„, J g appearing here 
are defined by these equations, although it is clear from the first equation that K g 
and k„ are the same as previously defined. The function T g is called the geodesic 
torsion of c. We proceed to indicate how these functions are analyzed using 

moving frames. 

We first observe that v'(0) depends only on t(0), since 


( 11 ) 


v'(0) 


dv(c(s)) 


ds 


5=0 


= dv(tm- 


The third equation in (10) then shows immediately that k„ and r g depend only 
on t, so that we can write K n (X) and r g (X) for unit vectors X. In fact, if 
X e M p is the unit vector perpendicular to X with (X,X) positively oriented, 
then equations (10) and (1 1) give 

k„(X) = —{dv(X), X) = II(T, X) 

(12) T g (X) = -(dv(X),X) = ll(X,X). 

Now let Xi,X 2 e M p be principal directions with (W, X 2 ) positively oriented 
and let k u k 2 be the corresponding principal curxatures. If 6 is the oriented 
angle from X\ to a unit vector X € M p , then we ha\ e 


k„(X) = ~{dv(X),X) 

= (k l (cosd)X l +k 2 (sme)X 2 , (cosd)W +(srnd)X 2 ) 
= ki cos 2 6 + k 2 sin 2 9. 


Here we have merely rederived Euler’s Theorem. But exactly the same proce- 
dure gives an explicit expression for T g \ 
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2. PROPOSITION. Let X\,Xi e M p be principal directions, with (X\,X 2 ) 
positively oriented, and let k \ , A '2 be the corresponding principal curvatures at p. 
If 9 is the oriented angle from X\ to a unit vector X e M p , then 

T g (X) = (A '2 — A 1 ) sin 0 cos 6f 

PROOF. Equation (1 2) gives 

z g (X) = -(dv(X),X) 

= (Ai(cos#)Xi + A' 2 (sin 0 )T 2 , — (sin0)T| + (cos 0 ) 2 l 2 ) 

= (A '2 — A] ) sin 9 cos 9. 


Now let 0 be the oriented angle from n to v, as on page 189, so that 

n = sin 0 ■ u + cos 0 ■ v 
b = — cos 0 • u + sin 0 ■ v, 

and hence 


u = sin 0 ■ n — cos 0 ■ b 
v = cos 0 ■ n + sin 0 ■ b. 

Using the first equation in (10), and the Serret-Frenet formulas, we have 

K g — (u,t 7 ) = ((sin 0)n — (cos (f>)b,Kn) 

= K ■ sin 0 

K n = (v,t 7 ) = {(cos0)n + (sin0)b, Kn) 

= K ■ COS 0, 

as before. (If k — 0, then 0 is undefined, but it follows immediately from the 
first equation of (10) that also K g = K n = 0.) We still have to make use of the 
second equation in (10); it will give us the geometric interpretation of x g . Now 
we have 

T g — (v,u 7 ) = |(cos0)n + (sin0)b, -y- [(sin 0)n — (cos0)b]^; 

using the Serret-Frenet formulas 

dn d b 

— - = n — —k t + tb and — = — rn, 
ds ds 


d<p 

T+ 


we end up with 
(13) 


whenever r is defined. 
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In particular we have 
3. PROPOSITION. 

(a) If X G M p is a unit vector, then J g (X) is the torsion r(0) of the geodesic y 
with y'(0) = X. 

(b) The geodesics pointing in a principal direction at a point have torsion 0 at 
that point; in particular, all geodesics have torsion 0 at an umbilic. 

(c) If X,Y G M p are perpendicular unit vectors, then z g (X) — —T g (Y)\ thus 
orthogonal geodesics through a point have torsions at that point which are 
negatives of each other. 

Remark : These statements hold only with the additional proviso that the torsions 
in question exist. Problem 3 considers what happens otherwise. 

PROOF. Part (a) follows from equation (13), since for the geodesic y we have 
0 = 0 or 0 = n for all 5 . Then parts (b) and (c) follow from Proposition 2. ❖ 

We note in passing that changing the direction of a curve c in M changes t 
to — t, and u to -u, but leaves v fixed. So equations (10) show that K g changes 
sign, while K„ and z g remain the same. For K n this follows from equation (7), 
since n is changed to -n, so 0 is changed to 0 - n. It also follows from the 
interpretation of K n (X) as the signed curvature of the curve cut out on M by 
the plane P through X and v{p) —normally, reversing the curve would change 
the curvature, but in this case, since we change X to -X, we also change the 
orientation of P. The fact that r g remains the same follows from the fact that 
reversing the direction of a curve does not change its torsion. 

One other fact about our new invariants will be of interest. An old theorem 
of Laguerre says that, like k„ and z g , the quantity 

d Jfl- 2r s is W s) 

as 

also depends only on r'(s); using equations (7), (9), and (13), this quantity can 
be written in Laguerre’s formulation, involving 0, K, and r, as 

— — — — cos 0(s) - ( 3 ^^ + 2r(s)") k(s) sin 0(5), 
ds \ as ) 

which makes the result seem even more mysterious. Ehe Cartan observed that 
just as K n and r g can be expressed in terms of the tensor II, this new expression, 
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and others like it, can be expressed in terms of the covariant derivatives of II. 
Recall that by Corollary II- 6-5 the tensor (V Zp II)(X P , Y p ) = (VII)(X / ,, Y p , Z p ) 
satisfies 

(Vz p H)(A^, Y p ) = Z P (U(X, Y )) - U(V Zp X, Y p ) - ll(X p , V Zp Y), 
for all vector fields X , Y , Z extending X p , Y p , Z p . This immediately yields 

4. PROPOSITION. For all arclength parameterized curves c in M C M 3 with 
the same tangent vector c'(0) e M p , the quantity 

k „( s ) - 2r g (5)/r g (x) 

has the same value at s = 0. The same is true for 

T g '(s) + 2[/c„(s) - H(c(s))]K g (s). 

PROOF. Let I be a unit vector field on M which extends t, and let X be 
the perpendicular unit vector field with (X, X) positively oriented. Then equa- 
tion (2), and the fact that Tc"(s) - D/ds(c'(s )), shows that 

= K g ■ X along c, 

so by equation (12) we have 

II ( V Z T, X) = K g ■ T g along c. 


Hence 


(V Z II)(T, X) = X(l\(X, X)) - 2ll(S7 x X, X) 

= Kn — 2KgTg along c. 

This shows that the first expression depends onlv on X — c'. 

We also ha\ e 

(T,T)=0=^ (V x X,X) = -(Xy x X) = -Kg. 
(X.X) = 1 ==> {V x X,X) = 0. 

which implies that 

— — K g X along c. 
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So we obtain 

(V^II)(X, X) = T(II(A\ X)) - U(V x X, X) - II(T, V x X) 

= Tg ' -K g ll(X,X) + K g n(X,X) 

= Xg + {2ll(X, X) - [ll(X, X) + U(X, X)]}K g 
= Tg + 2 (k„ - H)k s along c. * 


We are now ready to consider the three main classes of curves on a surface 
M C M 3 . The curve c is called a line of curvature (or principal curve) if c' 
always points along a principal direction. This means that 

—dv(c') = k ■ c 


for some function k, where k(t) must be a principal curvature at c(t). We can 
also write this as 

—dv(c(t)) _ vf^£ or ^ + A:— = 0, in the classical manner. 
dt dt dt dt 

Oddly enough, the last equation has a special name, Rodrigues’ formula. A 
more interesting characterization of principal curves can be given in terms of 
one of our invariants — the third equation in (10), together with (1 1), shows that c 
is a line of curvature if and only if T g is identically zero. 

A curve c in M is called an asymptotic curve if c’ always points along an 
asymptotic direction. Equation (4) [or (8)] shows that c is an asymptotic curve 
if and only if n(t) is perpendicular to v(r(0) al points t where K(t) ^ 0. 
Equivalently, c is an asymptotic curv e if and only if n(f ) lies in M c ( t ) whenever 
K(t) ^ 0, or yet again, if and only if the osculating plane ol c at t coincides with 
M c ( t ) whenever K(t) ^ 0. Equation (4), or the third equation in (10), together 
with (1 1), shows that c is an asymptotic curve if and only il «n i s identically zero. 
Equation (3), or the first equation of (10), then shows that c is an asymptotic 
curve if and only if k = ±K g everywhere. Moreover, at points where k ^ 0, we 
then have n = ±u, so b - ±v (the same sign holding in both cases), and the 
third equation of (10) shows that r = r g ; this also follows from equation (13), 
since 0 = n/2 or 3 tt/ 2 for all t. 

Finally; we have the geodesics, which may be defined as curves c with c (t) 
always perpendicular to M cUh so that n is perpendicular to M at points where 
k ^ 0, or as curves with K g identically zero. 
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To summarize, we have 


c is a line of curvature 


-dv{c') = k V 


c is an asymptotic curve 


r g =0 


when defined, is 
always tangent to M 


the osculating plane, when defined, 
<=> always coincides with the 
tangent plane of M 

<!=> K n = 0 


•<=» k = ±K g 


t = T g , when r is defined 


c is a geodesic 


when defined, is 

always perpendicular to M 


<*=> K g = 0 

=>* t = tg, when t is defined. 


Since k„ and r g actually depend only on the direction of c at a point, it also 
makes sense to talk about a curve c being “asymptotic at t" (, K„(t ) = 0) or “prin- 
cipal at f” (r g (t) = 0); this just means that c'(t) points in an asymptotic direction 
or in a principal direction. The equivalences given above for lines of curvature 
and asymptotic curves can all be replaced by corresponding equivalences for 
curves which are principal at a point or asymptotic at a point; however the 
conclusion r{t) = r g (t) does not follow from the mere assumption that c is 
asymptotic at t. 

We will begin our study of these special curves by considering some very 
general properties. Taking the asymptotic curves first, we note that they can 
exist only in regions where K < 0. This already leads to another simple 


5. PROPOSITION. A straight line on a surface is an asymptotic curve, so the 
curvature K of the surface satisfies K < 0 along any straight line lying in it. The 
curvature is everywhere 0 along the straight line if and only if the normal v is 
constant along the line (equivalently: if and only if the tangent space is parallel 
along the line). 

PROOF. The first assertion follows immediately from equation (4). To prove 
the second, let c be any parameterization of the straight line (with c'(t) always 



Curves on Surfaces 


197 


^ 0). If the normal is constant along c, then 


dv(c(t)) 

dt 


dv(c'(t)), 


and this can happen only if dv has determinant K = 0. Conversely, suppose 
K = 0 at each point c(t), so that dv has at least one eigenvalue 0 at c(t). If both 
eigenvalues are 0, then certainly dv(c'(t)) = 0. On the other hand, it is easy 
to see that if one eigenvalue is non-zero, then the only asymptotic vectors are 
multiples of the eigenvector with eigenvalue 0; in other words, the asymptotic 
vector c'(t) must satisfy dv(c'(t)) — 0. ♦$* 


Remark : Actually, we have proved a more general result a long time ago (Corol- 
lary 1-7), but I thought it would be nice to include the classical proof also. As 
before, we can state a slightly more precise result: K = 0 at a point of a straight 
line if and only if at this point the normal v has derivative 0 along the line. 

As an immediate corollary of Proposition 5, notice that a ruled surface must 
have K < 0 everywhere, as we found by computation in Chapter 3. We also 
see that K — 0 everywhere on a ruled surface if and only if the normal v is 
constant on each generator. On page 146 we found that the tangent plane at 
f(s,t) is spanned by c'(s) + t8'(s) and 8(s). This is independent of / if and 
only if 8(s),8'(s),c'(s) are linearly dependent. Our formula for K on page 147 
shows that this is indeed true if and only if K = 0 everywhere. Classically, the 
ruled surfaces with K = 0 everywhere, i.e., the ruled surfaces with constant 
normals along each generator, were called developable surfaces; in the next 
chapter we will consider them in greater detail. 

In a small region of a surface where K < 0, we can choose two linearly inde- 
pendent asymptotic unit vectors X p , Y p at each point p. It is easy to show that 
p t-» X p and p Y p will be C°° vector fields; the asymptotic curves are just 
the integral curves of these C°° vector fields— as one approaches a parabolic 
or planar point these integral curves can run together in complicated ways. In 
Chapter 2 we pointed out that the asymptotic directions are perpendicular pre- 
cisely when the mean curvature H — 0. So on a minimal surface without planar 
points, the asymptotic curves are evervwhere orthogonal. This is illustrated on 
the right helicoid by the rulings and the helices. 

In contrast to the asymptotic curves, lines of curvature can exist in regions 
of any sort, and it is only umbilics which cause problems. In a small region 
free of umbilics, we can choose two linearly independent principal unit vectors 
X p , Y p at each point p. As in the case of asymptotic directions, it is easy to show 
that p i-> X p and p i— » Y p are C°° vector fields (on regions where K < 0 this 
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is also a consequence of the fact that the principal directions bisect the asymp- 
totic directions); the lines of curvature are the integral curves of these vector 
fields. We have already seen that on a torus of revolution, with no umbilics, the 



lines of curvature are the parallels and meridians. By contrast, the following 
famous picture shows how the lines of curvature behave in a neighborhood of 
the umbilic points of an ellipsoid. 



Notice that if a surface M has no umbilics, like the torus, then there is a 
C°° 1-dimensional distribution on M— at each point p we choose the set of 
all vectors in M p which are eigenvalues for the larger principal curvature, say. 
Equivalently, we can pick out two units vectors X p ,—X p € M p . Now we can 
construct a 2-fold covering space n : M — ► M by choosing the two points in 
tt — 1 ( />) to correspond to these two vectors. There is then an obvious nowhere 
zero vector field X on M (if q € n~ l (p) is the point corresponding to X p e 
M p , then i x*X q = X p ). On the other hand. Theorem 1.11-30 tells us that 
for the compact orien table surface M , this can happen only when the Euler 
characteristic x(A/) — 0, which implies that x(^0 = 0. since x(M) — 2 x(T/) 
(Problem 7). But the torus is the only compact orientable surface with Euler 
characteristic = 0 (Problem E 1 1-2 (c)). So any compact surface in IR 3 not homeomorphic 
to the torus must have at least one umbilic. 
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Caratheodory conjectured that every compact convex surface in R 3 must have 
at least two umbilics. Weird as this may seem, there is a natural way to try to 
prove it. On any compact surface M C R 3 with only finitely many umbilics 
p\ , . . . , pk we can choose a C°° 1-dimensional distribution on M — {p x , . . . , p k ). 
There is a way of defining the index of this distribution at each point in much 
the same way that we defined the index of a vector field in Chapter 1. 1 1, except 
that now the index can take on half-integer values. Moreover, it turns out that 
the sum of the indices of the distribution is again the Euler characteristic x(M). 
The precise definition of the index, and the proof of this result are given in 
Addendum 2. Now x(S 2 ) = 2, so Caratheodory’s conjecture could be proved 
by showing that at an umbilic the index of our particular distribution cannot be 
equal to 2. For the analytic case, Hamburger [1] gave a proof of this which is 
183 pages long! Bol [1] then gave a proof that is only 22 pages long, although 
it requires a correction (Klotz [1]). After all this work, it still seems that nothing 
is known when the surface is not analytic, or when it is not convex, even if it 
is homeomorphic to S 2 . I also know of no example where there are only two 
umbilics. On compact surfaces of revolution the lines of curvature have only 
two singularities, at the two poles, but I suspect that there will always be at least 
one whole parallel of umbilics in addition. 



Finally, we have the geodesics. They, of course, not only exist in any sort 
of region, but can be found in any direction. On the other hand, just as the 
asymptotic lines intersect orthogonally only when H — 0, orthogonality of two 
families of geodesics implies that K = 0; in fact, even more is true: 

6. PROPOSITION. If two families of geodesics intersect at a constant angle 
everywhere on M, then M is flat. 

PROOF. Let F [or F] be the vector field of unit tangents to the curves of the 
first [or second] family. Then X is parallel along the integral curves of X. 
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Since the angle between X and Y is constant, and since we are on a surface, 
the vector field Y must also be parallel along the integral curves of X. The 
same argument holds with X and Y interchanged. We therefore have 

0 = V*X = Vy Y = V X Y = VyT = [X, Y]. 

Consequently, 

R(X, Y)Y = Vy ( Vy Y ) - Vy(VyT) - V^yjT = 0. ❖ 

Proposition 6, of course, is not really a theorem about surfaces in M 3 at all— it 
is actually a theorem about the intrinsic geometry of surfaces (I do not know 
whether any analogue holds for higher dimensional manifolds). 

With this very general discussion of the behavior of our three classes of curves 
out of the way, we proceed to the main results about each class. For asymptotic 
curves this result is 


7. THEOREM (BELTRAMI-ENNEPER). If c is an asymptotic curve with 
c(0) = p, and /c(0) ^ 0, then 


|r(0)| = yJ-K(p). 

Moreover, if K(p) < 0 and the two distinct asymptotic curves through p both 
have non-zero curvature at p, then their torsions at p are negatives ot each 
other. 

FIRST (SEMI-) PROOF. Parameterize c by arclength. We know that both t 
and n lie in the tangent space of M, and we can let v = b = t x n. Then the 
Serret-Frenet formulas give 

-c/v(t(s)) = -b'O = r(.v) • n(s). 

So the matrix of the self-adjoint transformation —dv: M p — ► M p , with respect 
to the orthonormal basis t(0).n(0) must be the symmetric matrix 

( 0 r(0)\ 

Vt(0) 0 )’ 

with determinant K(p) = -r(0) 2 . This proof does not give any information 
about the sign of r. 
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SECOND PROOF. We know that r = r g for the asymptotic curve c. So Propo- 
sition 2 gives 

(1) r(0) = (&2 — Aj) sin# cos#, 

where # is the oriented angle from the principal vector X\ to X = c'(0). On 
the other hand, since X is an asymptotic vector, Euler’s formula [equation (5)] 
gives 

(2) 0 = A'i cos 2 9 + A 2 sin 2 9, 


so 


( 3 ) 


A 2 


— A'i 


cos 2 9 
sin 2 9 


Substituting into (1) we have 



while 

rne^ Q 

K(p) = k,k 2 = - A, 2 ^- by (3). 

sm 9 

Hence r(0) 2 = — K(p ) [we divided by sin#, but if sin# = 0, we could instead 
solve for k\ in terms of A 2 ; alternatively, we can simply note that if sin# = 0, 
then we have A| = 0 from (2) and r(0) = 0 from (1)]. 

Equation (1) also shows that r(0) changes sign when we change # to —9, which 
gives the second part of the theorem. ♦> 


As an example, on the right helicoid we can choose as one family of asymp- 
totic curves the helices c(s) = (t coss, t sin 5 , bs), for fixed t. On pg. 11.33 we 
found that 

b 

T “ W+C’ 

in agreement with our formula for K (page 150). In this example the other 
family of asymptotic curves are straight lines, with vanishing curvature. 

The Beltrami-Enneper theorem raises a natural question, one so natural that 
no one since Darboux seems to have considered it. Given a unit vector X € M p , 
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we can consider the line of curvature, the asymptotic line, and the geodesic 
which have tangent vector X at p (for simplicity we assume p is not an umbilic 
for the case of lines of curvature, and K(p) <0 for the case of an asymptotic 
curve). We know that 

the torsion of the asymptotic curve c with c'(0) = X is ±s/—K(p), 
the torsion of the geodesic c with c'(0) = X is r g (X) — II(T, X), 
the curvature of the geodesic c with c'(0) = X is \k„(X)\ — |II(T, T)|; 

the first statement is Theorem 7, the second is Proposition 3, and the third 
follows from the equation k „ 2 + K g 2 — k 2 , since K g = 0 for a geodesic. Now 
it is just as reasonable to ask for the curvature of the asymptotic curve c with 
c'(0) = X. To determine it, we can use one of the invariants of Proposition 4. 
We saw, in the proof of that Proposition, that 

(V*II)(T, X) = k„'(0) - 2t g (0) % (0) 

for any curve c with c'(0) = X. Now if c is an asymptotic curve, then k„ is 
identically zero, while k = ±/c g and r = r g , so we have 

(V X II)(T,T) = 0=f2t(0)k(0) 

= — K(p)x(0), by Theorem 7. 


Hence, if K(p) ^ 0, then 

the cur\ r ature of the asymptotic curve c with c'(0) = X is 
|(V^II)(T,T)| 

2 J-K(p) 

We can also ask for the curvature and torsion of a line of curvature c. Here 
the situation is somewhat different, since c'(0) = X e M p is already essentially 
determined. We haw z g = 0 for lines of curvature, so the second invariant of 
Proposition 4 giws us the value of [jc„(X) — H(p)]K g ( 0), and hence of K g (0). 

Then we can determine k = VfqT 2 + k „ 2 at 0. To compute the torsion r(0). 
we haw to use vet another invariant, involving second derivatives (Problems 5 
and 6). 

To study lines of curvature, we begirr with a pretty, though not wry useful, 
criterion for such curves. 
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8. THEOREM (BONNET). A curve c in M is a line of curvature if and only 
if the surface S formed by the normals to the surface along c is flat. 



PROOF. The surface S is the ruled surface parameterized by 
f(s,t) = c(s) + tv(c(s)) = c(s) + t8(s), say. 
From page 147 we see that S is flat if and only if 


0 = (c'OMO) x ^(s)) = lc'(s), v(c(s)) 


tfv(c(s)) \ 
ds I 

which is true if and only if dv(c(s))/ds is a multiple of c'fs). *1* 


In the case of a surface of revolution, Theorem 8 shows that meridians and 
parallels must be lines of curvature, since the corresponding surfaces S are 
planes and cones. (Of course, we have already argued in essentially just this 
way on pages 158-159.) The next theorem can also be used to find the lines of 
curvature on a surface of revolution. 


9. THEOREM (TERQUEM-JOACHIMSTHAL). Let c be a curve in M j n 
M 2 which is a line of curvature in M\. Then c is a line of curvature in M 2 if 
and only if M\ and M 2 intersect at a constant angle along c (i.e., the normals 
of Mi and M 2 have the same angle along c). 


PROOF. If Vi is the unit normal field on M ( , then 


ds 


(vi(c(s)), v 2 (f(s))) = 


I dv\(c(s)) 


\ ds 


, v 2 (c(s))) + { vi(c(s)h 


dc 


= {-k(s )- — , v 2 (c(i)) + (vi(c(s)), 
ds 


dv 2 (c(s)) 

ds 

dv 2 (e(s))\ 


ds 


since c is a line of curvature of Mi 
dv 2 (c(s))\ 


= 0 + {v l (c(s)). 


ds I 
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since c is a curve in M 2 . If c is a line of curvature in M 2 , then the remaining 
term is similarly 0, so (iq(c(s)), f 2 ( c ( 5 ))) is constant. 

Conversely, if this quantity has derivative 0, then dv 2 (c(s))/ds is perpen- 
dicular to r,(c(s)). On the other hand, it is also perpendicular to V2(c(s)). 
If v,(c(s)) and u 2 (c(s)) are linearly independent, then dv 2 (c(s))/ds must be a 
multiple of c'fs), and consequently c is a line of curvature in M 2 . If (c(s)) and 
v 2 (c(s)) are not linearly independent, then we must have vi(c(s)) = ±V 2 (c(^)) 
for all 5 (since (v,(c(^)), v 2 (c($))) is constant). In this case there is nothing left 
to prove. 

The one really interesting result about lines of curvature concerns triply 
orthogonal systems of surfaces — these are triples of 1-parameter families of sur- 
faces with the property that at each point the tangent planes of the surfaces from 
any two families are perpendicular. The simplest examples of triply orthogonal 
systems are the following: 

(1) Each family consists of all the planes that are parallel to one of the co- 
ordinate planes. 

(2) The first family consists of all planes parallel to the (x, y) -plane; the sec- 
ond family consists of all the circular cylinders having the z-axis as their 
common axis; the third family consists of all planes that pass through the 
z-axis. 



(3) The first family consists of all the concentric spheres around the point 0; 
the second family consists of all planes that pass through the z-axis; the 
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third family consists of cones, each cone being formed by the all the lines 
through 0 that make some fixed angle with the z-axis. 



The one other, less trivial, standard example is formed by the set of all surfaces 
satisfying the equation 


g (>0 = 


X‘ 


+ 


r 


+ 


a 2 — X b 2 — k c 2 -k 


= 1 , 


0 < a 2 < b 2 < c 2 


For k < a 2 we obtain ellipsoids, for a 2 < k < b 2 hyperboloids of one sheet, and 
for b 2 < k < c 2 hyperboloids of two sheets. For any {x,y,z) with x,y,z ^ 0, 
the function k i-> g(A.) — 1 is continuous except at a 2 ,b 2 ,c 2 -, it clearly jumps 
from +oo to — oo as we pass from the left of one of these points to the right of 
it, and g(A.) - 1 -► — 1 as k —*■ — oo. Consequently, g(A.) — 1 must be 0 for at 
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There are only 3 roots, since g(k) — 1 = 0 is equivalent to a cubic equation in k. 
Thus one surface from each family passes through each such point (x, y,z). At 



a point (x, _v,r) on the surface g(k,) — 1, the normal vector has the direction 

= fe- vnn? ■ 

At a point (x,y,z) on the two surfaces g(ki) = 1 and g(kj) = 1, the inner 
product of the two normal vectors is therefore 

x 2 y 2 - 2 

(a 2 - kj)(a 2 - kj) + (b 2 -ki)(b 2 -kj) + (c 2 - ki)(c 2 — kj) 

which can be written as 

,?(/-/) - g(kj) = o 
k j k j 

Thus our system is orthogonal. Since we can always imbed a given ellipsoid 
x 2 /a 2 + y 2 /b 2 + z 2 /c 2 = 1 in a system of the form (*), the following result 
enables us to describe the lines of curvature on an ellipsoid. 

10. THEOREM (DUPIN). The lines of intersection of the surfaces of a triply 
orthogonal system are lines of curvature on the surfaces. 
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PROOF. Let A, be the distribution formed by the tangent planes to the z' th 
family of surfaces. Pick unit vector fields X, Y, Z with 

x s A] n A3, Y € A2 n A3, z g A] n A3. 

Letting V' be the ordinary directional derivative in IR 3 , we have 

V ; \(Y — V Y X = [X, F] e A3, since A 3 is integrable (pg. 1.192). 

Using orthogonality, we conclude that 

(1) (V'xY,Z) = (V Y X,Z), 

and of course we can permute X, Y, Z in this equation. On the other hand, we 
also have 

(2) 0 = X((Y, Z» = (V' X Y, Z) + (Y, V X Z), 

together with the equations obtained by permuting X, Y, Z. From the equations 
comprised in (1) and (2) we can conclude, for example, that 

0 =(V' X Y,Z) = {V' X Y,Y), 

so that V' x Y must be a multiple of X. It follows that the line of intersection of 
two surfaces in the first and third family is a line of curvature on the surface in 
the first family, since Y is the normal along this line of intersection. ♦♦♦ 

An exact converse of Dupin’s theorem is not true — the lines of intersection 
of the surfaces of a triple family may be lines of curvature on all the surfaces, 
even though the surfaces are not orthogonal. For example, the first family may 
consist of concentric spheres around 0, the second family of planes through the 
z-axis, and the third family of non-circular cones. On the other hand, if none 



of the surfaces in question have umbilics, so that the lines of curvature on each 
are orthogonal, then the surfaces are clearly orthogonal. The following is a less 
trivial converse to Theorem 10. 
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11. THEOREM (DARBOUX). If two families of surfaces are orthogonal, and 
the intersections are lines of curvature on both, then there exists a third family 
of surfaces orthogonal to the first two families. 

PROOF. Let Ai and A2 be the distributions formed by the tangent planes to 
the first and second family of surfaces, respectively. Let A3 be the 2-dimension 
distribution which is everywhere perpendicular to both A] and A2. Pick unit 
vector fields X, Y, Z with 

x e Aj n A3, y g A2 n A3, z g A| n A3. 

The hypotheses imply that X'xY = XX and V'yE = liY for certain functions X 
and /t. So 

[X, Y] = V X Y - V' Y X = XX -fiY G A 3 . 

This shows that A3 is integrable, so the third family of surfaces exists, by the 
Frobenius integrability theorem. *t* 


Dupin’s Theorem has as a consequence a geometric proof of a theorem about 
maps / : U — > V from an open set U c l 3 to an open set V C R 3 which are 
conformal (angle preserving). In the case of maps / : U — > V with U,V c 
R 2 = C, it is well-known (Problem 9) that these are precisely the maps which 
are complex analytic or whose conjugates are. In R 3 the situation is quite 
different. One class of conformal maps are the similarities, the compositions 
of translations, orthogonal maps, and multiplications by non-zero constants. 
There is also an analogue for R 3 of the complex analytic map z i-» 1/z from 
C — {0} to C — {0}. The analogue is easiest to see if we compose this map with 
conjugation (= reflection through the real axis), so that we obtain the conformal 
map 

1 z 

Z ^ 5 = W ' 

The same formula 

/(•*) ~ 7T2 -* € R 3 — {0}, 

\X | 

where |.\ | denotes the norm of x, defines a conformal map (Problem 10), called 
inversion with respect to the unit sphere. The conformal map 


.Y r‘ 


vl2 


is called inversion with respect to the sphere of radius r about 0; it keeps points 
on this sphere fixed, and in general x and /(. x) lie on the same line through 0 
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and |x] • |/(x)| = r 2 . Of course, we can also consider the inversion 


x xo + r 2 


X - XQ 

|x - X 0 | 2 


with respect to the sphere of radius r about xo- Notice that any inversion /' 
satisfies /' o /' = identity (on its domain). 


12. THEOREM (LIOUVILLE). Every conformal map f:U — > V from a 
connected open subset U of R 3 to an open subset V of M 3 is the restriction 
to U of a composition of similarities and inversions (in fact, at most one of each). 

PROOF. Let S C U be any connected surface which is part of a plane or a 
sphere. We can find a triply orthogonal family of surfaces, with S contained 
in one of the families, such that the lines of intersection with S' are curves with 
any desired tangent vector at any given point. The image of this triple family 
under / is again orthogonal, since / is conformal. So by Dupin’s Theorem, 
the lines of intersections of this new family with f(S) are lines of curvature on 
/(S). Therefore we can find lines of curvature pointing in all directions at any 
point of f(S). So all points of f(S) are umbilics, and by Theorem 2-2 the 
surface f(S) is either part of a sphere or part of a plane. We now use 


13. LEMMA (MOBIUS). If U, V c M 3 are open sets, with U connected, and 
/ : U — > V is a map which takes portions of planes and spheres to portions of 
planes and spheres, then J is the restriction to U of a composition of similarities 
and immersions (in fact, at most one of each). 

PROOF. We begin with a preliminary observation. Let F be an inversion 
with respect to a sphere around p, and let S be a sphere with p e S. Then 
I'(S — {p}) is a plane. This can be verified by direct calculation, or one can 
use the following argument: By what we have just shown, I'(S — {/?}) is part 
of a plane or sphere. It is also easy to see that I'(S — {/?}) is complete, but 
not compact (for it becomes compact if we add in the point at infinity). So 
I'(S — {p}) must be a plane. 

Similarly, if P is a plane not containing p , then one can verify by direct 
calculation that I'(P) is S — {/?}, or one can use the following argument: By 
what we have just shown, I f (P) is part of a plane or sphere, and contains 
points arbitrarily close to P. If I'(P) were part of a plane Q, then Q would 
have to go through p. But I' keeps planes through p fixed, so we would have 
P = I'(I'(P)) c I'(Q) - Q, contradicting the fact that P does not contain p. 
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So I'(P ) must be part of a sphere S through p. Since we already know that 
I'(S — {/»}) is a plane, we easily conclude that I'(P) is all of S — {p}. 

Now to prove the Lemma it obviously suffices to prove that f has the desired 
form in a neighborhood of any point p, for then / must be analytic, and 
consequently equal everywhere to any one of these compositions. In particular, 
we may assume that f is one-one. 

Let p * be a point of U distinct from p , and let E| be a sphere around p* 
such that all points in the ball B bounded by X| are in U, but p £ B. Let XL 
be any sphere around f(p *). Let I\ : M 3 — {/?*}-> M 3 — {/?*} be the inversion 



with respect to Si, and let / 2 : M 3 — { f(p *)} — > M 3 — {/(/?*)} be the inversion 
with respect to E2. Then 

F = h o / o I\ : M 3 — B -> K 3 

is defined everywhere on IR 3 — B, has p in its domain, and takes portions of 
planes and spheres to portions of planes and spheres. 

Now if S is any sphere inside Si with e S, then f(S) must be a sphere 
in V with f(p *) e f(S), so Iz(f(S) — {/(/?*)}) is a plane. It follows that F 
takes planes in R 3 — B into planes of M 3 . It also follows that F takes straight 
lines in M 3 — B into straight lines of IR 3 , since a straight line is the intersection 
of two planes. We claim that F also preserves parallelism of straight lines. This 
is clear if /) and I2 are parallel lines lying in a plane P C M 3 — B, for then 
F(l\ ) and F(l 2) are disjoint straight lines in F(P). For the case of two parallel 
lines /] and F lying on opposite sides of B, we choose a straight line It, parallel 



h 



Curves on Surfaces 


211 


to /j and l 2 such that /1 and h lie in a plane P\ while / 2 and / 3 lie in 

a plane P 2 C R 3 - B. Then F(l\) is parallel to F(/ 3 ) and F(l 2 ) is parallel to 
F(/ 3 ), so again F(l\) is parallel to F(l 2 ). 

Now let T q denote the translation x 1 — <■ x + q , and consider the map 

G = T_ f(p) oFoT p , 

defined in some convex neighborhood U of 0. This map takes 0 to 0, and 
also takes straight lines to straight lines and preserves parallelism. From the 
parallelogram construction of the sum of two vectors, it is clear that we must 



have G(x + y ) = G(x) + G ( >’ ) whenever x and y are linearly independent 
vectors with x, y,x + y e U. The same result holds for linearly dependent x 
and y, by continuity. From this we easily see that G(ax) = o'G'(x) for all a € R 
with x,ax € U. So G is linear, and thus (Problem 1.3-31) a composition of an 
orthogonal map and a self-adjoint map. But G also takes small spheres around 0 
to spheres. So we easily see that the self-adjoint factor must be a multiple of 
the identity, and consequently G — T_p( P ) ° I 2 ° / ° h 0 T p is a similarity 
in a neighborhood of 0. It follows that / is a composition of similarities and 
inversions in a neighborhood of p. 

To show that / is actually a composition of at most one similarity and inver- 
sion, we regard / as extended to the “conformal space” R 3 U {00}, where all 
similarities are defined at all points, and repeat the proof, choosing p* = 00. 
Then the inversion I\ around /?* is just a similarity on R 3 , so we obtain a com- 
position of a similarity and one inversion. (If /(oo) = 00, then I 2 is also a 
similarity, and our composition reduces to a similarity.) 

This completes the proof of the Lemma, and the Theorem. ♦♦♦ 

We already have many results about geodesics, which we obtained in our 
study of intrinsic Riemannian geometry. The following result, though not at 
all hard, has always seemed to me particularly nice, because of the way that 
intrinsic and extrinsic notions are intermingled. 

14. THEOREM. Let M be a connected surface in R 3 such that every geodesic 
of M is a plane curve. Then M is part of a plane or a sphere. 

PROOF. According to Theorem 2-2, it suffices to show that every point p € 
M is an umbilic. We can assume that p is not a planar point, since these 
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are automatically umbilics. Then it certainly suffices to show that any non- 
asymptotic unit vector X e M p is a principal vector. To do this, let c be 
the geodesic with c'(0) = X, lying in the plane P. Proposition 1 shows that 
the curvature of c is non-zero at 0, and hence in a whole neighborhood of 0. 
Therefore the desired result follows from 

15. LEMMA. If c is a geodesic in M which lies in a plane P and has nowhere 0 
curvature, then c is a line of curvature. 

PROOF. Since c" / 0 lies in P, and is also perpendicular to the surface, we 
see that the normal v to the surface along c lies in P. Hence dv(c(s))/ds lies 



in P, which means that it must be a multiple of c'(s). [Alternate proof: use 
Theorem 8.] *i* 

To complete our study of geodesics on a surface, we will consider the special 
case of surfaces of revolution, where the generally intractable differential equa- 
tions for geodesics reduce to an equation with a simple geometric interpretation. 
Suppose that our surface is parameterized by 


f(u,v) = {p\ (w ) cos v, p\(u) sin v, pi(u)), 


for a curve p — (p\,pi) in the (x, r)-plane. Before we do any computations 
at all, we notice that by Corollary 1-3 the meridians are geodesics, while the 
parallel at height pi{u) is a geodesic if and only if p\(u) = 0. We will not use 
all the information given in equations (1) on page 157, but only the fact that the 
metric has the form 



1 

£’ 


gn(tM’) = E(u) 
gn(u,v) = 0 
g 22 (u- v) = G(u) 


* l2 = 0, s 22 = i 
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We then compute the Christoffel symbols (as in Chapter 2, the symbol [i /', A:] 
now denotes the Christoffel symbols for the metric /*{ , ) with respect to the 
usual coordinate system on M 2 ): 


[ii.i ] = \e' 

[ 12 , 2 ] = [ 21 , 2 ] = —[ 22 , 1 ] = ^G' 

all other [ij, k ] = 0; 


r 


i 

ii 


EL r , 

2E’ 22 2 E' 


all other r,y = 0. 



G’ 
2 G 


If t y(t) = y 2 (t)) is a geodesic in R 2 with the metric /*( , ), then 

the equations on pg. 1.329 give 


(*) 


d 2 y 2 

dt 2 


G' 


dy\ dy 2 

dt dt 


= 0. 


Now for any curve c on a surface of revolution, let r(t) be the distance 
from c(t) to the axis of revolution, and let a(t) be the angle between c and 
the meridian curve that it crosses at time t. More precisely, a(t ) is the oriented 
angle from the meridian tangent vector f\(c(t)) to c'{t ) when (f\, f 2 ) is chosen 
as the positive orientation for the tangent space of M, so that 



Then equation (*) immediately leads to 
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16. THEOREM (CLAIRAUT). A geodesic c on a surface of revolution satis- 
fies the equation 

r(t) ■ sinafi) = A 

for some constant A. Conversely, if c satisfies this equation and is not a parallel, 
then c is a geodesic, provided that it is parameterized by arclength. 

PROOF. We can write c as c = f o y for some curve y which is a geodesic 
in M 2 with the metric f*{ , ). Equation (*) gives 

0 = G(y,(/)) • y 2 "( t) + G'(/,(0) • y x '(t)y 2 (t) 

= (G o j /,)(/) • y 2 "(t) + (G o y x )'(t) • y 2 '(t) 

= [(Goy t ).y 2 'Y(0, 

so G(y x (t)) ■ y 2 '(t) is constant. 

On the other hand, since gi 2 =0; we have 

G(y x (t)) ■ y 2 '(t) = </i (y(0) ■ Y\( 0 + h (HO) ■ Yi'iO, fityO))} 

= ( c'(t),f 2 (y(t ))) 

= |c'(/)| • \ f 2 (y(t))\ • sin or (0 
= |c'(/)| • y/GlyPO) • sina(r), 

so y/G(y x (t)) ■ sin a(t) is constant. But the formulas on page 157 show that 

v / G(h(0) = pi(ki(0), 

which is exactly the distance of c(t) from the r-axis. 

The proof of the converse is left to the reader. «$» 

Clairaut’s Theorem allows us to give a very complete description of the global 
behavior of geodesics on surfaces of revolution. Let p be the profile curve ot 
the surface, parameterized by arclength, and let c denote the projection ot c 
on the (.v,r)-plane, so that c lies along the image of p. Let us suppose that 
the geodesic c is also parameterized by arclength, and. for concreteness, that 
c'(0) is pointing upwards. If our geodesic c satisfies r(t) ■ sinodf) = C . then the 
length of c'(t) is 

|c'(OI = {p'(t ), c'(t)) = cos ot(t) 


V 1 r(/)2‘ 
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from this we see that so long as c lies in a region where r{t) is bounded away 
from C, the tangent vector c'(t) will have length bounded away from 0. It is 
now easy to deduce the following: If the profile curve p never comes within 
distance C of the r-axis, as we traverse it in the direction of c, then c must 
traverse the whole of p in this direction. 




Now suppose that p does come within distance C of the z-axis, and let 8 be 
the first meridian above the one at r(0) which has radius C. Then c clearly 
must come arbitrarily close to 8. If 8 happens to be a geodesic, then c cannot 
intersect 5, for we would then have a = n/2, which would mean that c' would 
point along a tangent vector of 8. 


C 
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Finally, suppose that 8 is not a geodesic. Consider a geodesic X starting at 
a point of 8, with tangent vector pointing along 8. If fi is the angle which X 
makes with the meridian, then X satisfies 

r(t) ■ sin fi(t) = constant, 

and r(t) = C when 0(f) = n/2, so the constant must also be C. Since 8 is 
not a geodesic, the region directly above 8 has r < C, and X cannot go into 
it. Consequently it enters the region where c is. A rotation about the axis will 



bring A. into coincidence with c since they are both determined by the same 
constant C, and naturally the rotated curve X is still a geodesic. In other words, 
we have shown that c eventually hits 8. Moreover, c' points along 8' at the 
intersection point (as it must, since r(t) ■ sin or (f) = C). In addition, c must 
bounce off 8 and proceed downwards. Naturally, the shape of the part going 
downwards must differ from that of the part going upwards only by a reflection. 
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ADDENDUM 1 

SPECIAL PARAMETER CURVES 
Proposition 1.5-18 immediately implies 
17. COROLLARY. Let p be a point on a surface M in R 3 . 


(a) If p is not an umbilic point, then there is an imbedding f : U 
p € f(U), whose parameter curves are lines of curvature. 


M, with 
M, with p € /(£/), 


(b) If K{p) < 0, then there is an imbedding f : U 
whose parameter curves are asymptotic curves. 

It is sometime useful, especially in the next chapter, to write some of our 
formulas in terms of these and other special coordinate systems; readers may 
check for themselves that the following formulas are correct. 

A. The parameter lines are orthogonal. 

Then F = 0, and the formula in Problem 13 becomes (subscripts denoting 
partial derivatives) 


K = 


1 


2 /EG 


Ei 


+ 


G i 


/EG 


. V EG j 2 \v " u /| j 

B. The parameter lines are lines of curvature. 

In this case, of course, we still have the equation from (A). We also have 

/ = k\ E, n = kiG , m = 0, F — 0. 

So the Codazzi-Mainardi equations (page 56) become 




C. The parameter lines are asymptotic curves. 

We have I — n — 0, and the Codazzi-Mainardi equations become 

\\{EG - F 2 ) x + FE 2 - EG X ] 
ni\ = — — ^ • m 


m 2 = 


EG - F 2 
\\{EG - F 2 ) 2 + FG\ — GE 2 \ 
EG - F 2 


■ m. 
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ADDENDUM 2 

SINGULARITIES OF LINE FIELDS 


In Chapter 1. 1 1 we defined the index of an isolated zero of a vector field, 
and we proved (Theorem 1. 1 1-30) that if a vector field on a compact oriented 
manifold M has only isolated zeros, then the sum of the indices of these zeros 
is the Euler characteristic of M. 

Now consider the situation where we have a 1 -dimensional distribution A 
defined in a neighborhood of a point p of a 2-dimensional manifold M , except 
at the point p itself. As is easily seen from the pictures below, it may not be 




possible to find a nowhere zero vector field X such that A (t/) is always spanned 
by X(q). Nevertheless, we will define an index of A at p. 

As in the case of a vector field, we first suppose that the distribution A is 
defined on U - {0}, for U a neighborhood of 0 € R 2 . We introduce the 
projective line P 1 , which is A 1 with all pairs of antipodal points x and -x 
identified. Alternatively, P 1 is the set of all lines through 0 € R 2 , and thus the 
set of all directions in R 2 . Then we have a map /a : C/ — {0} — ^ P 1 defined by 
f A (q) = the direction of X(q). If we let i : A 1 — > U be i(x) = ex for some 
£ > 0, then we have the map f A ° i : A 1 -> P 1 . But P 1 is homeomorphic to 
S 1 — we can define a homeomorphism or. P 1 — > A 1 by noting that P 1 is the 
same as a semi-circle with end points identified. Thus we have a map 

a a /a ° i : A 1 — > A 1 , 

and this map has a certain degree. We define the index of A at p to be 
index of A at P = ^ cle § ree ( G ' 0 /a ° 0- 
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The same arguments which we used in Chapter 1. 1 1 allow us to extend this 
definition from R 2 to any arbitrary surface. Some examples of these indices are 
given below. 





If A happens to be of the form A (q) = space spanned by X(q), for a vector 
field X, and fx : U — {0} — ► S' 1 is the map taking q to X(q)/\X(q)\ e S', then 
we have the commutative diagram 

s' 

p' 

a 

s' 

where n is the natural projection. Since a on : S ] —>■ S' has degree 2, it follows 
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that we have 


index of A at p = ^ degree(u o f A o i) 

= ^ degree(a o n ° fx o i) 

= degree(/v o i) 

— index of 1 at p. 


In particular, the index of A at p is an integer in this case. 

Conversely, if the index of A at p is an integer, then a suitable vector field X 
can be found. The easiest way to see this is to give an alternative description of 
the index. Let c: [0, 1] -* M 2 be the curve c(t) = e(cos2nt,sm2nt). The angle 
between the x-axis and the direction of Mq) is defined only up to a multiple 
of n [while the angle between the x-axis and a vector is defined only up to 
a multiple of 2n\, but we can find a continuous function 0: [0, 1] -> K such 
that 0(f) is an angle between the x-axis and the direction of A (c(t)). Then 
(compare Proposition II. 1-6) we have 

index of A at p = — [0(1) — 0(0)]. 

2n 

If this index is an integer, so that 0(1) - 0(0) is a multiple of 2 n, then we can 
pick out X along c by letting X(c(t)) be the unit vector in A(c(f)) such that 
0(f) is an angle between X(c(0) and the x-axis. 

Given any 1-dimensional distribution A defined in M - {p \, . . . , Pk), we can 
define a 2-fold covering space m : M l — >• M — {p\, . . ■ , Pk) just as on page 198. 
we let the two points of correspond to the two unit vectors in Mq)- 

If U is an open ball around p t , then m~ x (U) is either two disjoint copies of 
U — { p or else it is connected and m\vr 1 ( C ) looks like the map 
taking 

{z g C: 0 < |-| < 1} -► {z € C: 0 < |z| < 1}. 

The first case occurs when A comes from a vector field, and the second case 
occurs when it does not. In the former case, we will add two new points to M , 
one for each of the disjoint copies of U — { Pi }, define m of each of these 
two new points to be p,, and define the neighborhoods of these new points m 
the obvious wav so that vr~ x {U) now consists of two disjoint copies of U. In 
the second case, we will add just one new point p* whose neighborhoods we 
define to be the sets {/ 7 f *} U m~ x {A - {/?;}) for Tji neighborhood of p, in U. 
Let M be M' with all new points added. Then M is a manifold, but the map 
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nr : M ^ M is not a 2-fold covering space, for over certain points pi it looks 
like the map : i-> z 2 . These points pi are called “branch points” of the 2-fold 
“branched covering space” nr: M — » M. There is clearly a distribution A on 
nr~ x (M — pi<}) with tu* A — A; moreover A obviously comes from a 

vector field. 

If our original A looks like 



in a neighborhood U of then A looks something like 



index 0 



(to see this, just note that if we wrap the bottom pictures twice around the origin, 
by z i— >• z 2 , then the images cover the top pictures). In general, 


18. LEMMA. Let nr: M —> M be a 2-fold branched covering space, and 
let p be a branch point. Let A be a 1 -dimensional distribution defined on a 
neighborhood of p, except at p itself, and let A be a 1 -dimensional distribu- 
tion defined on a neighborhood of m~ ] (p), except at nr~ ] (p) itself, such that 
nr * A = A. Then the index / of A at nr~ l (p) is related to the index i of A 
at p by 

i = 2 i - 1. 

PROOF. Regard both p and nr~ l (p) as 0 e C, and nr as the map r !-► z 2 . Let 
c: [0, 1] — >• M 2 be the semi-circle c(t) = s(cos Jtt, sin nt), and let 6 : [0, 1] — » K 
be a continuous function such that 9(t) is an angle between the .v-axis and the 
direction of A(c(/)). Note that by our construction of A we have 


f = 2-— [0(1) -0(0)]. 
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Now the curve woe: [0, 1] -*■ M 2 is the circle 

m o c(t) = £ 2 (cos2 nt, sin 2nt). 

It is easy to see that the function 

(p{t) = 9(t) + nt 

gives an angle between the x-axis and the direction ol A (m o c(t))- So 


/ = — [0(1) - 0(0)] 

In 



-!-[0{l)-0(O)] + ^ 
2 n 2 


It is also easy to find the Euler characteristic x(M). 


19. LEMMA. If m: M — > M is a 2-fold branched covering space with / 
branch points p \, . . . , pj, then 

X (M)=2 X (M)-l. 

FIRST PROOF. We will use a triangulation of M (Problem 17 suggests a simple 
proof that any compact surface can be triangulated). Choose the triangulation 
so that p\ ,-.-,pi are included among the V vertices (0-simplexes), and let there 
be E edges (1-simplexes) and F faces (2-simplexes). There is an obvious trian- 
gulation of M with 2 vertices over each vertex of M, except for the vertices 
P\,...,Pl over which there is only 1 vertex. So the number V of vertices 
of M is 

V = 2 V -l, 

while we have 

E = 2E , F = 2F. 

So 

X (M) = V-E + F = 2V -l- 2E+2F = 2 X (M) - l. 

SECOND PROOF. Let X be a vector field on M with only finitely many zeros 
q u ...,q k , and let ij be the index of X at qj . We might as well assume that 
the pi are contained among the q'%, for at any point we can always introduce 
a new zero of X (with index 0). Then there is a vector field X on w"'(M - 
{</!, . . . ,qi<}) with = X. If qj is a branch point, then by Lemma 18, 

index of X at m~\qj) = 2 ij — 1. 



Curves on Surfaces 


223 


If qj is not a branch point, then mr~ x {qj) consists of two points qfq'j , and 

index of X at q '• or q" = ij. 

Then Theorem 1.1 1-30 gives 

X(M) = sum of the indices of X 

— 2 ^ lj — number of branch points 

= 2 X(M)-/. ❖ 

Exactly the same sort of reasoning which was used in this second proof leads 
us to our main result. 

20. THEOREM. Let M be a compact oriented surface, and A a 1 -dimen- 
sional distribution on M — {p\, . . . , Pk)- Then the sum of the indices of A at 
the pi is x(M). 

PROOF. Consider the 2-fold branched covering m\ M M constructed pre- 
viously, and the distribution A on M. If pi is a branch point, then by Lemma 18 

index of A at m~ x (Pi) = 2(index of A at pi) - 1. 

If pi is not a branch point, then m~ x {pi) consists of two points /?'•, p” , and 

index of A at p\ or p'( = index of A at /)/. 

It follows that 

(1) sum of the indices of A = 2(sum of the indices of A) 

— number of branch points. 

Since A comes from a vector field, it follows from Iheorem 1.1 1-30 that 

(2) sum of the indices of A = /(M). 

The result now follow's from (1), (2), and Lemma 19. 
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PROBLEMS 

1. Let M — » M 3 he a surface, and X e M p a unit vector. Let E be the circle 
in the plane perpendicular to X which is tangent to M at p and has radius 
\/\k(X)\. Show that for every curve c in M with c'(0) = X , the center of the 




osculating circle of c at 0 lies on E. The picture below is a hint. 



2. Let c : R — ► R 3 be a curve which lies on a sphere of radius r. 

(a) We have K n = 1 /r, and consequently k — v \ / r 2 + K g 2 > 0. 

(b) If t,n,b is the Frenet frame of c, and v(.v) = uRD), where v is the unit 
normal of the sphere in which c lies, then 

0 = (t,v)' = /r(n,v) + 1/r 
(n.v)' = r(b,v) 

(b. v )' = — r (n, v). 


(c) If k' — 0. then r = 0. If k’ is nowhere 0, then r is nowhere 0 and 
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(d) Conversely, if this condition holds, then c lies on some sphere. 

(e) For convenience, say r — 1, so that 

k = y/ 1 + K g 2 . 

Let t, u, v be the Darboux frame for c. By differentiating the equations 

t' = fc-gU + v 
F = Kn, 


show that 

i+V 

3. (a) Let X G M p be a unit vector, and suppose that the geodesic y with 
y'(0) = X hasK(O) =0. Then 


\r g (X)\ = f-K(p). 

(b) If y is a geodesic with y'(0) G M p a principal vector and x(0) = 0, then 
K(p) = 0. 

(c) If Yi are geodesics with perpendicular tangent vectors y/( 0) G M p , and 

= 0, but x 2 (0) f 0, then the torsion r 2 (0) of y 2 satishes 


|T 2 (0)| = y/-K(p). 

4. (a) Let c be an arclength parameterized curve on a surface M C R 3 such that 
c'(0) G M p is an asymptotic direction. If c is not asymptotic at p [f"(0) ^ M p ], 
then ir(0) = 0. 

(b) Now suppose that c"(0) G M p . Let c be the arclength parameterized asymp- 
totic cunt with c'(0) = c'(0), and denote the curvature and torsion of c by k 
and f. 

Using Laguerre’s formulation of Proposition 4, and equation (13) on page 192, 
show that 


fr(0)[3f(0) - t( 0)] = 2f(0)*(0) 
k(0)[±2s/-K( P ) - r (0)] = ±2f-K(p)ic(0) 
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(c) Show that at a point p e M where K{p) < 0, the intersection of M and 
the tangent plane at p consists of two curves which cross each other at p, and 
which point in the asymptotic directions. For either of these curves, show that 



the curvature at p is 2/3 times the curvature of the corresponding asymptotic 
curve through p (Beltrami). 

5. Let M C I 3 be a surface, and let X\,X 2 be an orthonormal moving frame, 
in terms of which we write 

ii = ^UjO* ®e j . 

ij 


(a) By Problem 2-5 we have 

vn = E lij.jcd 1 ® e j ® e k 

ij,k 


where _ 

E '«*»* = dhi - E '»• - E W ■ 

k P p 

If X \ , X 2 is the frame X, X in the proof of Proposition 4, apply this equation 
to X\ to obtain 

(1) l\ 1;1 = ~T 2/j2 • CO^(X\), 

as 

and deduce the first part of Proposition 4. Deduce the second part similarly, 
(b) Show that 

dff = J2 dl ‘J A 0J ~ kjVft A eP - 

j J’p 

Conclude from equation (1) that 

Ci2;l — U\\l)Q X A 9" — 0. 


(c) If 


vvii = Uj-'khO 1 ®e j ®e k 

i,j,k,h 
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show that 


11;11 = ^.-3/, 2;1 a>?(*,) 


ds 


hl\W = * 2 - — (2/ 22;1 — h\\\)u>\(X\) 


ds 

dl\2\ 


dl\2\\ _ 

V 


dH ' 

2— /ll;l 

ds 


h 




(*i). 


(d) For all arclength parameterized curves c in M with the same tangent vector 
c'(0) € M p the quantity 

K n "(s) - 2t g (s)K g '(s) - 5 t g '(s)K g (s) - 6[x„(s) - //(c(s))]x g 2 (s) 
has the same value at s = 0. The same is true for 


T n "(s) + [2k„(s) - H(c(s))]K g '(s) 


+ 


5 k„'(s) - 6r g (s)K g (s) - 6 


dH(c(s)) 

ds 


Kg{s). 


6. Let X e M p be a principal vector, and c the principal curve with c'(0) — X. 

(a) Determine kV(0). 

(b) Use Problem 5 to determine K g ’{ 0) [in terms of X(H)]. 

(c) Show how to determine /c'(0). 

(d) Show how to use equation (7) on page 189 to determine 0'(O), and then 
how to find r(0). 

7. Let 7 i : M — > M be an «-fold covering of a compact orientable manifold M. 

(a) Let X be a vector field on M with only finitely many zeros. Show that there 
is a vector field X on M with n zeros of index i for every zero of X with index i. 
Conclude that /(A/) = n ■ x(M). 

(b) Also prove this result by finding a triangulation of M for which there is a 
corresponding triangulation of M with n k- simplexes for each k- simplex of M. 

8. Equation (*) on page 205 is the basis for the best coordinate system for 
ellipsoids and hyperboloids of one or two sheets. For given (.v, let 4>(k) be 
the cubic 


( 1 ) 


0(A) = ( a 2 - k)(b 2 - \)(c 2 - X)(g(k) - 1) 
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with roots 

ill < « 2 , a 2 < X 2 < b 2 , b 2 < A .3 < c 2 . 

Clearly 

<PCk) = (h -k)(k 2 -k)(k^-k). 

(a) Substituting for the expression for 0(A) from (1), and choosing A = a 2 , b 2 , 
and c 2 , obtain 

2 _ (a 2 - k\ )(a 2 - k 2 )(a 2 - A 3 ) 

( a 2 — b 2 )(a 2 — c 2 ) 

2 _ (fr 2 - A.|)(fe 2 - A 2 )(fe 2 ~ ^ 3 ) 

( b 2 — a 2 )(b 2 — c 2 ) 

r : 2 _ (c 2 - Ai)(c 2 - A 2 )(c 2 - A 3 ) 

( c 2 — a 2 )(c 2 — b 2 ) 

(b) Setting one A,- = constant, these equations give a parameterization of the 
surface g(k, ) = 1 by means of the two other variables kj , A*. Setting 

a 2 — kj = a, b 2 — ki — ft, c 2 — kj = y 
k j A. i — U , kk k i — — V , 


we have the surface 


parameterized by 


a(a — u)(a — v) 
(a - ft)(a - y) 

ft(ft - u)(ft - v) 
(ft -ot)(ft - y) 

y(y ~ u)(Y ~ v) 

(y — a)(y - ft) 
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Note that the u- and u-parameter lines are clearly lines of curvature. Calculate 
that 


E _ u{u ~ v) 
/(«) 

where f{t) — 4(a — t)(/8 — 0(y 
9. Let /: C — > C be 


F = 0 


t). 


v(v — u) 

f(v) 


f{x,y) = f(x + iy) = (u(x,y),v(x,y)) = u{x, y) + iv(x, y).. 


(a) Calculate that 

f*(dx ® dx + dy <g) dy) = (u x 2 + v x 2 ) dx ® dx + (u y 2 + v y 2 ) dy ® dy 

+ ( u x u y + v x v y )(dx <g i + dy <g> t/.v). 

Conclude that / is conformal if and only if 

u x 2 + v x 2 = u y 2 + v y 2 and u x u y + v x v y = 0. 

(b) Show that / is conformal if and only if 

U X = it)y, Uy — 

Hint: Multiply the first equation of part (a) by v y 2 . 

10. Consider the map 

/( X) = -4|2 a- e M 3 - {0}. 

I A | 


(a) If S 2 (r) is the 2-sphere around 0 of radius r, and X e S 2 {r) p , then I*(X) € 
5' 2 (y)/(p) is parallel to X, and |/*(A')| = p|A"|. 

(b) If v is the unit normal to S 2 (r) at p , then I*(v) is j times the unit normal 
to S 2 (y) at I(p). 

(c) / is conformal. 

11. Note that Lemma 13 is valid also for U, V C M 2 , where / : U —> V takes 
portions of straight lines and circles to portions of straight lines and circles. 
Conclude that if / is orientation preserving, then / is of the form 


a , b , c, d G C. 



230 


Chapter 4 


12. Use Clairaut’s Theorem to analyze the geodesics on a torus. (The fact that 
points with different values of r can have the same height is confusing, but 
irrelevant; it may help to think of the torus in terms of the profile curve on the 
right, but with the end points identified.) 




Answer. All geodesics, except the inner parallel, intersect the outer parallel. 
Those which intersect at a small angle 9 describe a sine-like curve between two 
parallels at equal distances from the outer one. For a certain angle 6 we obtain 
a sine-like curve between the top and bottom parallels. For somewhat larger 
9 the curve flops over the top and bottom and bounces between two parallels 
on the inner part of the torus. For a certain angle 9 we obtain a curve which 
approaches the inner parallel asymptotically. For slightly larger 9 the geodesic 
hits the inner parallel, at a small angle, after going around many times. As 9 
increases, the geodesic hits the inner parallel at larger angles, after going around 
fewer times, until, at 9 - jt/2, we obtain a meridian circle. 


13. From pg. IF 131 we have the formula 

/ -\G\\ + F 12 - \E 22 \E\ 

W 4 K = det I F 2 — \G\ E 

V \g 2 f 

/ 0 \E 2 \Gx 

— det I \E 2 E F 

\ \G] f g 


F\ 



where W = yj EG - F 2 . Verify the following (seemingly non-rational) expres- 
sion for K, due to Frobenius: 
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14. Let / : U — ► M be an imbedding whose parameter curves are asymptotic 
curves, so that 

f\\ = Af\ + Bf 2 , fz2 = Cf\ + Df 2 . 

Choose the orientation so that det(/i, f 2 , f\ 2 ) > 0- 

(a) For the affine first fundamental form X / we have 

^ 11=^22 = 0 and ^12 = \/det(/i, f 2 , J\ 2 ) = a, say. 

(b) The Christoffel symbols for 1/ are 


[11,2] =ai, [22, 1] = of 2 , all other [ij,k] = 0. 

rj, = — , V\ 2 = — , all other ff 7 - = 0, 


▼/,/> = ^hh = ~h- 


(c) We have 


Kfi.fi) = fu ~ V/ifj =* hk = Uij - V/ifjJk), 

and consequently 

lu\ = Ba, l\\2 = Aa — aq, l 22 \ = Da — a 2 , l 22 2 = Ca. 


(d) Show that 

(fm) 2 = det(/i, /n, /m) 

( ^ 222 ) 2 = det(/ 2 , f 22 , f 2 22 ) • 

[This gives another proof to the second part of Theorem 7.] 

(e) Show that 

f 12 = 221 = 0 - 


Thus 

ly = ydetf/i, /n, /m) ds { ® ds 1 ®ds x +yf—dz\.(f 2 , f 2 2 , J222) ds 2 ®ds 2 ®ds 2 . 
15. (a) For the parameterization in Problem 14, show that the Pick invariant is 


_ f \uh22 
~ 0 12 ) 3 ' 

(b) On a region of M where fin = 0, we have f\\ = af\. Hence M is a ruled 
surface. Similarly on a region where i 222 = 0- Conversely, a ruled surface has 

7 = 0. 



232 


Chapter 4 


16. As an alternative to the approach taken in Problem 3-1 1, use Problem 14 to 
show that a doubly ruled surface with K < 0 has I = 0, so that it is quadratic, 
by Proposition 2-19. 

17. Show that a compact Riemannian 2-manifold can be triangulated by choos- 
ing the vertices to be an £-dense set, where every point has a geodesically convex 
neighborhood of radius > £, and choosing the edges to be geodesic segments. 



CHAPTER 5 

COMPLETE SURFACES 
OF CONSTANT CURVATURE 


W e have already seen, in Chapter 3, that there are many surfaces with con- 
stant curvature. On the other hand, few of our examples were complete 
manifolds. In this chapter we will determine precisely which surfaces in M 3 
can be obtained by isometrically immersing complete manifolds with constant 
curvature K > 0, K = 0, or K < 0. 

In the case of complete surfaces of constant curvature K > 0 we will actually 
assume that the surface is compact; in Chapter 8 (Theorem 8-17), however, we 
will see that this additional hypothesis is superfluous. By Hadamard’s Theorem, 
our surface is an imbedded submanifold M C M 3 . 


1. LEMMA (HILBERT). Let M be a surface immersed in M 3 , and let p e M 
be a non-umbilic point. Let k\ > k 2 be the two principal curvatures on M and 
suppose that k\ has a local maximum at p, and k 2 has a local minimum at p. 
Then K(p) < 0. 

PROOF. According to Addendum 1 to Chapter 4, we can choose an imbedding 
/ : U — * M, with p e /(£/), whose coordinate lines are the lines of curvature. 
Then Gauss’ equation and the Codazzi-Mainardi equations become [subscripts, 
except those on k\ and A 2 , denote partial derivatives] 


( 1 ) 

(2) 

( 3 ) 


K = 


1 

2 /EG 


M + ( _u_ 

/eg ) 2 \/eg 


1 J 


E 2 ( l n \ E 2 , 

2 = T (s + c) = T <<;| +A2 

G\ f l n\ G\ 

= T \e + g) = T (k ' + kl); 


the second equalities in (2) and (3) follow from the fact that 


/ = A'i E, n — k 2 G. 
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Moreover, differentiation of these last two equations yields 

l 2 = ^p-E + k l E 2 , «i = ~p~G + k 2 G\. 
dt ds 

(The functions kj are differentiable near p, since the functions H and K are 
differentiable, and kj — H ± \/ H 2 — K, where H 2 — K > 0 in a neighborhood 
of the non-umbilic point p.) Together with (2) and (3) we then have 

2 E 9 kj_ 
ki - k 2 dt 


( 2 ') 


E 7 = 


(30 


2 G dk 2 
k\ — k 2 ds 


Substituting (20, (30 into (1) gives 


(10 


K = 


1 


2 E 


2 EG 

+ (something continuous) 


d 2 k\ 2 G 

+ 


d 2 k 2 

k ! — k 2 dt 2 k\ — k 2 ds 2 J 

~dt 
dk 2 


+ (something continuous) • — — . 

Since k t has a local maximum at p, and k 2 a local minimum, we have 


9 * 1 , , 9 * 2 . , _ 




3f 2 


ds 2 


Together with (T) this shows that K(p) < 0. <♦ 


2. THEOREM. If M is a compact connected surface in R 3 with constant 
curvature K > 0, then M is a sphere. 

PROOF. Let ki > k 2 be the principal curvatures on M, and let p be a point 
where k\ achieves its maximum. Then k 2 = K/ki has its minimum at p. It 
we had k x {p) > k 2 (p), so that p was not an umbilic, then the Lemma would 
imply that K(p) < 0, a contradiction. Hence k x {p) = k 2 (p). Moreover, for 
any point q e M we then have 

kdp) > k x (q ) > k 2 (q) > k 2 (p) = k x (p), 

so also k\ (q) = k 2 (q). Thus all points of M are umbilics, and Theorem 2-2 
applies. *i* 
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We also have another result of interest: 


3. THEOREM. If M is a compact connected surface in R 3 , with K every- 
where > 0, and constant mean curvature H , then M is a sphere. 

PROOF. As before, if k\ achieves its maximum at p, then k 2 = H — k\ achieves 
its minimum. Since we are assuming K(p ) > 0, we find that k\(p) — k 2 (p), 
and the rest of the proof proceeds as before. 

We now turn our attention to immersed surfaces M in M 3 which are flat, 
that is, which have K = 0 everywhere. We know that if a connected open set 
U C M consists entirely of planar points, then U is part of a plane. Let us 
consider a point of M which is not a planar point, and hence a parabolic point. 
In a neighborhood U of this point we can choose a C°° unit vector field X\ 
such that each X\(q) is a principal vector with principal curvature k\(q) = 0, 
and another C°° unit vector field X 2 , orthogonal to X \ , such that each X 2 (q) 
is a principal vector with principal curvature k 2 (q) rf 0. 


4. PROPOSITION. The integral curves of X\ are straight line segments. Con- 
sequently, every non-planar point in a flat surface has a neighborhood which is 
a ruled surface. 


PROOF. Let 9 l ,co 2 , pj be the forms associated with the adapted orthonormal 
moving frame (X \ , X 2 , v). Since 




f 0 / = 1 

l k 2 X 2 i = 2, 


we have 


pfXi) = -f\(Xi) = ~{X x ,V Xi v) = 0 
plfXO = -fl(Xi) = ~(X 2 ,V Xi v) = -k 2 9 2 (Xi). 

In short, we have 

1 /q 3 = 0, Pi = k 2 0 2 , 

so one of the Codazzi-Mainardi equations (page 70) gives 
0 = (hf/ 2 — —1^2 A O) 2 = k 2 0 2 A W|. 

Since k 2 is never 0, this can happen only if co 2 is always a multiple of 9 2 . This 
implies that 

0 = (oi(X x ) = (V' Xt X x ,X 2 ), 
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while we also have 

0 = tf{X x ) = {V Xi X x ,X,). 

Therefore V'^, X\ = 0, which means that the integral curves of X\ are straight 
lines in M 3 . <♦ 

We still haven’t said what happens at a planar point which is a limit of par- 
abolic points, but before worrying about such points, we will first obtain some 
information about flat ruled surfaces, classically known as developable surfaces. 
Consider a ruled surface 


(1) f(s,t) = c{s) + t8(s), 

where we assume |<$| = 1 for convenience, but do not necessarily insist on the 
canonical parameterization (since it is not always possible to introduce it). As 
we have seen (page 147 and page 197), this surface is flat precisely when e' ,8,8' 
are everywhere linearly dependent. Let us hrst consider an open interval for s 
on which 8,8' alone are everywhere linearly dependent. Since |5| = 1, we have 
(<5 , 8') = 0, so actually 8' must be 0, and 8 is constant. We then have a portion 
of a cylinder. Next let us consider an interval on which 8,8' are everywhere linearly 
independent. Then there are unique C°° functions a, ft with 

(2) c'(s) =a(s)8(s) + fi(s)8'(s). 

Let 

(3) c*(s) = c(s)-/3(s)8(s). 

Then 

(4) c*'(s) = c'(s)-/3(s)S'(s)-/3'(s)8(s) 

= [a(s)-P'(s)]8(s). 

Again, we will consider only two special cases. On an interval where a(s)-fi'(s) 
is always 0, we have c*(s) = constant vector Cq, and by (1) and (3) our surface is 

f(s,t) = e 0 * + (t + P(s))8(s), 

which is a portion of the cone 


gCM) = <o + rS ( s )• 
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On the other hand, on an interval where a{s) — fi'(s) is never 0, we have 

C*'(s) 


( 5 ) 


S(s) 


a(s)-F(s)’ 


so by (1) and (3) our surface is 


/(•M) = c(s)+tS(s) = c*(s) + (t + 0(s))8{s) 

t+P(s) 


= c*(s) + 


L“(*) - P'{s 

which is a portion of the tangent developable 

g(s,t) = c*(s) + tc*'(s) 


c* (s), 


of the curve c*. [Notice that by (4) we have 

c*"(s) = (a(s) - jS'(s))S'(s) + (a'(5) - j3"(s))S(s); 


since we are on an interval where S' and S are linearly independent and a — f 
is nowhere 0, this shows that the curve c* does indeed have non-vanishing 
curvature on the interval.] 

The discussion in the preceding paragraph constitutes the classical “classifi- 
cation” of developable surfaces, which was commonly expressed by saying that 
all developables are planes, cylinders, cones, or tangent developables. We have 
clearly not proved any such result, since we have only considered special in- 
tervals on which certain conditions hold. Nowadays people tend to say: Oh 
well, the classical classification of developables was really for analytic surfaces — 
one ought to say that a connected analytic developable surface is either a plane, 
cylinder, cone, or tangent developable. But even this is not true. It is true that 
if a connected analytic developable surface contains a plane, cylinder or cone, 
then it must be a plane, cylinder, or cone; for planes, cylinders, and cones are 
the surfaces which arise in our analysis when certain functions are zero on a 
whole interval. But an analytic developable surface can also be made up of 
several tangent developables joined together along a line belonging to neither. 
For example, consider the analytic function <5 : IR. — ► *S 2 defined by 


( 1 ) 


S(s) = 


vd l +M 2 + (i + .s ’ 3 ) 2 + .v 8 


(1 + 5 2 , 1 +s\s 4 ). 


We clearly have 

( 2 ) 


S' ( 5 ) = 5/4(5) 
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for some analytic function A, and we easily check that 

(3) ^4(0) is not a multiple of 6(0). 

Now let c: M — > 1R 3 be an analytic curve with c(0) = 0 and 

(4) c'(s) = 8(s) + T(s). 

Since c'(0) = 6(0) + d(0) is linearly independent of 6(0) [by (3)], the map 

f(s,t) = c(s) + tS(s) 

is an immersion at (0, t) for all t. We claim that / is flat at all points, i.e., that 
c'(s), S(s), S'(s) are linearly dependent for all s. This is clear for s = 0, since 
6'(0) = 0, while for s 0 we have, by (4), 

c'(s) = 1 S(s) + Vfs). 

This equation, together with equation (3) on page 236, shows that for j / 0 our 
surface is the tangent developable of the curve 

c*(s) = c(s) 8(s). 

s 

Since c and 6 are analytic, c* is definitely not analytic at 0. Instead we have two 
different curves for s > 0 and s < 0; it is easy to see that 

c*(s) — > (— oo, — oo, 0) as s—^O" 1 " 
c* (s) — > (oo, oo, 0) as s — > 0 — . 

Our surface looks something like the following picture: 
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The possible complexity of analytic developables is perhaps most strikingly 
illustrated by the fact that there is an analytic developable surface which is home- 
omorphic to the Mobius strip; it may be constructed as follows (see Wunder- 
lich [1] for details). We take an analytic closed curve c which looks like the 
center line of the paper Mobius strip. In the paper model, this line is a geo- 



c looks like 
the image of 
when we make 
a paper Mobius strip 



desic, since it comes from a straight line in the flat piece of paper which we 
bent to form the Mobius strip. So we want a developable surface on which c 
is a geodesic. This can be obtained by taking the rectifying developable of c 
(Problem 3-13); because of the way c twists, its rectifying developable twists so 
as to be homeomorphic to the Mobius strip. 

Since so many complexities arise even for analytic developables, it might seem 
hopeless to say anything at all about flat surfaces which are merely C 00 , and 
which may contain planar points (in which case we cannot even be sure that 
they are ruled surfaces). To see how C°° flat surfaces can be different from 
analytic ones, consider the two surfaces pictured below. The first is obtained by 




rolling up three pieces of a disc (choosing an appropriate profile for the rolled 
up portions, so that the surface is C°°), the second by gluing a cylinder and a 
cone to a plane. In Chapter 3, our construction of a C°° flat Mobius strip gave 
another example, in which two tangent developables were glued together in a 
C°°, but non-analytic, way. In the above pictures we have singled out certain 
points p which are planar points, but at the same time the limit of parabolic 
points. In each case there are segments (indicated by dashed lines) which have p 
as an endpoint, but which cannot be extended past p in the other direction. 
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On the other hand, these rays do not go through parabolic points; in fact, most 
of the points on them lie in completely planar regions. Moreover, in each case 
there is also a segment (indicated by heavy lines) containing p in its interior. We 
will show that this situation is completely typical. The main tool is a Lemma 
which is obtained by following the philosophically prescribed route: 


5 . LEMMA. Let p be a parabolic point on a flat surface M immersed in M 3 , 
let L p C M 3 be the straight line containing the integral curve through p of the 
vector field of Proposition 4 , and let O p be the component containing p of the 
set of points in L p D M where k 2 7^ 0 . Let c be the arclength parameterization 
of L p , with c( 0 ) = p, and let k(s) = k 2 (c(s)). Then on O p the function k is of 
the form 


k(s) = 


1 

As + B 


for some constants A and B. 


PROOF. We keep the same notation as in the proof of Proposition 4 , so that 
we have 

(1) Vh 3 = 0, (2) l = -k 2 e 2 . 

We have already found, using one of the Codazzi-Mainardi equations, that co 2 
is always a multiple of 6 2 . This means that on the region where k 2 7^ 0 it is 
also a multiple of 1 i/r|, say 

( 3 ) (o 2 = g\j/l 

Now we use the other Codazzi-Mainardi equation, to obtain 

(4) dxf / 2 — — 1 /q 3 A coj = 0 by (1). 

Thus 

0 = d\jfl = —dk 2 a 6 2 - A 2 d 0 2 by (2) 

— — dk 2 a 9 2 + k 2 to 2 a 0 X , 

and therefore 

dk 2 A 6 2 = —k 2 d l A (o 2 . 

Applying this to {X\, X 2 ) gives 

(*) X\{k 2 ) = —k 2 oj\{X 2 ) 

= -k 2 g^l{X 2 ) 

= (*2 ) 2 g 


by ( 3 ) 
by (2). 
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We also want to use the Gauss equation dco 2 — - K6 l A 6 2 (page 69). Since 
K = 0, this says that 

(5) dco 2 = 0. 

Hence 

0 = daf = digipl) by (3) 

= dg A 1^2 + 0 by (4) 

= — k 2 dg a 6 2 by (2). 


Applying this to (X\, X 2 ) gives dg(X\) = 0. In other words, 

(**) g is constant along the integral curves of X\ . 

From (*) and (**) we see that the function k(s) = k 2 (c(s)) satisfies the differ- 
ential equation 

(***) k'(s) — —Ak(s) 2 for some constant A. 

We can solve this explicitly: Since 


k' 

k 2 



we have 


k(s) - 


1 

As -fi B 


More precisely, by suitable choice of B we obtain any desired initial condition 
k( 0) except A: (0) = 0— the solution with this initial condition is simply k = 0. 
But k( 0) f 0 by assumption, so our k has the above form. ❖ 


6. COROLLARY. Let p be a parabolic point on a flat surface M immersed 
in M 3 . Then there is a unique straight line L p through p such that the compo- 
nent C p of M D L p which contains p is an interval (possibly infinite) with p in 
its interior. All the points of C p are also parabolic. Moreover, C p cannot end 
in M\ that is, if C p has an endpoint q , then q is not in M. 
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PROOF. Existence of L p follows from Proposition 4, and uniqueness is obvi- 
ous,* since there cannot be two distinct asymptotic directions at p. If there 
were non-parabolic points of C p , then one of them would be an endpoint of 
the interval O p of Lemma 5. If this point is q = c(so), then we would have 

0 = k 2 (q) = k 2 (c(s 0 )) = lim 1 , 

As + B 

which is impossible. Thus all points of C p are parabolic, and C p = O p . Simi- 
larly, if C p had an endpoint q G M, then k 2 (q) could not be 0, so q would also 
be a parabolic point, and a neighborhood of q would be a ruled surface. From 
this it is clear that C p could be extended to include q in its interior, which gives 
a contradiction. 

Once we have this Corollary, the next two follow by completely elementary 
argumentation. 


7. COROLLARY. Let M be a flat surface immersed in M 3 , and let p e M be 
a planar point which is a limit of parabolic points p n . Then the conclusion of 
Corollary 6 still holds, except that all points of C p are now planar points which 
are limits of parabolic points. 

PROOF. Some subsequence of the straight lines L Pn have a limiting direction. 
Let L p be the straight line through p with this limiting direction. The com- 
ponents C Pn have p„ in their interior; moreover, Corollary 6 shows that the 
lengths of the C Pn are bounded away from 0 in each direction from p n ■ It fol- 
lows that C p has p in its interior. The assertion about endpoints of C p is an 
immediate consequence of the same property for the C Pn . It is also clear that all 
points of C p are limits of parabolic points, since all points of each C Pn are para- 
bolic. If some point of C p itself were a parabolic point, then, by Corollary 6, all 
points of C p would be parabolic points, including p itself, a contradiction. To 
prove uniqueness, notice that another straight line L' through p would have to 
intersect C Pn for large enough n\ thus L' would contain parabolic points, so all 
points on L' would be parabolic points, including p itself, a contradiction. ♦> 

*A ‘'counterexample 5 ' is shown in the figure on the right: since 
we are dealing with immersed surfaces, the uniqueness has to 
be given a careful formulation, which is left to the reader. 

We will also be somewhat sloppy about such questions in the 
sequel, since the precise statements are always clear, but irri- 
tatingly messy to state. 
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8. COROLLARY. Every point p of a flat surface M immersed in R 3 is con- 
tained in the interior of some line segment lying in M. This segment is unique 
unless some neighborhood of p is a plane, and the only segments which can 
end in M are those whose interior points are of this type. 

R. Malz likes to point out that this result has a very important application 
in everyday life. If one holds a piece of paper in the shape of a cylinder, then 




it will stay stiff even if it is very long; however, as soon as it is allowed to be 
planar, it will flop down under gravity. That is why people always curl up a pile 
of papers when they try to align it by tapping it on a desk top. 
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At this point it is almost clear that a complete flat surface M immersed in M 3 
must be a generalized cylinder. For an open dense subset of M will be a union 
of pieces of planes, cylinders, cones and tangent developables, where we can 
arrange for the latter 3 types to contain only parabolic points. Because ot com- 
pleteness, Corollaries 6 and 7 show that the generators of these cylinders, cones, 
and tangent developables must be infinite straight lines. But in the case of cones 
and tangent developables this is simply impossible, for there would definitely be 
singularities at the vertex or edge of regression. So an open dense subset of M 
consists of cylinders (some possibly degenerating to planes). It seems fairly clear 
that these cylinders must all have parallel generators if they and a nowhere 
dense closed set are somehow going to make up a smooth surface M; but prov- 
ing this might become quite sticky. Fortunately, there is a direct proof of the 
global result which makes no use whatsoever of the classical local classification. 


9. THEOREM. If M is a complete flat surface and / : M -* M 3 is an iso- 
metric immersion, then f(M) C M 3 is a generalized cylinder. 

FIRST PROOF. We can assume that M is simply-connected (by applying the 
result to / o n where n \ M —> M is the universal covering space). Then 
(Problem 1-5) M is isometric to M 2 , with its usual Riemannian metric. 

We claim first that if f(M) is not simply a plane in R 3 , then for every point 
p e M there is a unique infinite straight line L p through p which is contained in 
f (M). Corollaries 6 and 7, together with completeness, show that this is true 
if p is parabolic or a limit of parabolic points. Now consider a point p e /(M) 
which has a whole neighborhood contained in a plane P. Let Q C P be the 
component of f(M)C\P containing p. If Q is not all of P, let q be a boundary 
point of Q in P such that all points of the segment ~pq other than q itself lie in 
the interior of Q (relative to P). The point q must lie in f(M), by completeness, 



r* 


L r 


L q 


P 
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so q is a planar point which is a limit point of parabolic points. Therefore q is 
on a unique straight line L q in f{M). The line L q must lie in P, since P is 
the tangent space of q, by continuity of the tangent spaces; moreover, all points 
of L q are planar points which are limits of parabolic points. 

We claim that all points between p and L q lie in Q also. Otherwise, there is 
a point r between p and L q such that all points of ~pr are in P, but r is also a 
limit of parabolic points. 

There is a corresponding line L r , and it must be parallel to L q , since points 
on L q and L r have only one straight line passing through them. Thus L r 
intersects ~pq at r' . Then r' is also a limit of parabolic points, which is absurd, 
since r' is in the interior of Q, a component of M <1 P. 

The same arguments may be applied if there are any boundary points of Q 
on the other side of p. Consequently, either Q = P, or Q is the part of P 
bounded by L q , or Q is the part of P bounded by two parallel lines L q , L q >. 
Leaving aside the case where Q = P (which occurs only if f(M) = P), we 
see that there is a unique infinite straight line through p in M, namely the one 
parallel to L q [and L q >\. This proves our claim. 

Since / is an isometry, each L p is the image under / of a geodesic (or possibly 
many geodesics) in R 2 ; these geodesics are just ordinary straight lines. In this 
family of straight lines, distinct lines are disjoint, so our family is the set of lines 
in R 2 parallel to a fixed line; for convenience we assume that they are all parallel 
to the >’-axis. 

Now by completeness, the functions k of Lemma 5 are defined for all s. But 
this can happen only if A = 0. So we see that all k are constants. In other 
words, 

ki(x,y ) = k(x) 

for some function k. On the other hand, consider the map / : R 2 —*■ R 3 defined 
by 

g{x, y) = (ci(x),c 2 (x), y), 

where c is a curve in R 2 with curvature function k. We easily compute that the 
maps / and g both have second fundamental forms with components 

/ = k, m — 0, n = 0. 

So by the fundamental theorem of surface theory / differs from the generalized 
cylinder g by a Euclidean motion. 

SECOND PROOF. We replace the last argument, using the fundamental theo- 
rem of surface theory, with some very elementary geometry. Any two parallel 
lines L\ and Li of our family have the property that the function 

p r* d(p. Li) 
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is constant on L\, where d(p , L 2 ) is the distance (in R 2 ) from p to L 2 . Since / is 
an isometry, the function q >-> d(q, f(L 2 )) must be constant on f(L 1 ), where d 
denotes the distance in f(M). Now if f(L\) and f(L 2 ) were skew lines, or 
lines intersecting at just one point, then the function 

q i-* Euclidean distance from q to f(L 2 ) 

would — > 00 as q — > 00 along L\. Since 

d{q,f(L 2 )) > Euclidean distance from q to f(L 2 ), 

the same would be true for d, so d could not be constant. Thus f(L\) and 
f(L 2 ) must be parallel (or equal). So f{M) is a generalized cylinder. 

THIRD PROOF. This time we reduce almost everything to elementary geom- 
etry. We merely note that either all points of our surface are planar points, or 
by Corollaries 6 and 7, and completeness, some straight line of R 2 maps to a 
straight line in R 3 ; for simplicity we assume that (0, >’) i->- (0, >’,0). Consider 
first a point (x,0) of R 2 . Its distance from (0,r/) is >J x 2 + d 2 . Since this must 
be the distance from f(x, 0) to f(0,d) in f(M), the point /(x,0) must he in 

the Euclidean ball around (0, d,0) of radius \J x 2 + d 2 . Similarly, f(x, 0) must 


(0 ,d)i 

» 


*(-v,0) 



lie in the Euclidean ball around (0, — d, 0) of radius \/x 2 + d 2 . 1 he intersection 
of these two balls is a lens-shaped region of height 2(s/x 2 + d 2 — d). Since this 
— » 0 as d -» 00 , the point f(x, 0) must lie in the plane y — 0. 
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Now the same argument shows that J (x,y o) must lie in the plane y = y 0 . 




But / (x, j’o) must also lie in the Euclidean ball of radius j’o around / (x, 0). So 
/ (x, >’o) must be on the line through /(x,0) parallel to the y-axis. ♦> 

The remainder of this chapter is devoted to the proof of Hilbert’s theorem 
that there are no complete surfaces of constant negative curvature K immersed 
in R 3 . There is no loss of generality in considering only the case K — — 1 , since 
similarities of R 3 multiply AT by a (positive) constant. We will actually give two 
proofs of this result. The second is related to, but considerably simpler than, 
the original proof of Hilbert [1] , while the first is an alternative to Hilbert’s ar- 
gument, due to Holmgren [1]. The proofs depend on several classical formulas 
for surfaces of constant negative curvature, so in each case a few preparatory 
results are in order. 

10. LEMMA. Let M be a 2-dimensional immersed submanifold of R 3 with 
constant curvature K < 0. Then for every point p e M there is a diffeomor- 
phism 

g -. (-£,£) x (-£,£) ->• M, 

g(0,0) = p , 

whose parameter curves are asymptotic curves parameterized by arclength. 

A CLASSICAL PROOF. In Addendum 1 to Chapter 4 we found that for every 
p e M there is a diffeomorphism g: (—£,£) x (— e, e) — <• M, with g(0, 0) = p , 
such that the parameter curves are asymptotic curves. By a suitable repa- 
rameterization we can clearly arrange that the two parameter curves through 
p — g(0, 0) are parameterized by arclength. Thus we have 

(1) E(s,0) -1, G(0,r) = l. 
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We now claim that all parameter curves are parameterized by ardength. To 
prove this we note that the Codazzi-Mainardi equations on page 217 can be 
written 


( 2 ) 


On 2 ) i = 2 


(m 2 ) 2 


\\(EG — F 2 )\ + FE 2 — EG\] 
EG - F 2 

[\(EG - F 2 ) 2 + FG\ -GE 2 \ 
EG - F 2 


m 


m 


But we also have 


so that 


K = 


-m 


In — m 2 
EG - F 2 = EG - F 2 ’ 


m 2 = ( — K)(EG — F 2 ), where K is a constant. 

Substituting in the first equation of (2), we get 

~1 


(-K)(EG -F^) x =2 (-K) 


-(EG — F‘)i + F E 2 — EG\ 


which becomes simply 


EG\ — FE 2 = 0. 


Similarly, 

— FG\ + GE 2 = 0. 

Since EG — F 2 ^ 0, this set oflinear equations is satisfied only if E 2 = 0 and 
G i = 0. Together with (1), this shows that E — 1 and G = 1 everywhere. 

SECOND PROOF. The desired result obviously amounts to the following: If Y\ 
and Y 2 are linearly independent unit asymptotic vector fields, then [Y\, Y 2 ] = 0. 

First consider an adopted orthonormal moving frame (W, X 2 , W) for which 
X\ and X 2 are principal directions, with corresponding principal curvatures k\ 
and k 2 . Then the forms i/c ? satisfy 

= k^. 


We also ha\ e the Codazzi-Mainardi equations 

dfl = a) 2 A $1, chpl = -tof A i//?. 

Taking the exterior derivative of the equation i/q 3 = k\9 ] thus yields 
elk i A 9 X + kidO' = chp , 3 =0)1 A i/T 3 = k 2 o)1 A d 2 , 
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so that 

dk\/\Q' + k\of a 6 2 — k 2 co 2 a 0 2 . 

Applying this to (X\, X 2 ), we find that 

— X 2 (k\) = (k 2 — k\) ■ u)j(X\). 

Similarly, exterior differentiation ol the equation i/zi = k 2 0 2 leads to 


Thus 

( 1 ) 


k 2 - k i 

Now consider a unit vector field 


~X\(k 2 ) = (k 2 — k i) ■ wf(A2). 


m 2 = _ Ms l ei _ AIM#?. 


A? - k 1 


with 

( 2 ) 


Ct] A] + 02^2, 


( O ']) 2 + ( O ' 2 ) 2 = 1 . 


For this to be an asymptotic vector field we need 

k\(ot\) 2 + k 2 (a 2 ) 2 = 0. 

For simplicity we now take the case K = — 1, so that AqA '2 = —1. Then cti X\ + 
a 2 X 2 is asymptotic if and only if 


? A 1 T 

(a 2 ) 2 = - — (a,) 2 

A 2 


(ct,) 2 -^(a,) 2 - 1 by (2) 
, i 

(«i) = 


'-r 

A 2 


1 


1 + A 


-.2 


, since AjA '2 = — 1. 


So our unit asymptotic vector fields must be 


Y i = Acq A] Xot 2 X 2 
Y 2 — zbctjAi i Ct2A2, 
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where the a / are given by 

( 3 ) 


1 

y / 1 + kp 


It is convenient to note that we can write equation (1) in terms of the «/ as 


(4) 


CO: 


Xj(«i) e i 

oti 


JA qJ , 


Now to show that [>j, Y 2 ] = 0 we just need to show that [a \X\,a 2 X 2 \ = 0. 
But we have (see pg. 1.215) 

d i ([a l X u a 2 X 2 ]) = oiMQ 1 {a 2 X 2 )) - a 2 X 2 (0‘ (a x X t )) - dd‘ (a x X u a 2 X 2 ) 

= & l2 ot\ X\ (a 2 ) - 8j i a 2 X 2 (a i) + ^(toj A 6 J )(a]X\,a 2 X 2 ) 

j 

— Si 2 a\X\ ( a 2 ) — &i\ot 2 X 2 (a\) 

+ 8i\u 2 X 2 {a x ) — 8i 2 ot\ X\ (cup) using (4) 

= 0 . ❖ 


For any 2-dimensional Riemannian manifold M (not necessarily immersed 
in M 3 ), an immersion g : (a, b) x (c, d) -* M is called a Tschebyscheff net if all 
parameter curves are parameterized by arclength. If we think of the domain 
(a, b) x (c, d) as a piece of cloth woven from fibres parallel to the axes, then the 
immersion g doesn’t stretch any fibres. So the surface can be outfitted in a sexy 
tight fitting suit if we can find Tschebyscheff nets around each point (we might 
have to sew a lot of pieces together). Lemma 10 shows that this can always be 
done on a submanifold of M 3 with constant negative curvature. The notion of 
a Tschebyscheff net is an intrinsic one, however, and our next result is also. 


11. LEMMA. Let M be a 2-dimensional Riemannian manifold and g : (a, b) x 
(c,d) — » M a Tschebyscheff net. Define t o: ( a,b ) x (c,d) -> M as follows: 
aj(soJo) is the unique number with 0 < cv(so,to) < x such that co(so,to) is an 
angle between 


dg(s,t 0 ) 


ds 


and 


dg(so,t) 


S=Su 


dt 


t=to 


Then (0 satisfies the differential equation 


d 2 a) 

dsdt 


(-K) sin <w. 
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PROOF. We have E = G = 1, and 

F = cos ( o , W = V EG — F 2 = sin . 

From the equation in Problem 4-13 we obtain 


K = _ LP + 

2W |_ 9f ds\WJ 



— sin a> 


da) 

ds 


- sin a) 


da> \ 


W 


+ 


dt 


ds 


W 


) 


/ 3 a >\ 3 / ^^^1 

V 37/ + 3^ V 37 )\ 


dsdt 


sino) 


We are now ready to prove the theorem, which still requires quite a bit of ar- 
gument. We will use the term asymptotic Tschebyscheff net for a Tschebyscheflf 
net of the sort constructed in Lemma 10, with all parameter curves being asymp- 
totic curves. 


12. THEOREM. A complete surface M with constant curvature K = —l 
cannot be immersed in K 3 . 

PROOF. The proof depends on establishing two facts: 

(A) Suppose that M could be immersed in M 3 . Then there would be a 
Tschebyscheff net / : K 2 — >■ M, from the whole plane to M, and the 
function a>, defined on all of M 2 , which gives the angle between the first 
and second parameter lines would satisfy 

d 2 a) 

= sin a), 0 < a) < n. 

dsdt 


(B) There is no function a> : R 2 — > R satisfying 


3 2 a) 

dsdt 


= C sin a>, 


where C > 0 is any constant. 


0 < O) < 71 , 
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PROOF OF (A). Select a point p 0 6 M. Let c : M ->• M be an asymptotic curve, 
parameterized by arclength, with c(0) = po\ since c is locally an integral curve 
of a unit vector field, it can be defined on all of R since M is complete [compare 
Problem l-5(c)]. Let T(0) be a unit asymptotic vector at p 0 which is linearly 
independent of c'(0), and let X(t) be the unique continuous vector field X 
along c such that X(t) € M c <j) is a unit asymptotic vector linearly independent 



of c'(t). The vector field X along c is just a device to enable us to distinguish a 
direction for each parameter value of c. We now define / : R 2 —>• M as follows: 


where y s is the unique asymptotic 
f(s,t) = YsU), curve, parameterized by arclength, 

with yj(0) = c(5’) and y/lO) = X(s). 

What we have to show is that each curve i h f(s, t) is an asymptotic curve. 
This depends on the existence, as guaranteed by Lemma 10, of asymptotic 
Tschebyscheff nets g: (— e, e) x (-£, e) -> M around any point. From the very 
definition of f the following at least is clear: 

Observation-. If for some / € (—£,£) the parameter curve s \-+ g(s,t) 
lies along a parameter curve s i->- f(s,t ), then all parameter curves 
s g(s,t ) lie along parameter curves of /. 
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Now for any (i'oNo) we can find a finite number of asymptotic Tschebyscheff 

nets gi ,gk whose images cover 0 < t < to}- Arranging the g t as 

in the picture below; so that the images of consecutive ones overlap, noting that 



s /(.y, 0) is an asymptotic curve by definition, and applying the Observation 
repeatedly, we see that s t-» f(s,t, o) is an asymptotic curve for s sufficiently 
close to so , which is what we wanted. 

Our equation for to then follows immediately from Lemma 1 1. 

PROOF OF (B). Suppose we had a function co : R 2 — » M satisfying 


(‘) 


3 2 a> 
dsdf 


C sinw, 


0 < co < n, 


for a constant C > 0, and hence, in particular. 


( 2 ) 


d 2 co 

dsdt 


> 0 . 


This implies that doo/ds is increasing as a function of t, so that 
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Consequently, for t > 0 we have 



dco 

ds 


(s, t) ds > 


L 


b dco 

— (5,0) ds, 
as 


so that 


(4) co(b,t) - co(a,t) > co(b,0) - co(a,0) for t > 0 and a < b. 


Now we can’t have dco/ds = 0 everywhere, so we can assume (changing our 
coordinates by a translation) that dco/ds(0, 0) ^ 0. Since the function (s,t) i— ► 
co( — s, -t) also satisfies (1), we can even assume that 9a>/95(0, 0) > 0. Choose 
three fixed numbers 

dco 

(5) 0 < 5j < 52 < -*3 with — (5, 0) > 0 for 0 < 5 < 53, 

ds 


and let 


( w(5 3 ,0) - w(5 2 ,0) 
cu(5i, 0) - a>(0, 0). 



at least s 

Then for all t > 0 and all 5 e [0, 53] we have the following: 

co (5, t ) is increasing in 5, 
a»(5i, t) — co( 0, 0 > e 1 
<w (53 , t ) - co(s 2 ,t ) > s ) 

0 < co(s, t) < jt. 


by (3) and (5) 

by (4) and the definition of e 
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Putting these together, we conclude that 

e <cv(s,t) <n - e for ^ G [5] , s 2 ] and t > 0, 

and hence 

(6) sin <y(s, t) > sins for s e [s t , s 2 ] and t > 0. 

But suppose we integrate equation (1) over the rectangle [.vi,.v 2 ] x [0, T ]. We 
obtain 

' T C 2 d 2 co 


n s2 r 1 r s 

sincuH, t) ds dt = / / 

i J0 Js\ 


dsdt 


ds dt 


= [to(S2, T) ~ w ( 5 i ^ T) — (x){S2, 0) + 0)(5! , 0)], 


or 

n S2 

sin a)(s,t)ds dt 

i 

> w( 5 2 , 0 ) - w(si,0) + CT(s 2 - Si) sin e, by (6). 
Taking T large enough, we get a contradiction, since the left side is < n. <♦ 

For the second proof of Hilbert’s theorem, we need an observation which 
follows directly from Lemma 1 1. 


13. LEMMA (HAZZIDAKIS’ FORMULA). Let M be a 2-dimensional Rie- 
mannian manifold of constant curvature K < 0, and let g : (a,b) x (c,d) — ► M 
be a Tschebyscheff net. Then any quadrilateral Q formed by parameter curves 
has area 



where a, e (0, tt ) are the interior angles of Q. 
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PROOF. Introducing the function co of Lemma 11, we have 


cl A = W ds A dt — sin cods A dt 


sin a) = 


1 3 2 U) 

^Kdfdt' 


So 


area (Q) = I dA = I sin cods Adt 

Jo Jq 

L' 


'Q 

1 


ds A dt 


-K Jq dsdt 

• * 2 f‘ 2 d 2 co 


= ~K If 

~~ A- Js l Jt\ 


dsdt 


ds dt 


1 


- K 
1 


[ca(s 2 ,t2) - u(si,t 2 ) ~ 

[«3 ~(n - a 4 ) - (n - 


=zf{'Lp- 2 *}* 


(t>(s 2 ,t\) + W(5l,6)] 
a 2 ) +ot\] 


On the other hand, consider the upper half-plane JR 1 C M 2 with the Rie- 
mannian metric 

dx <gi dx + dy <g> dy 

{ 5 ) — T ' 

>’ 2 


This is a complete 2-dimensional Riemannian manifold of constant curvature 
K = -1 (see pg. 11.301 and Problem 1.9-41). We have 


E 



F = 0 


dA — J EG — F 2 dx a dy = 


— r dx A d\\ 
} 



— r dy dx 
>’ 2 


= 00. 


so the total area of R 2 is 
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Thus Lemma 13 shows that we cannot parameterize all of Jf 2 by a Tschebyscheff 
net. This is the basis of our second proof of 

12. THEOREM. A complete surface M of constant curvature K = -1 cannot 
be immersed in K 3 . 

PROOF. As in the proof of Theorem 9, we can assume that M is simply- 
connected. Then (Problem 1-5) M is isometric to (7f 2 , ( , )). 

We claim first that there are two linearly independent unit asymptotic vector 
fields Y \ , Y 2 defined on all of M. The proof uses the fact that M is simply-con- 
nected, and follows a standard procedure. We arbitrarily select (Ti(/?oE E 2 (/?o)) 
for some po e M. Then for every curve c: [0, 1] — > M with c(0) = po, there will 
be a unique possible continuous choice of (Ti(c (0) 5 E 2 (c(t))) for all t e [0, 1] 
which extends (Ti(/? 0 ), Y 2 (p 0 ))- If c is another such curve with corresponding 



(Y\(c(t)), Y 2 (c(t))), and if moreover c(l) = c(l) = q , then Yj(q) — Yj(q ); the 
proof uses the usual argument involving a contraction to the constant path at po 
of the curve c followed by c in the reverse direction. A nicer argument is the 
following. For each p there are 4 possible choices for Y\(p), and then 2 possible 
choices for Y 2 (p), thus 8 possible choices for (Kj (/>), Y 2 (p)). The set of all such 
pairs, for all p e M, obviously forms an 8-fold covering space of M . Since M is 
simply-connected, this covering space consists of 8 components; any component 
gives us the desired pair of vector fields. 

We now claim that the Tschebyscheff net / M 2 — > M which we constructed 
in the first proof is actually a diffeomorphistn. To prove this, we first describe f a 
little differently. Let {<p‘} be the 1-parameter group of diffeomorphisms gener- 
ated by Yj (recall this means that t h* <p‘ t {p) is the integral curve of T, through p, 
for each p)\ the p, can be defined for all t e M since M is complete and E/ 
are unit vector fields (as in our first proof). We now pick a point po £ M and 
define 


f(sj) = 0 2 (0](/? o ))- 
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Since [Y\,Y{\ — 0 (Lemma 10), the 1-parameter groups </>\0 2 commute 
(Lemma 1.5-13), so we easily find that 

(2) f(s+s',t + t') = cpj,((pl,(f(s,t))). 

We claim first that / is onto M. Otherwise, there is a point q 0 /(M 2 ) 
with q on the boundary of /(M 2 ). Now there is an asymptotic Tschebysc.heff 
net g : (-s,s) x (-£,£) ->• M with g(0,0) = q, and there is some point r e 


image g 


(image g) D /(R 2 ). Then q must be of the form 

q = (/> 2 )) for some s', t' 

= (pp{(p x s ,{f{s,t))) for some s, t 
= f(s + s',t + t') by (2), 

so actually q e /(M 2 ), a contradiction. 

Now we claim that / : R 2 — » M is actually a covering map. For any point 
q e M, choose an asymptotic Tschebyscheff net g : (—2s, 2s) x (—2s, 2s) — > M 
with g(0, 0) = q such that g is a diffeomorphism onto some open subset V C M. 
We can assume that the s [and f] parameter curves of g lie along the s [and ?] 
parameter curves of /. Suppose that (s,t) € j~ x (q). Consider the map 

0 : V — > (s — 2s, s + 2£) x (t —2s, t + 2s) C M 2 

defined by 


g(s f , t') (>s + s' , 1 + t ). 

Po 
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Using equation (2), we see that /: (s — 2s, s + 2e) x (t — 2e, t + 2e) — >• V is a 
diffeomorphism with inverse 0. Now let 

IT = g((-e,e) x (-e,e)) 

and for each ( s,t ) e M 2 let 

W( Si/) = (s - e, s + e) x (t - e, t + e). 

We claim that 

r\w)= u w M . 

In fact, if 


(s,t)er'(W), 


Po 

then we have 

f(s,t) = g(s’,t') for some (s', t') e (-e, e) x (-£, e), 
and by equation (2), 

f (s — s' , t t’) = <f> 2 _ t ,((l> X _ s r(f(s,t))) 

= q, 

which proves the claim. Since each of the VTq/) is mapped diffeomorphically 
onto IT, the proof that / is a covering map will be complete once we show 
that any two distinct such rectangles Hq,,/,) and W( S2jl) are disjoint. Now if 
WW,) n W (S2j2) / 0, then 

(S 2 J 2 ) e - 2e,5i + 2e) x (t\ - 2 e,t\ + 2e). 

But we know that / is a diffeomorphism on this rectangle. Since /U 1 T 1 ) = 
q = f(s 2 .ti), this means that (si,fi) = (S 2 J 2 ), so that ) and W( S2 j 2 ) are 

actually the same. Thus / is indeed a covering map. 

Now by the simple-connectivity of M we conclude that / is actually a dif- 
feomorphism. Consequently, we can exhaust M by quadrilaterals formed by 
the parameter curves of /. Lemma 13 then implies that M has area < 2jt, 
while we computed that M has infinite area. This contradiction establishes the 
theorem. ❖ 
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It is easy to find a complete surface M C 1R 3 with non-constant curvature 
K < 0 everywhere — for example, the elliptic hyperboloid of one sheet has this 
property. But in this example K comes arbitrarily close to 0. In 1964, Efimov [1] 
proved, by a lengthy ingenious argument, using no particularly sophisticated 
machinery, that there are no complete surfaces M C M 3 with curvature K < 0 
bounded away from 0; an exposition of the proof may be found in Klotz [2]. 



CHAPTER 6 

THE GAUSS-BONNET THEOREM 
AND RELATED TOPICS 


I n Volume II we presented Gauss’ proof that if A ABC is a geodesic triangle 
on a surface with Gaussian curvature K , then 


L 


AABC 


KdA = ZA + IB + AC - n. 



B 


At that time we also cast a suspicious glance at Stokes’ Theorem, which seemed 
to be lurking in the background, and promised to present a proof which would 
implicate it more fully. We are now in a position to redeem that pledge. It is 
almost a foregone conclusion that moving frames will play a leading role in the 
proceedings, since this is the only treatment of curvature in which differential 
forms appear explicitly. Actually, we are going to generalize Gauss’ result, and 
in two quite different directions. On the one hand, we will allow polygons with 
any number of sides, and we will not require the sides to be geodesics. On the 
other hand, we will also have something to say about the integral of K over a 
whole surface. We begin much more modestly, however, with quite elementary 
considerations. 

Suppose that X = (X\, X 2 ) and X' = (X'\, X' 2 ) are two orthonormal moving 
frames on a 2-dimensional Riemannian manifold M. We have already found 
the relationship between the matrices of 1-forms co = (tuj) and «/ = (o/j) 
associated to these moving frames: If X' = X • a for an orthonormal matrix 
function a, then (see pg. II. 280) we have 

(1) <x> =. a~ l da + a~ l (oa. 

Of course, in a 2-dimensional manifold this relationship can be expressed much 
more simply. If \(p) and X'(/;) are similarly oriented, then the matrix a(p) 



P 


2fil 
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is just 

/ cos 9(p) sin 9(p) 
a{p) = I 

V — sin(9(/?) cosd(/>) 

where 9(p) is the oriented angle between X\ (p) and X\ (p). 

Usually we define the “angle” between two vectors to be a number between 
— ji and n, but then the function 6 need not be continuous. Locally, we can 
make 6 differentiable by allowing other values of 6. In the next result, it does 
not matter that this 9 is not well-defined, because the form d9 still is. 



1. PROPOSITION. Let X \ , Xi and X'\,X'i be two similarly oriented or- 
thonormal moving frames on a 2-dimensional Riemannian manifold M, and 
let (o\,(o'\ be the corresponding connection forms. Let 9 be a differentiable 
choice of the angle between X\ and X\ . Then 

<x>'\ = coj + (19. 

PROOF. It is easily checked that this is precisely what equation (1) comes down 
to. It is probably also a good exercise to derive the whole thing from scratch, 
using properties of V, or by reproving Proposition II. 7-14 for 2-manifolds. ♦> 

Now consider a curve c: [a,b] -> M which lies in a region on which we 
have an orthonormal moving frame Ti,Ti. Suppose that V is a unit vector 
field along c. We can then define the angle between V and X\ in an even 
more precise manner, based on the constructions on pp. 11.16-18. We first 
define a map or. [a,b] -» S' 1 by letting a(t) be the image of V(t) under the 
unique linear map M c ( t ) — > M 2 which takes Aj(c(f)) to e\. We then have, by 




Proposition II. 1-5, a continuous map 0 : [a, b] — »■ K with 

a(t) = (cos 0(r), sin 0(f)), 
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and any two such maps differ by a multiple of 2n. We will refer to any such 0 
as a continuous choice of the angle between X\ and V. It is easy to see that 0 
is actually C°° if V is a C°° vector field along c. 


2. COROLLARY. Let M be a 2-dimensional Riemannian manifold, and let 
c : [a, h] — ► M be an immersed curve which lies in a region on which we have 
a positively oriented orthonormal moving frame X], X 2 . Let V be a C°° unit 
vector field along c, and let 0 be a continuous choice of the angle between X\ 
and V. Then V is parallel along c if and only if 

c o?(c'(t)) + <p'(t) = 0. 

PROOF. Locally we can find an orthonormal moving frame X'\, X' 2 oriented 
similarly to X\,X 2 , with X\ = V along c. We can choose the angle 6(p) 
between X\(p) and X\ (p) so that 

0(c(O) = 0(0- 

Then V is parallel along c if and only if 

o = {Vc'(t)X\,X' 1 )=(o , \W0)) 

= a T(c'(0) + dd(c'(t)) by Proposition 1 
= oo\{c'{t)) + (0o c)'(t) 

= a>?(c'(t)) + <t>'(t). ❖ 


In Chapter 4 we defined the geodesic curvature K g of a curve c in an oriented 
surface M C 1R 3 . We also noted that K g is intrinsic. Indeed, for any arclength 
parameterized curve c in any Riemannian manifold (M, ( , )) we can define 
K g (> 0) as the norm of Dc'(s)/ds; if M is an oriented 2-dimensional Rie- 
mannian manifold, then we defined the signed geodesic curvature K g by 


K g (s) = 


I Dc'(s) 
\ ds 



where u(5) 6 M C ( S ) is the unit vector perpendicular to c'(s) with (c'(.s), u(i)) 
positively oriented. 
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3. COROLLARY. Let M be an oriented 2-dimensional Riemannian mani- 
fold, and let c: [a,b~\ — > M be a curve, parameterized by arclength, which lies 
in a region on which we have a positively oriented orthonormal moving frame 
X\, X 2 . Let (p be a continuous choice of the angle between X\ and c'(s). Then 
the signed geodesic curvature K g of c is given by 

K g (s) = colds)) + (p'(s). 


PROOF. Locally we can find a positively oriented orthonormal moving frame 
X\, X '2 with X'\ = c’ along c. So we can choose the angle 9(p) between 
X'\ (p) and X\(p) so that 

9(c(s)) = p{s). 


Then 


K g (s) = {V X ' l X'\iX' 2 ){c{s)) = co'\{c\s)) 

— a^(c'G)) + d9(c'(s)) by Proposition 1 
= wjVG)) +cp'(s). 

Each of our Corollaries can be used to obtain an interesting result. The first 
theorem partially fulfills a promise made on pg. II. 243, for it gives a quantitative 
description of the fact that parallel translation along a closed curve generally 
does not bring a vector back to itself. 


4. THEOREM. Let M be an oriented 2-dimensional Riemannian manifold, 
with Gaussian curvature K , and volume element dA. Let N C M be a compact 
2-dimensional manifold-with-boundary whose boundary 3 A is connected, let 
c: [a,b] —f dN be a closed curve such that c'(t) is positively oriented (with 
respect to the induced orientation on dN), and let V be a parallel unit vector 
field along c. If X\, X 2 is a positively oriented moving frame defined on N , and 
0 : [a, b] — >■ R is a continuous choice of the angle between Xi and V, then 
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PROOF. By the equations on page 69 we have 

f KdA- f K6 X A 0 2 = — f dw] 
JN JN * N 

-l 


a n 

b 


by Stokes’ Theorem 


coUc'(t))dt 


-L 

— I (j)’{t)dt by Corollary 2 
Ja 

= <p(b) - <f>(a). ❖ 


Notice that in order to measure the change in V effected by parallel transla- 
tion, we made use of an orthonormal moving frame X \ , X 2 defined on all of N. 
Such a moving frame always exists, because a unit vector field X\ exists on the 
bounded manifold N (see Problem 1. 11 -13(e)), and X 2 is then determined by the 
orientation. 

In our next theorem, the region N must be very special. 


5. THEOREM. Let M be an oriented 2-dimensional Riemannian manifold, 
with Gaussian curvature K , and volume element dA. Let N C M be a compact 
2-dimensional manifold-with-boundary which is diffeomorphic to a subset of 
M 2 , and whose boundary is connected. Let ds be the volume element of 3 N 
(determined by the induced Riemannian metric and induced orientation of 
3 N), and let K g be the signed geodesic curvature of 3 N (on which we have a 
direction determined by the induced orientation). Then 

[ K dA = - I Kg ds + 2n. 

JN JdN 

PROOF. Because of our hypotheses on N, we might as well assume that M 
is an open subset of M 2 . On M we define a positively oriented orthonormal 
moving frame X\,X 2 by requiring X\ to be a positive multiple of 3/3.Y 1 . Let 
c : [a, 6] — > 3 N be a closed curve, parameterized by arclength a , such that c (a) 
is positively oriented, and let 0 be a continuous choice of the angle between X\ 
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and c'(ct). Then 


f K dA — f K6'a 6 2 = -[ do>f = -[ co\ 
JN JN JN JdN 


— — I a)^(c'(a)) do 
J a 

pb pb 

= — I K g (o)do+ / (p'(o)do by Corollary 3 
J a J a 

= -/ Kg ds + (p(b) - (f)(a). 

JdN 

To complete the proof, we have to show that <p{b) — <p(a) = 2n. This is done 
by noting three things. 

(1) The number (p(b) - (f>(a) is a multiple of 2n, since <p(b) and <p(a) are both 
choices of the angle for c'(a) = c'(b). 

(2) Let { , ) be the Riemannian metric on M, and let ( , ) be the usual Rie- 
mannian metric on M 2 . It is easily checked that for each t e [0, 1], the tensor 

( , y = t ( , ) + (i-o< , ) 


2 


is also a Riemannian metric. Let X‘\,X t 2 be apositively oriented movingframe 
which is orthonormal with respect to ( , )‘, and for which X‘ \ is a positive 
multiple of 3/3.X 1 ; then let <f)‘ be a continuous choice of the angle between 
X*\ and c'lcr )/ 1| c' (cr) || / . The choice (p‘ clearly depends continuously on t (if we 
make (f>‘ (a) vary continuously). Consequently, <f>‘ (b) — (f>‘ (a) varies continuously 
with t. Since it is always a multiple of 2 n, it must be constant. 

(3) When t = 0, we have X‘\ — d/dx x and X‘ 2 = 3/3.X 2 , and consequently 0° 
is just a choice of the angle between the .x-axis and c'. So 0°(6) — 0°(o) is the 
total curvature of c, as defined on pg. 11.18. By the Hopf Umlaufsatz (Theorem 
II. 1-7), this total curvature is 2 n. *1* 

We would like to generalize Theorem 5 slightly; so that the boundary of N 
need not be smooth, but only piecewise smooth. The proof itself will go through 
almost precisely as before, and the real problem is to formulate the definitions 
and state the results correctly (something almost no one ever bothers to do). 
W e will sav that a compact 2-dimensional manifold-with-boundary N C M is a 
polygon if dN is connected and if there is a simple closed curve c: [a, b] —> N 
such that c is a smooth imbedding on each interval of some partition 

a — to <■■■ < t n+ 1 = b. Thus c'(t ) exists for all t ^ q, an d the right and 
left hand derivatives c'(f, + ) and c'(tj ~ ) exist for all t,. It will be convenient to 
work onlv with curves c such that c'(b~) — c'(a + ). The vertices of c will then 
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be ti, ... ,t n \ for each such vertex ti, we would like to define its interior angle 
i; € [0, 2n], as shown below. To do this, we first choose c so that c'(t) is always 


V 2 



positively oriented. Let Ui = c'(t,- + ) and i >2 = —c'(ti ). If Ui and t >2 do not 
point in the same direction, we define 

t,- = oriented angle (between 0 and 2n) from i>i to V 2 - 

This still leaves us with the problem of defining (,■ when t>i and V 2 point in 
the same direction. To treat this case, let Wi(^) be the tangent vector of the 
geodesic from cffi) to c(// + £), and let u> 2 (e) be the tangent vector of the 
geodesic from c(t;) to c(t t - — e). For sufficiently small e > 0, the vectors Wi(f) 



ii =0 Li — 2 n 


and w 2 (s) are nearly in the same direction, so, in particular, they do not point in 
opposite directions. Therefore, the orientation of W 2 G)) cannot change, 

since u>i(f) and u> 2 (s) are always distinct for small s. We define <,■ to be 0 if 
(Wi(e). u> 2 (e)) is positively oriented, and 2jt if it is negatively oriented. [The 
formula 

i, = lim {oriented angle from Wife) to u> 2 (£)i 
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could be used as a general definition that would work in all cases.] Now that 
we have successfully defined the interior angle we define the discontinuity <5/ 
of c' at ti by 

8j — Tt — Ij e [ — 7T, 7T ] . 



Remark'. It is easy to see that if 0 is an angle between c' (t-, ) and some vector 
X G M c ( ti ), then 0 + <$,- is an angle between c'(ti + ) and X. 


6. THEOREM (THE GAUSS-BONNET FORMULA). Let M be an ori- 
ented 2-dimensional Riemannian manifold, with Gaussian curvature K, and 
volume element dA. Let N C M be a polygon which is diffeomorphic to a 
subset of M 2 , let ds be the volume element of 3 N, and let K g be its signed 
geodesic curvature. Suppose that 3 N has vertices t\, . . . J n , with discontinuities 
3] , . . . , Then 


f K dA = — f K g ds — &i + 2;r 

Jn J»n “ 

— — I K g ds + 1/ + (2 — n)n. 

Jm tr 

PROOF. As in the proof of the previous theorem, we assume that M is an 
open subset of 1R 2 , and we define X\,Xi exactly as before. Choose the curve 
c : [a,b\ — *■ 37V to be parameterized bv arclength o\ and so that c'(o) is posi- 
tively oriented. By our Remark, we can choose 0, : [b-i , t{\ — >■ R so that each 0, 
is a continuous choice of the angle between X\ and c'(a) on an d so 

that 


4 > i + \{ti ) 0/ (ti) — 6j 


i = 
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Then 



KdA 



Kdd 1 A dO 2 




toj(c'(a)) da 



co 


2 

1 



K g (a) da 



Pi’ (a) da 



n + 1 

K g ds + £>(b) - 4>iUi- i) 
(=1 
n 

Kg ds — E Si + [4>n+\(b) - 

i=\ 


by Corollary 3 


using (*). 


To complete the proof, we have to show that <p n+ \{b) — cp\(a) = 2n. We do 
this by showing that the three observations in the previous proof now hold for 

<t>n+\{b) - 0i (a )• 

(1) and (2) are obvious. 

(3) We are now dealing with a piecewise smooth simple closed curve c in K 2 . 
We want to show that 


n + 1 n 

In = <pn+\(b) -<p x (a) = '£&&) - 4>iUi- 1) + 

/= 1 ;=1 

To prove this generalization of the Hopf Umlaufsatz, we proceed as follows. 

Draw a small circle C around O = c(ti)- Let P = c(a,) be the last point of 
c\[U-uti] on C and let Q = c(fii) be the first point of on C. The 



oriented angle from OQ to OP approaches /,• as the radius of C approaches 0. 
Also, the direction of c'(a/) is nearly that of PO, while the direction of c'(/3, ) 



270 


Chapter 6 


is nearly that of OQ. The picture below shows a curve c, from P to Q which 
begins in the direction of c'(a,), ends in the direction of and stays in- 

side C except at P and Q. The total change in angle of the tangent vector c/ 



is easily seen to be very close to <5/ = n - ii- For each i, let us replace the por- 
tion of c between a,- and Pi by the curve q. If the circles C are small enough 
(so that curve does not enter the circle around c(/,) on any interval other than 
[f/_i,f/+i]), then the new curve, c, is simple. The total change in angle of the 
tangent vector c' is therefore 2n, by the Hopf Umlaufsatz. On the other hand, 
the total change along the portions q adds up to something very close to J2i 
while the total change along the other portions adds up to something very close 
t0 Jli&Ci) ~ 1)- Therefore the number 

n + 1 n 

J2 <l>i ( ti ) - Mu- 1 ) + 51 &i = $"+' {b) ~ ^ 

(=i i=i 

must be close to In. Therefore it must be exactly 2 n. ♦> 


7. COROLLARY. If the sides of the polygon N in Theorem 6 are geodesics, 
then 

n n 

/ K cl A = - ^ Pi + 27r = ^ ii + (2 - n)n. 

/= i t=i 

In particular, for a geodesic triangle we have 


/ 

Jn 


K dA = 1\ + 12 + 13 - n. 


We are now in a position to find the integral of K dA over all of M. 1 he first 
method of doing this will use a triangulation {07} of M by 2-simplexes 07. Tri- 
angulations are defined in the “optional" Chapter 1 1 of Volume I (see pg. 1. 426), 
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and it is not easy to prove that they always exist on C°° manifolds; however, 
the proof for compact 2-manifolds is fairly easy (Problem 4-17). For a given 
triangulation of M we will let 

V = number of O-simplexes (“vertices”) 

E = number of 1-simplexes (“edges”) 

F = number of 2-simplexes (“faces”). 


The number 

V — E + F = x(M) 

is called the Euler characteristic of M. According to Theorem 1. 1 1-5, we have 

X(M) = dim H°(M) - dim H' (M) + dim H 2 (M), 

so actually x(^) does not depend on the triangulation. However, it is not 
necessary to know this fact in order to follow the next proof. 


8. THE GAUSS-BONNET THEOREM. Let M be a compact oriented 
2-dimensional Riemannian manifold, with Gaussian curvature K, and volume 
element dA. Then 



KdA = 2n ■ x(M). 


PROOF. Consider a triangulation O], . . . ,ap of M. Let Aj , Bj , Cj be the three 
interior angles of oj. Then Theorem 6 gives 




F F F 

+ T>, + b j + q ) - y~i 3 n + ^ In. 
7=1 7 = 1 7 = 1 


Now we note the following. 

(1) The sum Yl, f K g ds is 0, because each edge of the triangulation appears 
twice, with opposite orientations. 
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(2) The sum ^2(Aj + Bj + Cj) is 2nV, since the sum of all interior angles 
occurring at each vertex is exactly 2n. 



(3) The sum — is just —3 Fn. On the other hand, we clearly have 

3 F — 2 E, since 3F is the total number of edges of all faces, each edge 
being counted twice since it is in two faces. So — 2>n — 2 n( — E). 

(4) The sum J]27r is just 2n F. 

Therefore, our final sum is 2n(V — E + F) — 2n ■ x(M). *t* 


A whole slew of consequences follows immediately from this spectacular the- 
orem, which expresses a differential-geometric quantity f M K dA in terms of a 
number which has nothing at all to do with curvature, or even with a Riemann- 
ian metric. Note, first of all, that we can restate our result in a way which does 
not involve x(M) — dim H°(M) — dim H X (M) + dim H 2 (M). We have shown 
that for any triangulation of M we have 



K dA — 2 tt(V 


E + F). 


Picking a fixed triangulation, this shows that f M KdA is independent of the 
metric. On the other hand, picking a fixed metric, we obtain an “elemen- 
tary” proof, without using cohomology, that V — E + F is independent of the 
triangulation. 

The simplest consequences of the Gauss-Bonnet Theorem involve the sign 
of K on various compact oriented surfaces. All such surfaces are homeomor- 
pliic to the surface obtained by adding g > 0 handles to 5 2 , and the Euler 
characteristic is then given by x — ~ ~ ~S- The latter result may be proved as 
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in Problem 1. 1 1-2, or by considering triangulations (we just have to check that 
V — E + F changes by —2 when we add one more handle). Therefore, 



K dA > 0 


KdA = 0 


KdA < 0 


if M is homeomorphic to S 2 


if M is homeomorphic to a torus 


if M is any other compact oriented surface. 


It follows, in particular, that if there is a metric on a compact oriented 2-mani- 
fold M with K > 0 everywhere, then M must be homeomorphic to S 2 . This 
result is rather different from Theorem 2-11, because we do not assume that 
the metric comes from an imbedding in M 3 (whether such a metric does, in 
fact, always come from an imbedding is a question which we will mention only 
later, in Chapter 1 1). On the other hand, if there is a metric on M with K — 0 
everywhere, then M must be homeomorphic to the torus. As we have already 
seen (pg. 11.179), such a flat metric does indeed exist on the torus. It is a good 

exercise to compute that I KdA = 0 when M is the torus on page 159. 

Finally, if there is a metric on M with K < 0 everywhere, then M must be 
a sphere with g > 2 handles. Of course, we can never find an imbedding 
of such a surface M into R 3 with K < 0 everywhere (by Proposition 2-8). 
But there is, nevertheless, an abstract Riemannian metric on M which has 
K < 0 everywhere; in fact, there is a Riemannian metric on M with K — — 1 
everywhere. The construction of such metrics is carried out in Addendum 1. 

Our next consequence of the Gauss-Bonnet Theorem involves the notion of 
the index of a vector field, as defined in Chapter 1. 1 1. 


9. THEOREM. Let M be a compact oriented 2-dimensional Riemannian 
manifold with Gaussian curvature K , and volume element dA. Let A be a 
vector field on M with only finitely many zeros. Then 

I K d A = 2n • (sum of indices of X). 

JM 


FIRST PROOF. We just combine the Gauss-Bonnet Theorem, 



K dA = 2n ■ x(M ), 
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with the Poincare-Hopf Theorem (1.11-30), 

X(M) = sum of indices of X. 


SECOND PROOF. This proof does not involve the intermediary x ( M ) , which 
appears nowhere in the statement of the theorem, nor will a triangulation be 
invoked. Let p \, . . . , p r be the zeros of X, and choose disjoint closed discs Z), 
containing Each D, is diffeomorphic to D — {x e M 2 : |x| 5 U> an d we 
will let Dj(e) denote the set corresponding to {x e M 2 : \x\ < £}. Let 

N(e) = M — (U,- interior Dj(e)). 


On N(e) there is a positively oriented orthonormal moving frame X\,X 2 with 
X\ = X/\\X\\. Then 



KdA 



by Stokes’ Theorem. 


For the moment consider one particular i. Let X'\, X' 2 be a hxed positively ori- 
ented orthonormal moving frame on On Dj minus a line segment we have 
a differentiable choice 9 of the angle between X\ and X'\, and by Proposition 1 
we have 


I to] 

J <)Dj (e) 


f dd- f 

J 3 D j (e) JdDj(e) 

(index of X at Pi) - 


/2 


/ 

JdD, 


0) 


CO 


12 

1 


[where co'] really depends on ;J. 


Therefore, 

lim - / a;, 2 = (index of X at pp — 0. 

JdDi(e) 

Consequently, 



KdA 


lim / K dA = index of X at ♦> 

JN(e) i 
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Notice that the second proof of Theorem 9 reproves the fact that the sum 
of the indices of a vector field X is independent of X (it also reproves the fact 

that I K dA is independent of the metric). In conjunction with the proof of 

Jm 

the Gauss-Bonnet Theorem, it reproves the fact that the sum of the indices of 
a vector field is V — E + F. 

In contrast to the previous consequence of the Gauss-Bonnet Theorem, in 
which x(Tf) does not appear, in the next consequence K does not appear. 


10. THEOREM. Let M C M 3 be a compact oriented 2-dimensional manifold, 
and let v : M — > S 2 be the normal map. Then 

, f X(M) 

degree of v = — - — . 


PROOF. By the definition of deg v (pg. 1.275), we have 



v*co = 



C 0 


for all 2-forms w on S 2 . Choosing a> to be the volume element da of S 2 , this 
means that 


(47r)degv= I v*(da) 

Jm 

= f K dA, 

Jm 

where K is the curvature for the induced metric. Together with the Gauss- 
Bonnet Theorem, this yields the desired result. ♦♦♦ 

Just as in the case of Theorem 9, one would expect to find a proof of Theo- 
rem 10 which does not use the intermediary K. In fact, the same statement can 
be proved for hypersurfaces of K", and this result played an important role in 
generalizing the Gauss-Bonnet Theorem to higher dimensions (see Chapter 13). 
Because the proof is differential-topological in nature, rather than differential- 
geometric, it has been shunted off to Addendum 2. 

Our next result is merely a curiosity, an alternative proof of Theorem 2-1 1 
which avoids covering spaces. 
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11. PROPOSITION. Let M he a compact connected 2-manif'old, and let 
f : M — » M 3 be an immersion with K(p) > 0 for all p 6 M. Then M is 
orientablc, the normal map N : M S 2 C R 3 is a diffeomorphism, the map 
/': M —> R 3 is an imbedding, and f(M) is convex. 

PROOF. Orientability of M is trivial, as in the proof of Theorem 2-11. The 
Gauss-Bonnet Theorem then shows that 

2n ■ x(M) = f KdA >0. 

JM 

The only possibility is that M is homeomorphic to S' 2 , with x(M) = 2; so 



K dA = 4jt. 


Since N(M) C S 2 is closed (by compactness of M) and also open (as K(p) / 0 
means that N is regular at p), the map N is onto S 2 . To prove that N is one- 
one, suppose instead that N(p) = N(q) for some p ^ q € M . Then there is an 
open set U 9 q such that N(M - U) = S 2 . If da is the volume element on S 2 , 
then for any open set V C M — U on which N is one-one we have 



KdA 


L 


N*(da) 



since N is orientation preserving. 


It follows that 


L 


M-U 


K dA > 



da = 4n. 


Fherefore 


[ K dA = f KdA+JKdA>4n, 
JM JM-U JU 


a contradiction. So N is one-one. The remainder of the proof is the same as 
for Theorem 2-1 1. 


Finally, here's a result that isn’t about surfaces at all! (For a history of this 
result. see McCleary [1].) 


12. THEOREM (JACOBI; 1842). Let c be a closed curve in M 3 with nowhere 
vanishing curvature k. and let n be its normal map. into S 2 . If n is a simple 
closed curve on S’ 2 , then it divides S 2 into two regions of equal area. 
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PROOF. Let B be one of the regions into which n divides S 2 , and orient 
c : [a,b\ — > S 2 so that the corresponding orientation for n coincides with the 
induced orientation for 3 B. Theorem 5 gives 

I dA = — I K e do + 2 tc , 

Jb JdB S 

where K g is the geodesic curvature of n on S 2 , and a is the arclength function 
of n. Since S 2 has area 4 n, it suffices to prove that the integral of K g is 0. Now 
for any arclength parameterized curve y on a surface M, the definition of its 
geodesic curvature K g is 

Ty" = K g ■ v x y', 

where v is the normal to M. This implies that 

K g = (y",v x y') = (/ x y",v). 

When y is not parameterized by arclength, we have 

K g (t) = ( y\t ) x y”(t), v(y(t))) l\y'{t)\ 2 . 

Applying this to our curve n on S 2 we obtain 

Kg(s) = (ri(s) x n"(5),n(s)) 

The Serret-Frenet formulas for c allow us to write this as 
K g (s) = [/c(5)r'(s) - K-'(5)r(5)] 

where k and r are the curvature and torsion of c. Now since 

n' = — Kt + rb, 




we have 


So 


^jT - |n'(s)| = s/« 2 {s) + t 2 (s). 
ds 


kt' — k't Ida d / r \ do 

K g (s) = — / — = — (arctan - — 

k 2 + r 2 / ds ds ' k I ds 


d / t\ 

—— I arctan — 
da V k ' 


do 

Since c is a closed curve, this gi\ es 


/ K g do = i d (arctan -) = 0. ♦♦♦ 

Jzb Ja V 
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We will conclude this Chapter with some considerations which, although they 
do not bear directly on the Gauss-Bonnet Theorem, are nevertheless related 
to the integral of the curvature. As we have already noted in the proof of 
Theorem 10, for an immersion /' : M R 3 of a compact oriented 2-mani- 
fold M into IR 3 , the integral of its curvature K is 


/ 

Jm 


KdA = (4;r) deg N, 


where N \ M ^ S 2 is the normal map. This degree of N is simply the “signed” 
number of points in N~ l (p) for any regular value p € S 2 of N (Theorem 
1.8-12). Now let us consider the actual number #(/?) >0 of points in N ’(/?). 
We would like to look at 

f # ■ da, 

Js 2 

where da is the volume element of S 2 ; for technical reasons we will instead 
consider 

I # ■ da, 

Js 2 -c 

where C is the set of critical values of N (which has measure 0 by Sard’s Theo- 
rem). Notice that for some p € S 2 the set A -1 (p) might be infinite; but such p 
are clearly contained in C and therefore do not bother us. Moreover, on S 2 — C 
the function # is locally constant, so it is certainly continuous, and therefore the 
integral makes sense. Any point of S 2 — C has a neighborhood U on which # 
has a constant value m and such that N~ l (U) C M is the disjoint union of m 
open sets kj, . . . , V m on each of which N : V a U is a diffeomorphism. Since 
N*{da) = K dA, we have 


/ 

JVr 


KdA = { 


| J da N orientation preserving, i.e., K > 0 

— I da N orientation reversing, i.e., K < 0. 

Ju 


So 


f \K\dA = [ da. 
Jv a JU 


From this we readilv see that 


f \K\dA= f 
Jm Js 2 


# da. 


-c 


This number is called the total absolute curvature of the immersion / : M 
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13. THEOREM. For any immersion i: M R 3 of a compact oriented 
2-manifold in R 3 , the total absolute curvature is > An. In fact, 

I \K\dA— f KdA>An. 

J{peM:K(p)> 0} J{peM:K(p)> 0} 


If the total absolute curvature of the immersion / : M — > R 3 equals An, then i 
is an imbedding and i(M) is convex. 

PROOF. Let M' = {p e M : K(p) > 0}. Since 


'{peM:K(p)> 0 } 


KdA= ( KdA = f N* 
J M' JM' 


the first part of the theorem will certainly be proved if we show that N(M') = 
S 2 . For any v e S 2 , consider a plane P C R 3 perpendicular to v and far away 
from i(M) in the direction of v. Move this plane towards 0 until it first touches 
i(M) at a point p. Then N(p) = v. Moreover, K(p) > 0, since M does not 
lie on both sides of its tangent plane Pq at p. This proves the first part of the 
Theorem. 

Now suppose that the total absolute curvature of the immersion i : M — * R 3 
equals An. We will first show that i(M) lies on one side of each of its tangent 
planes. Suppose that M p cuts i(M), i.e., that i(M) lies on both sides of its 
tangent plane M p . The points furthest from M p on each side will have normals 
which are negatives of each other and both perpendicular to M p . Since N(p) 
is also perpendicular to M p , the point v = N(p) has #(i>) > 2. It is clear that 
i(M) also lies on both sides of the tangent planes M q for q in a neighborhood U 
of p. Now if K(p) ^ 0, then we can also assume that n is a diffeomorphism 
on U , by making U smaller if necessary. Then # > 2 on the whole open set 
N(U). Since we have already shown that # > 1 on S 2 , this shows that 

f \K\dA = f # da > An, 

Jm Js 2 


a contradiction. So to complete the proof that i(M) lies on one side of M p , we 
just have to show that if K(p) — 0, then there would be some other point p 
such that i(M ) lies on both sides of M p , and also K(p) ^ 0. 

We will first find a point p' whose tangent plane cuts i(M) and such that p' 
is not a planar point (i.e., either K(p') ^ 0 or p' is a parabolic point). There is 
certainly no problem doing this if there are non-planar points arbitrarily close 
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to p. So suppose that all points in a neighborhood of p are planar points; the 
image of this neighborhood under the immersion i then lies in M p . Consider 
the set of all points in M whose image lies in M p , and the component of this set 
which contains p. Let q be a boundary point of this component. Then M q = 
M p , so M q also cuts i(M). Moreover, q cannot have a whole neighborhood of 
planar points (for then it would not be a boundary point of the component). So 
there are points p' arbitrarily close to q such that p' is not a planar point. By 
choosing p' close enough, we can insure that M p ' cuts i(M ). 

If the point p' which we have produced satisfies K(p') 7 ^ 0, we are done. 
Suppose instead that p r is a parabolic point. Let L p r be the straight line given 
by Corollary 5-6. Consider the set of points on L p r where K = 0; it is a certain 
closed interval / (which might be just {//}). Along / the tangent plane of i(M) 
is constant, by Proposition 4-5. So if q' is an endpoint of /, then M q > — M p > 
cuts i(M). Now q' cannot have a whole neighborhood of parabolic points, so 
there are points p arbitrarily close to q' with K(p) 7 ^ 0. By choosing p close 
enough, we can insure that M p cuts i(M). 

Thus we have shown that i(M) lies on one side of each of its tangent planes. 
Let C C M 3 be the intersection of the closed half-spaces which are bounded by 
the planes M p and contain the points of i(M). Then C is a compact convex 
set with non-empty interior, and i(M) C boundary C. Since / : M — > M 3 is 
an immersion, the set i(M) is both open and closed in boundary C, hence 
i(M) — boundary C. By Problem 2-4, the map / : M — » boundary C ~ S 2 
is a covering map. So i must be a homeomorphism. ♦> 

The first part of the preceding proof actually shows more than the asserted 
inequality, for we clearly have strict inequality if any open subset of S 2 is covered 
twice. Thus, 

(*) I KdA = 4 n <==>■ N is one-one on {p e M : K(p) > 0}. 

J { p€M:K(p)>0} 

[Condition (*) can also be expressed in terms of the total absolute curvature, 
for 

f \K\dA = f KdA - f KdA 

JM J {p€M:K(p)>0} J{p€M:K(p)<0 } 

= 2 [ KdA- I KdA 

J{p€M:K(p)>0 } JM 

>8n-2n- x(Af) by the Gauss-Bonnet Theorem, 
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with equality if and only if (*) holds.] The pictures below illustrate some im- 
mersed surfaces with property (*). In each case, the region of positive curvature 



is a subset of a convex surface, bounded by convex plane curves. We will show, 
by elementary but involved arguments, that this is always so. 

Given any set X C K 3 , let H(X) be its convex hull, the smallest convex set 
containing X. Elementary considerations (Problem 1) show that if X is compact, 
then so is H(X). For any unit vector v e S 2 c M 3 , consider the subset of X 
where the function <„(*) = ( x , v) has its maximum value on X. This will be a 
subset of the plane P perpendicular to v which is furthest from the origin and 
still hits X. It is called the “topset” of X in the direction v, and is clearly a 
subset of the boundary 3 H(X) of H(X). 



14. LEMMA. Let / : M — > M 3 be an immersion of a compact oriented surface 
satisfying (*). If i(p) e 3 H(i(M)), then K(p) > 0; and conversely if we have 
the strict inequality K(p) > 0, then i(p) e 3 H(i(M)). 
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PROOF. The first assertion is clear, since i(M) has no support plane at i(p) if 
K(p) < 0, while H(i(M)) has a support plane at every point of its boundary. 

For each v € S 2 , consider the topset of i(M) in the direction v. It is a closed 
convex subset of a plane. Suppose it contains at least 2 points i(p\)J(pi) for 
p\, P2 G M. We clearly have K(p\), K(p 2 ) > 0. Condition (*) then shows that 
we must have either K(p \ ) = 0 or K{p 2 ) = 0. Thus v e N({p € M : K(p) =}) 
= C, say. In other words, if v € S 2 - C, then the topset in the direction v 
contains only one point. This point of 3 H(i(M)) must be i(p) for some p G M, 
and clearly N(p) = v and K(p) > 0. Thus 

N ({p G M : i(p) e 3 H(i(M)) and K(p) > 0}) D S 2 — C, 
which has area An. So we cannot have K(p) > 0 for any other points p € M. «$♦ 

The main part of the argument goes into the following 

15. LEMMA. Let / : M ->• M 3 be an immersion of a compact oriented surface 
satisfying (*). Then for any v x € S 2 , the topset of i(M) in the direction t'i is 
connected. Moreover, if v 2 G S 2 is perpendicular to t’i, then the topset in the 
direction v 2 of {the topset of i(M) in the direction t>i} is connected. 

PROOF. If the topset in the direction t>i is disconnected, then it is the disjoint 
union of two closed sets W\, W 2 , which are also closed as subsets of /(M), since 
the topset is a closed set. Let U\.U 2 be disjoint open neighborhoods of W\ 
and W 2 in i(M). On the compact set 3 1/,- we have ( x , Ci ) strictly smaller than 


Vl 



the value of (.v, t’i) for .y G IT,-. So the same is true for all v G S 2 sufficiently 
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close to Hi. This means that for all such v, the topset of U{ in the direction v 
contains a point i(p) g Ui not on the boundary of This implies that 
v = N(p), and also that K(p) > 0. So for all v in a whole neighborhood of Hi, 
with the exception of a set of measure 0, we have v = N(p) where i(p) g Ui 
and K(p ) > 0. Since the Ui are disjoint, this contradicts condition (*). 

Now consider the topset in the direction i >2 of the topset of i(M) in the 
direction Hi; say that i V2 has the value y on this topset. Suppose this topset 
is disconnected and write it as the disjoint union of closed sets Vfj and W 2 . 
Choose U 1 , U 2 to be disjoint open neighborhoods of Wj, W 2 in i(M ), and let 

Up = {.v g Ui : (x, v 2 ) > y). 




One part of 3 Up is the set 


Aj = dUj n {x : (x, v 2 ) > yj 

(indicated by a heavy line in the figure). On this compact set we have (x, H t ) 
strictly smaller than the value {x. Hi) for x e IT/. So the same is true for all 
unit h close to Hi. The other part of 3 Ui* is 


Bi - Ui n {.r : (x, v 2 ) = y}. 


On this set, the function (.y, Hi) takes on its maximum at some .v g W;. Suppose 
we choose our unit vector v in the plane spanned by Hi and V 2 . Then for .y g B,- 
we have 


(-Y, h) = (constant) • (_y, Hi) + constant, 

so the maximum still occurs on IT/. Thus, for a unit vector Ho close enough 
to Hi, and in the plane of Hi and H 2 , the maximum of (.y,hq) on 3 Ui* occurs 
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at a point .v e W,. Now we can choose a curve c in i(M) with c(0) = .x and 
c'(0) = t> 2 , since the tangent plane at .v is clearly the plane P which contains 



the topset in the direction i>j. If 

vq = av i + bv 2 , a,b > 0, 


then 


d 

dt 


(c(t), v 0 ) = (c'(0), c 0 ) 

t = 0 


= (V2, Vo ) - b > 0. 


So (c(t),v o) has values greater than (c(0), Vo) — (x, t>o) for small t > 0. This 
shows that the maximum of (x, Vo) on U* occurs at a point not on the boundary. 
Hence the same is true of (x, v) for all v sufficiently close to v 0 . As before, this 
leads to a contradiction. 

16. THEOREM. Let / : M — > M 3 be an immersion of a compact oriented 
surface such that 

f K d A = 4n. 

J{peM:K(p)> 0 } 

Then there exist disjoint open sets U and V in M such that M is the union of 
V. V, and their common boundary, and such that 

(1) K > 0 on U and K < 0 on V. 

[2] i : U -* i(U) is a diffeomorphism. and i(U) is an open subset of the 
set dH(HM)). bounded by a finite number of convex plane curves, each 
plane being the common tangent plane of i(M) along the curve. 

PROOF. Consider a topset of i(M ): it is of the form POM for some support 
plane P of H(i(M)). and C = P n H(i(M)) is a convex set. If this convex set 
contains only one point, then this point is in i(M). If the convex set is a line 



The Gauss-Bonnet Theorem and Related Topics 


285 


segment, then the endpoints must be in r(M), so the whole segment must be 
in i(M ), by the first part of Lemma 15. Otherwise, the convex set is bounded 
by a curve T in P. We claim that all points of T are in i(M). This is clear for 
all points of T which are extreme points of C (points which are not between 
other points of C). So the only possible exceptions are points on straight line 
segments of T. But the endpoints of such segments must be in i(M), and then 
the whole segment must, by the second part of Lemma 15. 


r 



It is possible that T bounds a disc on i (M), for the whole interior of T in P 
may be part of i(M). But it is not possible that T is the boundary of a disc with 
K < 0 everywhere and K < 0 somewhere. For suppose it were. I he disc D 
would be tangent to P along f. Let N he a surface tangent to P along f 



such that the union of N and the disc which T bounds in P is convex. Then 
N' = N U D is homeomorphic to S 2 , but 

[ KdA — [ KdA+ f KdA 

Jn' Jn Jd 

— 471+1 K dA 
Jd 


< 4 7t, 
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a contradiction. So if the interior of T is not part of i(M ), then T must be 
joined to a similar curve T', or to several such curves. Since M is compact, 


§ 

there can be only finitely many such curves Tj, . . . , I" 1 *. Then H(i(M)) minus 
the discs bounded by Tj , . . . , can be taken to be i(U). 

The study of total curvature (for submanifolds of Euclidean spaces in general) 
has recently grown into a little field of its own. However, almost all the results 
require methods from topology or Morse Theory' which are beyond our reach. 
We will end instead with a few somewhat older results concerning immersions 
i : S' — > M 3 , or equivalently, closed curves c : [a, b] —> R 3 . If c is parameterized 
by arclength, we define the total curvature of c to be 

pb pb 

/ K(s)ds= / |t(5)| ds = length of the curve t: [a, 6]->S 2 , 

Ja Ja 

where K > 0 is the ordinary curvature, and t is the unit tangent vector. [This 
definition should not be confused with that given on pg. 11.18, where we were 
concerned only with plane curves, and consequently allowed k to be both pos- 
itive and negative.] This total curvature can be related to the total absolute 
curvature of a certain surface M in M 3 , the “canal surface” formed from the 
union of circles which bound discs of radius s perpendicular to c (the Adden- 
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dum to Chapter 1.9 can be used to show that M is an immersed surface for 
sufficiently small s). 

17. PROPOSITION. If M is a canal surface of the closed curve c : [a,b]-*- 
K 3 , then 

[ b K (s)ds = -( \K\dA = \( KdA. 

J a 4 J M 2 J{ pe M:K(p> 0 } 

PROOF. Let C = c([a,b]) and vr. M -*■ C the projection with m(p) = q 
when p e M is on the circle of radius e perpendicular to C at q. Choose a unit 
vector field Z along C which is everywhere normal to C. On M - s ■ Z we can 



define a function 0, with values in (0, 2 tt), giving the angle between p and Z 
on the circle ttt' 1 (nr (/?))• If we regard the arclength s as a function on C (or 
C _ c(a), to be more rigorous), and also let 5 denote the function 5 o m on M, 
then (0,s) is a coordinate system on M (minus a set of measure 0). 

For each p e M, let X p be the unit vector tangent to the circle m~ C m(p )) 
at p, and let Y p be the unit vector at p which is parallel to the tangent vector 
dc/ds at m{p). The normal N(p) at p points in the direction from m(p) to p 



(Problem 2), so X p and Y p are tangent to M and p. It is easy to see that 


d<p(X) = 1' 
ds(X)= 0 ■ 
ds(Y ) = 1 


d(p a ds(X, Y ) = 1. 
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This shows that 


d(p A ds = dA, the volume element on M. 


So 


L' K ' dA= L' K ' i '‘ i ’ Ads= as: \K(<p,s)\ dcp j 


ds. 


Now 

dN(Xp) = X p , since N is the identity map on the circle m' 1 (77T(/7)), 
so if p has coordinates (0,5), then 


(1) K(<p,s) = -(dN(Yp), Y p ) = -(V' Yp N, Y p ) 

= (N{4>,s),X'y p Y) since Y is a unit vector field 
= ( N((p,s ), k(s) ■ n(.s-)) 

= k(s) ■ {cosine of the angle between N((p,s) and n( 5 )} 
= k(s) ■ COS (0 - 0o), say. 


(When a:(^) = 0 and n(5) is undefined, this formula still holds, with an arbitrary 
choice ot 0o)- Thus we have 



I K(<p,s)\ d<(> = k(s) 



cos(0 - 0o ) I = 4 a:(5), 


which shows that 



\K\dA 



4/r(v) ds. 


The second equality can easily be deduced from the fact that 



K dA = 0. 


which follows from the Gauss-Bonnet Theorem, since M is a torus. We can also 
deduce the result directly from equation (1). for if k{s) ^ 0. then K(<p,s) > 0 
for cos (0 - 0o ) > 0. and the integral of cos (0 - 0 O ) over the subset of [0, 2jt] 
where it is > 0 is exactlv 2. *t* 
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18. COROLLARY (FENCHEL). 
c: [a, b] -* JR 3 is > 2n. Equality 
curve. 


The total curvature of any 
holds if and only if c is a 


closed curve 
plane convex 


PROOF. The inequality follows directly from Theorem 13 and Proposition 17. 
Now suppose that equality holds. In the proof of Theorem 13 we actually 

showed that . 

I KdA > 4 n, 

Jm 

where M is the set of all points p e M such that M lies on one side of M p . We 
clearly also have 


L 

JM 


KdA > 4 jt , 


where M = M n {p e M : K(p) > 0}. Now if {p e M : K(p) > 0} - M ^ 0, 
then we would have 

/ K dA > 4n, 

J{peM:K(p)> 0} 


since M is a closed subset of {p e M : ^(p) > 0}. This would contradict the 
assumption that the total curvature of c is 27T, by Proposition 17. So we see that 


K(p) > 0 


M lies on one side of M p . 


Now consider a point c(s) with k(s) # 0. On the circle ^ there is 

an open semi-circle with K > 0. At the two endpoints of this semi-circle the 
tangent planes P \ , Pi of M are parallel. Moreover, M lies on one side of each 
of these planes, since the points are limits of points where K > 0, and hence ot 
points p such that M lies on one side of M p . So M lies entirely within the space 
between the parallel planes P U P 2 . These planes are at distance 2e if M is the 
canal surface formed by discs of radius e. We claim that C must he entirely on 
the plane P midway between Pi and P 2 . For consider a point c(s) of C furthest 




from P. The tangent vector c'(.v) must be parallel to P, which means that the 
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disc of radius e through c(s) and perpendicular to c is also perpendicular to P. 
But then some points of this disc will lie outside of the region bounded by P\ 
and P 2 unless c(s) is on P. Thus c is a plane curve. The proof that c is convex 
is left to the reader. *t* 

This proof, due to Voss [1], is quite different from the original proof of 
Fenchel [1], For the sake of completeness, we offer the following extremely 
simple proof of Horn [1], where references to many other proofs may be found. 

SECOND PROOF. We claim that if the closed curve t: [ a,b ] — ► S 2 lies in a 
closed hemisphere of S 2 , then c must be a plane curve (this implies, moreover, 
that t cannot lie in an open hemisphere). Indeed, suppose that t lies in a closed 
hemisphere; without loss of generality we can assume that it is the northern 
hemisphere, so that the third component t 3 of t satisfies t 3 > 0. Then 

f b 

() = c 2, (b) - c 3 (a) = / t 3 (s)ds>0, 

J a 

which implies that t 3 (y) = 0 for all s, and hence c is a plane curve. We now 
appeal to a simple 

19. LEMMA. If y is a closed curve on S 2 of length < 2n, then y is contained 
in some open hemisphere of S 2 ; if y has length In, then y is contained in some 
closed hemisphere. 

PROOF. Choose points p,q on y which divide it into two arcs, y, and y-,, of 
equal length. Rotate y so that the north pole N = (0, 0, 1) lies on the midpoint 
of the shorter arc of the great circle joining p and q. If arc y, intersects the 

N 



equator at some point, let y, be the arc from p to q which is symmetric to y x 
with respect to N. Then the closed curve made up of y, and y, has the same 
length as y, and also contains two antipodal points. This shows that the length of y 
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is > 2;r, and strict inequality holds if y, actually enters the southern hemisphere. 
Since the same considerations hold for the other arc y 2 , the lemma is proved, 
and with it the Theorem. ❖ 

Our last result concerns knotted closed curves c: [a, b] R. There are 
several possible ways to define when a closed curve is knotted; for our purposes 
it will be simplest to say that c is unknotted if c([a,6]) is the boundary of an 
imbedded disc, and knotted otherwise. The following closed curve is knotted, 
although proving this fact requires considerable work. 


20. THEOREM (FARY, MILNOR). The total curvature of a knotted closed 
curve c [«,&] — >■ M 3 is > 47T. 

PROOF. Suppose that the total curvature of c is < 47T. If M is a canal sur face 
of c, then by Proposition 17 

[ \K\dA<\6n^ / #da< I6n, 

Jm Js* 

where da is the volume element of S 2 . This means that some point v eS 2 is 
the image of at most 3 points of M, which is equivalent to saying that c'(s) is 
perpendicular to v for at most 3 values of 5. For simplicity, say that v = (0, 0, 1 ). 

Since ^ 

{v,c’(s)) = — (u,c(j)>, 
ds 

the function 5 h* (v, c(s)) = (height of c(s) above (x, y) -plane) has derivative 0 
for at most 3 values of 5. Since the number of relative maxima or minima 
of the height function is even, there must be just one ot each. Therefore the 
curve c must consist of two arcs joining the lowest and highest points, each arc 
having monotonically increasing height. Each plane parallel to the (v, y)-plane 
between these lowest and highest points intersects the curve in 2 points. Joining 
each such pair by the line segment between them, we obtain an imbedded disc 
whose boundary is the curve. 
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ADDENDUM 1 

COMPACT SURFACES WITH 
CONSTANT NEGATIVE CURVATURE 

In order to construct a Riemannian metric { , ) with K = — 1 on any com- 
pact surface M of genus g > 2, we first need to consider the standard topological 
way of obtaining these surfaces. For simplicity we will work only with the ori- 
ented ones. We have often used the fact that the torus, with genus g = 1 , can be 
obtained by identifying sides of a square according to the scheme shown below. 

T 



a 2 

'■ *• 

T 

In general, the g-holed torus”, with genus g > 1 , can be obtained by identify- 
ing sides of a 4g-gon according to the following scheme: 



If your powers of visualization are much better than mine, you may be able 
to literally see that this is the case. Otherwise, the following argument should 
convince you. I he dashed line in the first figure below is a circle, because, as 
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a quick check shows, the required identifications of sides forces all vertices to 
be identified to one point. This circle divides the identification space into two 
parts. The right half of the figure shows that each part, together with the 
bounding circle, is homeomorphic to a torus with an open disc removed. So 
the identification space is homeomorphic to the space obtained by removing 
a disc from each of two tori, and then identifying the boundary circles; hence 



it is a 2-holed torus. A similar argument can be used to treat the general case, 
by induction. ^ 



Now the flat metric on the torus is just obtained from the flat metric on the 
square by performing the required identifications. The fact that we actually get 

A x 

— h 

a 2 a 2 

* 

Ax 

a Riemannian metric on the identification space depends on two circumstances: 
first, the opposite sides are of equal length, and second, the sum of the angles 
at the four vertices is exactly 2n. It is the failure ol this second condition in 
larger polygons which prevents us from getting a flat metric on the orientable 
surfaces of higher genus. For surfaces with g > 1 we will construct a metric 
with K = — 1 by obtaining 4g-gons in the non-Eudidean plane whose angles add 
up to exactly 4 n. 

Our model for the non-Euclidean plane will be the Poincare upper half-plane 
M 2 = { (.v , y ) e M 2 : y > 0} with the Riemannian metric 

d. x ® dx + dy <g> dv 

( 5 ) = ' 

this manifold has constant curvature K — — 1 (compare Problem 1.9-41 and 
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pg. 11.301). It would be possible to check that if we define the “straight lines” 
of M 2 to be the geodesics for ( , ), then the Poincare upper half-plane satisfies 
the axioms for non-Euclidean geometry, and then conclude, by a theorem of 
non-Euclidean geometry, that the sum of the angles of a geodesic triangle is 
always < n. Happily, we can also reach this conclusion simply by applying 
the Gauss-Bonnet Formula. Indeed we find (Corollary 7) that for a geodesic 
triangle A with interior angles i], 12,13 we have 

n - U\ + *2 + * 3 ) = - J -1 dA = area(A) > 0. 

This also shows us that small triangles are very' close to Euclidean triangles: the 
sum L\ + £2 + L3 can be made as close to n as we like. It follows that the interior 
angles of an «-gon can be made as close to (n — l)n as we like. 

In contrast to the situation for small triangles, let us consider what happens 
when we take 2 fixed geodesic rays from a point P and join points far out 
on each of the two sides with a third geodesic. The figure below shows two 
geodesic rays, both of which are portions of circles or straight lines which meet 
the x-axis at right angles (Problem 1.9-41). The dashed line is another geodesic 



which “meets these at 0 angle”. Of course, this third geodesic doesn’t really 
meet either of the first two in M 2 . But it is clear from this picture that if we 
take points P\ and P2 far enough out on the two original geodesics, then the 
angles 6\ and 62 between the unique geodesic through P\ and P 2 and our given 
geodesics can be made as small as we like. 
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Now let us take a point P in M 1 , and draw 4 g geodesic rays from P, the 
angle between two successive rays being 2n/4g. For each r > 0, consider the 
equilateral 4g -sided geodesic polygon obtained by joining the points on these 
rays which are at distance r from P. Let E(r) be the sum of the interior angles 



of this polygon; clearly E(r) is a continuous function of r. But we have seen 
that £(r) ->• 0 as r ->• oo, while as r -» 0 we have S(r) (4 g - \)n > 2n 
for g > 2. So if g > 2, then there is an r with E(r) = 2n. This gives us an 
equilateral 4g-gon with the sum ot the interior angles = 2it. After identifying 



d d 


pairs of sides according to the scheme on page 292, we then have a metric on 
the surface of genus g with constant curvature K = -1. 


We add here some supplementary remarks which may be ot interest to read- 
ers familiar with complex analysis. The necessary identification ot pairs ot sides 
can easily be accomplished by means of one-one complex analytic maps of M 
onto itself, and it is thus easy to see that M can be made into a Riemann suitace 
(a complex manifold of complex dimension 1), meaning that there is a collec- 
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tion A of homeomorphisms /: U — > C = M 2 . from open subsets U C M onto 
open subsets of C, such that 

(i) the union of the domains of all / e A covers M 

(ii) if /:(/—> C and g : V -» C are in A, then 

gof~ ] : AUnV)^g(Unv) 

is complex analytic. 

[In fact, it is possible to establish even more. Since each vertex of our polygon 
has angle 2n/4g, we can arrange exactly 4 g polygons congruent to it around 
every vertex. The same construction can be carried out at the new vertices of 
the new polygons, and the construction can then be repeated indefinitely. In 
this way we arrive at a “tiling” of the hyperbolic plane by equilateral 4g-gons. 
The one-one complex analytic maps of -K 2 onto itself which are required for 
identifying the sides of our original polygon all preserve the tiling, and generate 
a group with M homeomorphic to the quotient space M 2 /$ obtained by 
identifying 2 and g(z) for all z e M 2 and g € %. The map M 2 — > M 2 /%. de- 
fined by taking z into its equivalence class in 3i 2 is a covering map. Thus we 
obtain an explicit construction of a covering map n : At 2 — »■ M, which shows 
that $ must be isomorphic to n\{M), and that the universal covering space 
of M is homeomorphic to M 2 . (The latter fact could also have been deduced 
from purely topological considerations, since all simply-connected (paracom- 
pact) 2-manifolds are homeomorphic. to either M 2 or S 2 , and S 2 cannot be the 
universal covering space of M since S 2 is compact, while n\(M) is infinite.)] 

There are also two other methods which we can use to put a complex mani- 
fold structure on M. 

Method A. Choose an arbitrary Riemannian metric (( , )) for M . We recall 
(pg. 11.296) that a map f between Riemannian manifolds is conformal if each 
/* is angle preserving. For any point p of a 2-dimensional Riemannian manifold 
(A/, {( , ))). there is a neighborhood U of p and a conformal diffeomorphism 
/: U M 2 onto an open subset of R 2 with its usual Riemannian metric; this 
fact was mentioned in Volume II, and a proof will be found in Addendum 1 
to Chapter 9 of these Volumes. It is also an elementary fact (Problem 4-9) 
that a diffeomorphism / : W — > C, from an open set W c C onto an open 
subset of C, is complex analytic if and only if f is orientation preserving and 
conformal with respect to the usual metric on M 2 . We can therefore define A 
to be the collection of all conformal orientation preserving ( : U —* K 2 ; if 
/. g 6 A , then g c f~ l is orientation preserving and conformal, so it is complex 
analytic. 
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Method B. This method involves the Riemann surface, including branch points, 
of a “complete analytic function”. From its definition, it is clear that this surface 
is a Riemann surface in the sense of being a complex manifold. On the other 
hand, the usual method for visualizing the Riemann surface of 

yT(z- \)(z-2)...(z-2(g+ 1)) 

is to take two copies of the Riemann sphere, make “cuts” from 1 to 2, from 3 
to 4, . . . , and from 2 g +1 to 2g + 2, and identify the corresponding cuts in the 



a b 

' X " \ 

a' b' 


"a r 7 / 

- J 

a b 


first Riemann sphere second Riemann sphere 


two different spheres. This is homeomorphic to the g-holed torus. 



If we use one of these two methods for putting a complex manifold structure 
on a compact oriented surface M of genus g > 2, then we can give another 
construction of a metric on M with constant curvature K = — 1, provided that 
we are willing to use vet more machinery. We consider the universal covering 
space n : M -> M, and give it the structure of a Riemann surface in the obvious 
wav. Then M is the quotient of M by the group of covering transformations, 
each of which is a one-one complex analytic map of M onto itself. Now we 
expect that M is Jf 2 (as we have already mentioned at the beginning of this 
whole discussion). We can establish this fact independently by using the gen- 
eral uniforntization theorem”, which tells us that the simply-connected Rie- 
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mann surface M must be analytically equivalent to either C or the upper half- 
plane 3i 2 . Now all one-one complex analytic maps of C onto itself are of the 
form r m>- az+h. This group, and hence any subgroup, is abelian, while the fun- 
damental group of M is non-abelian if it has genus > 2. So if M is a compact 
surface of genus g > 2, then M is Jt 2 . But the only one-one complex analytic 
maps of M 2 onto itself are of the form r i-> (a: + b)/(cz + d), and (Prob- 
lem 1.9-47, or Problem 7-6) these maps are isometries of 3i 2 with the met- 
ric {d . y Cg) dx + dy Cg dy)/y 2 . Consequently, M has a metric ( , ) such that 
n*( , ) = {dx®dx+dy®dy)/ y 2 \ clearly (M, ( , )) has constant curvature — 1 . 
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ADDENDUM 2 

THE DEGREE OF THE NORMAL MAP 

Let M C be a compact hypersurface with normal map v : M — > S m 1 ; 
we want to show that the degree of v is %(M)/2. We will actually prove a more 
general result, involving any compact orientable manifold M n C M" 1 . From 
the Addendum to Chapter 1.9 we know that for sufficiently small s > 0, the 
set N = {q e : d(q,M) < e} is a compact m-dimensional manifold-with- 
boundary, which is a tubular neighborhood under a projection map n : N -> 
M. We give N the usual orientation and 3 N the induced orientation, so that 
the corresponding normal map v : 3 N — > S m 1 is outward pointing. We will 
show that: 

The degree of the normal map v : 3 N — > S m 1 is x(M). 

[In the special case where M C is a hypersurface, the manifold 3 N consists 
of two components each homeomorphic to M, and the degree of v : 3 N —> 
5 m_l is just twice the degree of the normal map of M , so it will follow that this 
degree is x(-^)/2.] 

We will follow the exposition in Milnor {1}. The first step is a simple 


21. LEMMA. Let N C be a compact m -dimensional manifold-with- 
boundary, and let v: 3 N -*■ S m ~ ] be the normal map. Let A be a vector 
field on N with isolated zeros, and suppose that X is outward pointing on 3 N. 
Then the degree of v. 3 N — ► S m ~ x is equal to the sum ot the indices of X. 


PROOF. We regard A as a map A : N -» M m . Let p x , . . . , pk bethe zeros of A, 
and let U \, . . . , Uk be open e-balls around p \,. . . , Pk with all Vi C interior N. 
Then £ = N - (U\ U • • • U £/*) is a compact manifold-with-boundary, and 
A = A / 1 A | : <S — > S m ~ x . Now if a> is any (m — l)-lorm on S" 1-1 , then 


L 


X *(a>) = (degree X\d£) ■ f 
d£ JS>‘ 


CO. 


X*(doo) = 0, 


By Stokes’ Theorem we have 

f A* (cd) = f dX*(co) = [ 

Jbs T b 

so the degree of A|3<£ must be 0. But A|3A is smoothly homotopic to v, while 
the degrees on the other components of d£ are the negatives of the indices 
of A at the pi (the minus signs come from the fact that the orientations on 
these components are the negatives of the usual ones). Thus 

deg v — (sum of indices of A at the pO — 0. ♦♦♦ 
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Now suppose we have a compact oriented manifold M n C R m and we choose 
an arbitrary vector field X on M with only isolated zeros; according to the 
Poincare-Hopf Theorem (1.11-30) the sum of its indices is x(M). We can ex- 
tend I to a vector field Y on the tubular neighborhood N in a rather obvious 
way, by defining 

(*) Y(p) = [p — 7t(p)] + X(n(p)) (considered as a vector at p). 

Since the normal v(p) points in the direction from n(p) to p (Problem 2), and 
the vector p — n(p) is perpendicular to XI p , it is clear that Y points outward 



along 3 N, and that the zeros of Y in all of N are precisely the zeros of X in M. 
If we could show that the index of Y at such a zero equals the index of X , then 
the desired result would follow from Lemma 21. However, a direct analysis of 
the index of Y turns out to be very difficult, so we take a slight detour. 

Consider first a vector field X on R", with an isolated zero at 0 e 1". We 
regard X as a function X : M" — > R”, and we define X to be non-degenerate 
at 0 if the derivative Z)A(O): R" — > R” is non-singular. 

22. LEMMA. If X has a non-degenerate zero at 0, then the index of A at 0 
is +1 or — 1. depending on whether det DX(p) > 0 or < 0. 

PROOF. We can assume p = 0. Then X is a difleomorphism on some convex 
open neighborhood U of 0. In the proof of Lemma 1. 1 1-27 we saw that if X is 
orientation preserving, then X is smoothly homotopic to the identity via maps 
which have no zeros. So the index is 1. Similarly, if X reverses orientation, 
then it is smoothly homotopic to a reflection, and has index —1. ♦> 

Now consider an oriented //-manifold XI . and a vector field X on XI with 
an isolated zero at p 6 XI. Let / : U —*■ R" be an orientation preserving 
difleomorphism. where U C XI is an open set containing p. and f(p) = 0. 
Then f+X is a vector field on R”. and we define X to be non-degenerate at p if 
./* X is non-degenerate at 0. If XI C R m is a submanifold of R"'. and we regard 
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the vector field A on M as a function X : M -> then DX(p ): R m R m 
will take M p to M p . In fact, for the function X o f~ x : R n -> M we have 
(A" o /“')*: M"o — »• Mp] but (/ _l )*(K”o) = M p , while X* is the same as DX 
on M p . It is easy to see from Lemma 22 that if p is a non-degenerate 0, then 
the index of X at 0 is + 1 or - 1 , depending on whether del DX(p) : M p ->■ M p 
is > 0 or < 0. 


23. THEOREM. Let M n C M" 1 be a compact oriented manifold with a closed 
tubular neighborhood n : N M. Then the degree of the normal map 
v. 3 N — > S m ~ ] is x(M). 

PROOF. We will show that there is a vector field X on M with only non- 
degenerate zeros. Assuming this fact for the moment, we use the vector field X 
to define a vector field Y on N by (*). It is easy to see that for p e M we have 


DY(p) = 


DX(p) 

I 


on M p 
on Mp 1 . 


Therefore det DY(p) = det DX(p): M p -» M p . So the index of Y at a 
zero p equals the index of A at p. Then Lemma 21 implies that the degree 
of v: dN -> S m ~ l is the sum of the indices of X, which equals x(M) by the 
Poincare-Hopf Theorem. 

To obtain the desired vector field on M, we first choose a vector field X 
with only finitely many (possibly degenerate) zeros (as on pp. 1.449-450). It 
obviously suffices to show that for each zero p we can find a new vector field 
which equals X outside of a small neighborhood U of p, and has only non- 
degenerate zeros inside the neighborhood. It obviously suffices to work on R n . 
Given a neighborhood U of a zero p € M”, let j : M" — >■ [0, 1] be a C°° function 
which is 1 on an open set W with p e W c W C U, and 0 on R n — U. By Sard's 
Theorem, there is a regular value X 0 of X arbitrarily close to 0. Consider the 
vector field 

X = X — f ■ A 0 . 

Within W this vector field is 0 only at points q with X(q) = Ao. so all zeros 
in W are non-degenerate; on the other hand, in U — W there are no zeros at 
all if Ao is sufficiently small. *t* 


As a final remark, we note that if we choose U to be a closed manifold- 
with-boundary, then the sum of the indices of A at zeros within U is just the 
degree of A /|A| : 3 U — > S'" -1 , as in the proof of Lemma 21. But this map is 
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the map X/\X\ \ dU ->• S m_1 , whose degree is, by definition, the index of X 
at p. So, without using the Poincare-Hopf Theorem, we have reproved the 
fact that for any vector field X on M with only isolated zeros, the sum of its 
indices is a constant, namely deg v : dN — > S m ~ i . We could then identify this 
constant with x(M) as we did in Chapter 1. 11, when we originally proved the 
Poincare-Hopf Theorem. 
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PROBLEMS 

1. Let I c be any set. 

(a) The convex hull H(X) is the union of the convex hulls of all finite subsets 
of X. 

(b) The convex hull of m + 2 points in M m is the union of the convex hulls of 
all its subsets of m + 1 points. 

(c) If X is compact, then so is H(X). 

2. Prove the assertions about the normals to a canal surface on page 287, and 
the normals of the tubular neighborhood, on page 300, by using the argument 
in Problem 3-12. Also generalize the argument of Problem 1.9-28. 
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special orthogonal, 71 
Ambient space, 1 
Analytic fiat Mobius strip, 239 
Angle 

between two vectors, 262 
interior, 267 
Apolar, 94, 95 

Apolarity condition(s), 95, 107 
geometric interpretation of, 115 
Approximate a surface up to second 
order, 36 
Asymptote, 49 
Asymptotic 

at a point, 196 
curve, 195 
directions, 49 
Tschebyscheff net, 25 1 
vector, 136 
Auto-parallel, 22 
Axes, principal, 48 


Beltrami, E., 200, 226 
Beltrami-Enneper Theorem, 200 
Bol, G., 199 

Bonnet, O., 56, 185, 203 
Branch points, 221, 297 
Branched covering space, 221 


Canal surface, 286 
Canonical parameterization 
for catenoid, 161 
for surface of revolution, 158 
Caratheodory, C., 199 
Cartan, Elie, 193 
Cartan’s Lemma, 18 


Catenary, 160 
Catenoid, 160, 170 

canonical parameterization for, 161 
Cayley-Hamilton Theorem, 62 
Characteristic 
line, 180 
point, 180 

Clairaut, A. C., 214 
Classical 

classification of developable surfaces, 
237 

counterexample, 166 
flat surfaces, 141 

tensor analysis treatment of subman- 
ifolds, 1 2 

Codazzi-Mainardi equations, 10, 11, 

16, 20, 56, 70, 74, 134, 217 
special affine, 132 
Codimension, 1 

Compact surfaces of constant negative 
curvature, 292 

Complete analytic function, 297 
Complete surfaces of constant curva- 
ture, 233 ff. 

Cone, generalized, 142 
Conformal, 208, 296 
structure, 79 
Connection 
forms, 16 
induced, 23 
Constant curvature, 1 1 

compact surfaces of negative, 292 
complete surfaces of, 233 ff. 
isometry of simply-connected mani- 
folds with same, 30 ff. 
manifolds, 25 ff. 
rotation surfaces of, 161 
Continuation of an isometry, 30 
Convex, 64 
hull. 281 

Covering space, branched, 221 
Cubic 

forms, invariants of. Ill 
osculating, 48, 1 1 1 

Curvature, see also Constant curv ature 
absolute, total, 278 
forms, 16 
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Curvature ( continued ) 

Gaussian, 49, 136 

in orthogonal coordinate system, 
217 

geodesic, 187 
line of (q. v.), 195 
mean, 49, 136 
normal, 187 
positive, 63 
principal, 48, 136 
sectional, 5 

special affine (extrinsic), 128 
special affine mean, 128 
special affine principal, 128 
total, 286 

total absolute, 278, 286 
vector 

geodesic, 3, 187 
normal, 187 
Cuspidal edge, 143 
Cuts, 297 
Cylinder 

generalized, 141 
parabolic, 41 
C°°, see Smooth 


Darboux, G., 190, 201, 208 
Darboux frame, 191 
Degenerate, see Non-degenerate 
Degree of the normal map, 299 
Developable 

surfaces, 197, 236 

classical classification of, 237 
tangent, 142 
Development, 146 
Directions 

asymptotic, 49 
principal, 48, 136 
special affine, 128 
Directrix, 147 
Discontinuity of angle, 268 
Distribution parameter, 148 
Doubly ruled surface, 153, 155 
Dual 1 -forms, 16 


Dupin, C., 206 
Dupin indicatrix, 47 


Edge 

cuspidal, 143 
of regression, 143 
Efimov, N. V, 260 
Ellipsoid, 151 

lines of curvature on, 206 

in a neighborhood of an umbilic, 

198 

umbilics on, 152 
Elliptic 

hyperboloid (of one sheet), 152 
hyperboloid (of two sheets), 154 
umbilics on, 154 
paraboloid, 39, 154 
umbilics on, 155 
point, 39, 78 

Enneper, A., 200; see also Beltrami- 
Enneper theorem 
Enneper’s minimal surface, 174 
Envelope, 176 

of one-parameter family of planes, 

179 

Equations of structure of SO(3), 71, 
73; see also Structural equations 
Euclidean motion, proper, 51 
Euler characteristic, 271 
Euler’s Theorem, 188 


Fary, L, 291 
Fenchel, W, 289, 290 
First fundamental form, 31 
of a map, 32 
special affine, 82 
of a map, 89 

First structural equation, 16 
Flat, 49 

Mobius strip, 149, 239 
surfaces, classical, 141 
torus, 61 
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Frame 

adapted moving, 17 
Darboux, 191 
Frenet, 191 
Frenet frame, 191 
Frobenius, G., 230 
Fundamental forms, see First, second, 
third fundamental forms 
Fundamental theorem of special affine 
surface theory, 132 
Fundamental theorem of surface 
theory, 56, 73, 74 


Gauss, C. F., 53 
Gauss formulas, 4, 14, 19, 53 
special affine, 105 

Gauss’ equation, 5, 11, 16, 20, 55, 74 
Gauss’ Theorema Egregium, 5, 55, 69 
Gauss-Bonnet formula, 268 
Gauss-Bonnet theorem, 271 
Gaussian curvature, 49, 136 

in orthogonal coordinate system, 

217 

General affine invariants, 71 
General uniformization theorem, 297 
Generalized 
cone, 142 
cylinder, 141 
Geodesic, 3, 196 
at a point, 24 
curvature, 187 
curvature vector, 3, 187 
on surface of revolution, 214 
on torus, 230 
torsion, 191 
totally, 24 

Geometric interpretation of apolarity, 
115 


Ffadamard, J., 66 
Hamburger, H., 199 
Hazzidakis’ formula, 255 
Helicoid, 150, 170 
Hilbert, D., 233, 247 
Hilbert’s theorem, 247 
Holmgren, E., 247 
Hopf Umlaufsatz, 266 
generalization of, 269 
Horn, R. A., 290 
Hull, convex, 281 
Hyperbolic 

paraboloid, 40, 155 
point, 40, 78 
Hyperboloid 

elliptic (of one sheet), 152 
elliptic (of two sheets), 154 
umbilics on, 154 
of revolution, 152 

striction curve of, 183 
Hypersurface, 7 


Idiot, any, 103 
Immersion, isometric, 1 
Index of singularity of 1 -dimensional 
distribution, 218 
fndicatrix of Dupin, 47 
Induced connection, 23 
Interior angle, 267 
Invariant 
affine, 71 
meaning, 60 

under orientation preserving change 
of parameter, 85 

under proper Euclidean motions, 51 
Invariants for cubic forms, 1 1 1 
Inversion, 208 
Inward, 78, 88 
Isometric immersion, 1 
Isometry' 

continuation of, 30 
of simply-connected manifold with 
same curvature, 30 ff. 
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Jacobi, C.G.J., 276 
Joachimsthal, F., 203 


K, in orthogonal coordinate system, 
217 

Klotz, T., 199, 260 
Knotted, 291 


Laguerre, E., 193 
Levi-Civita, T., 181 
Linear affine maps, special, 71 
Lines of curvature, 195 
on an ellipsoid, 206 

in a neighborhood of an umbilic, 

198 

Liouville, J., 209 


Mainardi, G., 10; see also Codazzi- 
Mainardi equations 

Malz, R„ 243 
Mean curvature, 49, 136 
special affine, 128 
Meridian, 156 
Meusnier’s Theorem, 189 
Milnor.J. W., 291, 299 
Minimal surface, 167 
Enneper's, 174 
Scherk's, 1 7 1 
M ob ins, A. F., 209 
Mobius strip, 148 
analytic flat, 239 
smooth flat, 149 
Monkey saddle, 41 
Morse theory. 286 
Motion, proper Euclidean, 51 
Moving frame, adapted. 17 


Navel point, 50, 136 
Negative constant curvature, compact 
surfaces of, 292 
Neighborhood, tubular, 299 
Non-degenerate, 93, 300 
Non-Euclidean plane, 293 
Normal 

curvature, 187 
curvature vector, 187 
direction, affine, 97 
field, unit, 7 
map, degree of, 299 
projection, 1 
special affine, 101 


One-dimensional distribution, index of 
singularity of, 218 
Orthogonal affine maps, special, 71 
Orthogonal systems of surfaces, triply, 
204 

Osculating 
circle, 224 
cubic, 48, 111 
paraboloid, 42 


Parabolic 
cylinder, 41 
point, 40, 78 
Paraboloid 

elliptic, 39, 154 
umbilics on, 155 
hyperbolic, 40, 155 
osculating, 42 

Parallel along a curve, 3, 181 
Parallel surface, 185 
Parallel, on surface of rev olution, 156 
Perpendicular projection, 1 
Pick invariant, 116, 231 
Planar point, 41, 78 
Plane, 141 
support, 64 
Point inward, 78, 88 
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Polygon, 266 
Positive curvature, 63 
Principal 

at a point, 196 
axes, 48 

curvatures, 48, 136 
special affine, 128 
curve, 195 
directions, 48, 136 
special affine, 128 
vector, 48, 136 
Profile curve, 156 
Projection 
normal, 1 
perpendicular, 1 
tangential, 1 

Proper Euclidean motion, 51 
Pseudosphere, 163 


Quadratic, 92 

(or quadric) surface, 118, 151 
Quasi-orthonormal, 79, 88 


Radon, J., 132 
Rectifying plane, 186 
Regression, edge of. 143 
Revolution, see Surface of revolution 
Riemann. G. E B., 166 
Riemann surface, 295 
Right helicoid, 150 
Rodrigues’ formula. 195 
Rotation surfaces, see Surface of revolu- 
tion 

Ruled surfaces, 146 
doubly, 153, 155 
Rulings, 147 


Saddle, monkey, 41 
Scherk’s minimal surface, 171 
Scroll, 147 

Second fundamental form, 8, 9, 33 
of a map, 34 
special affine, 105 
of a map, 105 

Second order approximation of surface 
36 

Second structural equation, 16 
Sectional curvature, 5 
Similarity, 208 

Simply-connected manifolds with same 
constant curvature, 30 
Singularity of 1 -dimensional distribu- 
tion, index of, 218 
Smooth flat Mobius strip, 149 
SO(3), equations of structure of, 71 
Special affine, 71 

Codazzi-Mainardi equations, 132 
(extrinsic) curvature, 128 
first fundamental form, 82, 89 
of a map, 83, 89 
Gauss formulas, 105 
geometry of surfaces, 71 
mean curvature, 128 
normal, 101 

principal curvatures, 128 
principal directions, 128 
second fundamental form, 105 
of a map, 105 
surface theory 

fundamental theorem of, 132 
Special linear affine map, 71 
Special orthogonal affine map, 71 
Sphere, 151 

Standard parameterization, 148 
Steiner. J., 186 
Striction curve, 148. 183 
Structural equation(s) 
first, 16 

of SO(3), 71, 73 
second, 16 
Support 

function. 184 
plane. 64 
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Surface 

approximate up to second order, 36 
classical flat, 141 

compact of constant negative curva- 
ture, 292 

complete, of constant curvature, 

233 ff. 

developable, 197, 236 

classical classification of, 237 
doubly ruled, 153, 155 
flat, 141 
minimal, 167 
of revolution, 156 

canonical parameterization of, 

158 

geodesics on, 214 
of constant curvature, 161 
quadratic, quadric, 118, 151 
Riemann, 295 
ruled, 146 

special affine geometry of, 71 
triply orthogonal system of, 204 
Surface theory, fundamental theorem 
of, 56, 73, 74 

Switcheroo, familiar old, 52 
Synge’s inequality, 6 


Tangent developable, 142 
striction curve of, 183 
Tangent to M, 1 
Tangential projection, 1 
Tensor analysis treatment of submani- 
folds, 12 

Terquem-Joachimsthal theorem, 203 
Theorema Egregium, 55, 69 
Third fundamental form, 62 
of a map, 62 
Tiling, 296 
Topset, 281 
Torsion, geodesic, 191 
Torus 
flat, 61 


g-holed, 292 
geodesics on, 230 
umbilics on, 160, 198 
Total 

absolute curvature, 278 
curvature, 286 
Totally geodesic, 24 
Tractrix, 164 
Triangulation, 222, 270 
Triply orthogonal system of surfaces, 
204 

Tschebyscheff net, 250 
asymptotic, 251 
Tubular neighborhood, 299 
Type of a point, 78 


Umbilic, 50, 136 
on ellipsoid, 152 

lines of curvature in a neighbor- 
hood of, 198 

on elliptic hyperboloid, 154 
on elliptic paraboloid, 155 
on torus, 160 
surface with all points, 51 
Umlaufsatz, see Hopf Umlaufsatz 
Uniformization theorem, general, 297 
Unit normal field, 7 
Unknotted, 291 


Vertices, 266 
Voss, K., 290 


Weingarten equations, 7, 8, 9, 14, 20, 
53, 122 

Wunderlich, W, 239 



